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PREFACE 

The Second Course in Algebra is designed especially as 
a sequel to the authors' First Tear Algebra, Together, the 
texts contain sufficient material to enable schools to meet cur- 
rent college entrance requirements. 

Certain special features of the Second Course make the text 
useful as a sequel to any first course in algebra. 

(a) The first six chapters comprise a complete but brief re- 
view of corresponding portions of the First Tear Algebra. All 
rules and definitions encountered in the first course in algel^-a 
and necessary in the second course are given in convenient 
form. (See §§ 2, 4, 5.) The examples and problems are 
sufficiently numerous and properly selected to enable students 
to regain the skill which may have been lost during the time 
that has intervened between the first and second courses in 
algebra. The examples, like those of the First Tear Algebra, 
are simple rather than complex. (See Exercises 1, 2, 3, etc.) 
For schools that desire other and more difficult examples, 
classified lists of such examples are added at the end of the 
book. (See sets A, B, C, etc.) 

(6) In Chapters VII and VIII, the explanatory text of the 
First Tear Algebra has been retained. The examples and 
problems, while similar to those of the First Tear Algebra, 
are, with a very few exceptions, new. Schools in which con- 
ditions render it impossible to cover quadratics during the first 
year will appreciate the thorough instruction of these two 
chapters ; schools that have completed these chapters in the 
first year course will see the advantage of having before the 



iv PREFACE 

students a rather complete treatment of these important top- 
ics, even though they may not care to cover all of the examples 
and problems of the text. Special attention is directed to the 
emphasia placed upon getting roots of quadratic equations in 
decimal form. (See § 78.) 

(c) Chapter IX is an elaboration of Chapter XVI of the 
First Tear Algebra. The advantage of postponing the topics 
in this chapter until well into the third semester of algebra is 
apparent. Isolating these topics as in this text makes it pos- 
sible for schools that desire a brief course to omit the chapter 
altogether. In this chapter, topics such as those in §§89 to 
95 find a logical place. 

(d) The remaining chapters contain the topics which appear 
among the various college entrance requirements in algebra. 
In the main, all colleges enumerate the topics considered in 
Chapters I to XIV. The other topics are enumerated by 
one or more institutions. Obviously, teachers will need to 
select the chapters that meet the needs of their classes. 

(e) Special attention is directed to Chapters XIII and XIV, 
on Exponents and Radicals. These chapters, while of con- 
siderable mathematical interest, probably are retained in sec- 
ondary courses largely because they appear among college 
entrance requirements. Usually they are taught in the first 
course. They are so difficult that students acquire there little 
knowledge and very little skill in dealing with them. Where 
preparation for an examination is a special aim, the authors 
are confident that instruction on these topics toward the latter 
part of the third semester of algebra will be found not only 
more pedagogical but more timely. The examples selected for 
this text are as simple as possible. More difficult examples 
on Exponents occur in the supplementary set F, Attention is 
directed to the practical turn given to radicals in § 126. 

{/) Chapter XXIV contains a number of topics that will 
have interest for some teachers. 
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ALGEBRA 



L THE FUNDAMENTAL OPERATIONS 
T7PON ARITHMETICAL NUMBEBS 

1. The Number System of Arithmetic consists of the integers 
and the common fractions. The following facts about arith- 
metical numbers are collected here for reference : 

(a) The sum, the product, and the quotient of two arithmeti- 
cal numbers is always an arithmetical number ; the difference 
between two such numbers, however, is an arithmetical num- 
ber only when the minuend is greater than the subtrahend. 
Division by zero is not allowed. 

(&) The Asflociative Law of Addition. The sum of three or 
more numbers, addenda, is the same in whatever manner the 
addends are grouped. Thus, 

a + h + c =(a + &)+ c = a + (6 + c). 

(o) The Commutative Law of Addition. The sum of two or 
more addends is the same in whatever manner the addends 
are arranged. Thus, 

(d) The Associative Law of Multiplication. The product of 
three or more numbers, factors^ is the same in whatever man- 
ner the factors are grouped. Thus, 

a • 6 • c =(a . 6) - c = a • (6 . c). 

1 



2 ALGEBRA 

(e) The CommutatiTe Law of Multiplication. The product of 
two or more factors is the same in whatever manner the factors 
are arranged. Thus, 

a'b'C = b'a'C = C'b'a. 

(J) The Distributiye Law of Multiplication. If the sum or 
the difference of two (or more) numbers is multiplied by a 
third number, the product may be found by multiplying each 
of the numbers separately by the multiplier and connecting 
the results by the proper signs. Thus, 

a(ft + c — cf)=a6 + ac — od. 

2. Positive and Negative Numbers. To avoid the difficulty 
that subtraction is sometimes impossible in the system of 
arithmetical numbers, the negative integers and fractions are 
added to the number system. The combined system of posi- 
tive and negative integers and fractions is the System of 
Rational Numbers. 

The following facts are learned in the first course in algebra: 

(a) To every arithmetical number, there corresponds a posi- 
tive and a negative number. The arithmetical number is the 
Absolute Value of each of the corresponding signed numbers. 
Thus, 3 is the absolute value of + 3 and of — 3. 

(6) The rational scale is : 

-6 -4 -8 -2 -1 +1 +2 -f8 +4 45 
-i— « 1 I 1 1 I * I 1 » H— 

The fractions correspond to points between the points 
marked by the integers. Any negative number precedes all 
of the positive numbers, and may, therefore, be regarded as 
being less than any positive number ; of two negative numbers, 
the one having the greater absolute value is the less. 

(c) The sum of any positive number and the corresponding 
negative number is zero. Thus, 

(+3) + (-3)=0. 
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(d) To add two signed numbers having the same sign, add 
their absolute values and prefix their common sign. Thus, 

(-10)+ (-2)= -12. 

(e) To add two numbers having unlike signs/ find the differ- 
ence between their absolute values and prefix the sign of the 
one having the greater absolute value. Thus, 

(+2)+(-9)=-T. 

(/) To subtract one signed number from another, change the 

sign of the subtrahend and add the result to the minuend. 

Thus, 

(-3)-(-8) = (^3) + (+8)= + 6. 

(g) To multiply one signed number by another, find the 
product of their absolute values, and make it positive if the 
numbers have the same sign, but negative if. they have unlike 
signs. Thus, 

(- 3) . (+ 9)= - 27, and (- 6) • (- 16)= + 80. 

(h) To divide one signed number by another, find the quo- 
tient of their absolute values, and make it positive if the 
numbers have the same sign, but negative if they have unlike 
signs. Thus, 

(+39)-f.(-3)=-13, and (- 45)--(+6)=-9. 

3. The Fundamental Operations are addition, subtraction, 
multiplication, division, involution, and evolution. 

Involution is the process of finding the product when a given 
number is used as a factor two or more times. The number 
itself is called the Base; the result is called a Power of the 
base ; the Exponent, written at the right of and above the base, 
indicates the number of times the base is used as a factor. 

Thus, 8* = 3.3.8.3=:81, and(26)8=(26). (2 6) • (2 5)= 8 68. 
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Bvolation is the process of finding what number must be 
used as a factor a specified number of times to produce a given 
number as product. The given number is called the Radicand ; 
the result is called a Root of the radicand ; the Radical Sign, 
V , with the proper Index denotes the desired root. 

Thus, v^ indicates the cube root of 8 ; 8 is the radicand, 8 is the 
index of the root, and the root itself is 2, for 2^ = 8. 

Evolution is not always possible in the system of rational 
numbers ; thus, there is no rational number which exactly ex- 
presses the square root of 2. 

Order of Operations. In a sequence of the fundamental opera- 
tions on numbers, it is agreed that operations under radical 
signs or within symbols of grouping shall be performed before 
all others; that, otherwise, all multiplications and divisions 
shall be performed first, proceeding from left to right, and 
afterwards all additions and subtractions, proceeding again 
from left to right. 

EXERCISE 1 

1. Illustrate by arithmetical examples the five fundamental 
laws in paragraph 1. 

2. Give an arithmetical example in which subtraction is 
impossible. Give the result when dealing with signed numbers. 

8. Subtraction is said to be the inverse of addition, and 
division of multiplication. What is meant by these statements ? 

4. What are the two signed numbers corresponding to 
f ? Give their sum, their difference, their product, and their 
quotient. 

5. Perform the following indicated operations : 

(«) (+6) + (+10). (e) (-4)+(-3). 

(b) (-4) + (+9). (/) (+6) + (-3). 

(c) (-8)+ (+5). (g) (+6) -(-5). 

(d) ( + 2)+(-3). (h) (-4)-(+2). 
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(0 (-5)-(-3). (n) (-5). (-9). 

U) (-4)- (-8). (o) (+12). (-3). 

(k) (+3)-(+9). (i>) (+26)+(-6). 

(0 (+6)-(-5). (g) (-28)+(+4). 

(^) (-7).(+8). (r) (-22)+(-.ll). 

6. What is the value of 3*? of 2*? of 6»? of (-2)'? of 
(-3)8? of (-4)«? of (-6)»? 

7. What is the sign of the product of an even number of 
negative factors? of an odd number? Give an example of 
each. 

8. What is the sign of an even power of a negative num- 
ber ? of an odd power ? Give an example of each. 

9. Eead the following product: 5a^y7^w, Give the expo- 
nent of each of the literal numbers. What is the value of the 
product when a = 2, y = — 3, « =s — 2, and tc = 6. 

10. Find the values of the following for the values of x, y, 
z, and w given in Example 9 : 

(a) 3aj». (c) x' + y'. (e) aj»-3aj + 4. 

(b) xh/. (d) w^^z\ (J) 2*-4»-4. 
ig) 2;*-22w + to». 0) a^ + 3(*. 

^'>^-^- (A:)--fl-i. 

(0 a^~2iB» + a^-a? + l. ^^ «« a? y» 

Write the following in symbols and find their values : 
Q) the sum of the squares of x and y. 
(m) the difference between the cubes of w and x. 
(n) twice the product of y and Zy diminished by three times 
the quotient of x and w. 

11. The following formulae occur in applications of algebra. 
Those marked with an asterisk, *, occur in geometry ; try to 
recall the theorems they express. Express the others in words. 
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(a)* A:=idb. Find ^ when a = 25 and 6 = 40. 

(6)* A=^^h(b+b'). Find A when h=10, 6=30, and 6'=20. 

(c) A = f(i^ -^y Find ^ when P= 5000, r = 5, and 
r = 4. ^ ^^^ 

(d) F= 1 7r22». Find V when tt = 3| and ^ = 3. 

(e) t = ir\/-. Find « when i = 8 and gr = 32. 

(/) 8 = at + isr«*. Find s when a = 50, < = 3, and g = 32. 

(g) * /i* = a^'-fft^. Find h when a = 6 and 6 = 8. 

(A) S = irl(R -fr). Find /S when Z = 10, ^ = 5, and r = 3. 

(i) p = ^J±^LlL^. Find2)whena = 8,6 = 9,andc=10. 
0') A = ^-^^ch. Find^when7i = 5andc = 30. 

THE FUNDAMENTAL OPERATIONS 

UPON NUMBER EXPRESSIONS 

4. (a) An Expression is a symbol for a number, consist- 
ing of numerals and literal numbers connected by some 
or all of the signs denoting mathematical operations; as. 
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(b) A Monomial or Term is an expression whose parts are not 
connected by the signs -f or — ; as, 6 r^aH. 

(c) A Binomial is an expression having two terms, 

(d) A Trinomial is an expression having three terms. 

(e) A Polynomial is an expression having more than one term. 
(/) A polynomial is said to be arranged in descending potoei'S 

of one of its letters if the term containing the highest power of 
that letter is placed first ; if the next lower power is placed 
second ; and so on. 

(g) Any factor of a product is the Coefficient of the product 
of the remaining factors. If one factor is expressed in nu- 
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merals and the remaining factor in letters, the former is called 
the Numerical Coefficient of the latter. 

(h) A Common Factor of two or more terms is a factor of each 
of thera. 

(?*) Like or Similar Terms are terms that are alike in their 
literal parts ; Unlike or Dissimilar Terms are terms which are not 
alike in their literal parts. Terms are like with respect to one 
or more factors if they have these factors as common factors ; 
thus, 3 a(x — 2^) and 4 h{x — y) are like with respect to {x — y\ 

5. Addition and Su1>traction of £zpressionB. 
Rule. — To add two or more like terms : 

1. Multiply their common factor by the sum of its coefficients. 

Thus, 2a(x-y)+3 6(a;-y) = (2a + 8 6)(a;-y). 

This rule follows from the distributive law of multiplication 
§1,/. 
Rule. — To add polynomials : 

1. Write the polynomials with like terms in vertical columns. 

2. Add the columns of like terms, and connect the results by 
their signs. 

This rule follows from the commutative and associative laws 
of addition, § 1, & and c. 

Rule. — To subtract one term from a like term or one polynomial 
from another : 

1. Write like terms in vertical columns. 

2. Imagine the signs of the terms of the subtrahend changed, and 
add the resulting terms to those of the minuend. 

6. Parentheses, ( ), Brackets, f ], Braces, \ |, and the Vin- 
culum, , are symbols of grouping, used to indicate terms 
which are to be treated as parts of a single number expression. 

Thus, 3a— (2ac + y — «) means that 2a5-fy — jsistobe subtracted 
from 3 a. 
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Rule.-— To remore parentheses preceded by a pine eign : 
Rewrite all terms which are within the parentheses without 
changing their signs. 

Rule. — To remove parentheses preceded by a minus sign : 
Rewrite all terms which are within the parentheses but change 
their signs from + to -, or from - to +. 

Sometimes terms must be inclosed within parentheses. 

Rule. — 1. To inclose terms within parentheses preceded by a plus 
sign, rewrite the terms without changing their signs. 

2. To inclose terms within parentheses preceded by a minus sign, 
rewrite the terms, changing their signs from + to -,orfrom - to +. 

Thus, r + «-t = r + («-«) = »'- (-« + 0» 

EXERCISE 2 

1. Consider the monomial 5 al^(?{x — y). 

(a) What are its factors ? (6) What is its numerical coeffi- 
cient ? (c) What are the exponents of a, 6, and c respectively ? 
(d) What is the coefficient of {x - y) ? of W ? 

2. Arrange -3 xy* — 2 a^^ + y* + a^ — 2 a^y in ascending 
powers of y. 

3. (a) 2mn{x-^y) and Sm'hi(x+y) are like with respect 
to what common factor ? (6) What is the coefficient of that 
factor in each of the terms ? 

4. Add 7x + 6y — 9z and 4:X — Sy-^5z, 

6. Add 3x^'\-7y^'-2xy, 9xy — 5x^—10y% and Sar^ — 
6 a^ - 4 y\ 

6. Add a-9-8a»-f 16a', 5 + 16a»- 12a-2a^ and 
6a*-10a» + lla-13. 

7. Add 5(a + b)-6(c-d) and 3(a + 6) + 8(c - d). 
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8. Add 14(aj + y) - 17(y + 2), 4(y + «)- 9(af + »), and 

9. Add2ax + SbX'-^cx. 

10. Add 5maj*4-2na^+j>y*and <«• — rajy-hgy*, 

11. From Sx'{'2y — 7z subtract SX'^2y + 7z. 

12. Subtract 6n»-9-14n» + 16n from 7n« + 20n»-6 
+ 13n. 

13. Take49aj» + 16w*— 56 ma? from 26 m» + 36 aj« — 60 ma?. 

14. Subtract — 5(a + 6)+ 9(c-d) from 7(a + 6)- 6(c-cO. 

15. From 3(a; + 2^)»-2(a: + y)4-6 take (aj+y)«4-3(aj + 2^)-7. 

16. What expression must be added to 3 «*— a? + 5 to give ? 

17. By how much does 2 m — 4 m* — 16 + 17 m* exceed 
-9 + 6m»-llm-14m*? 

18. From the sum of 2a^ — 5xy — y* and Ta^-^Sxy-^-^y^ 
subtract 4 «• — 6 ajy -f 8 y *. (Do it all in one operation, if 
possible.) 

19. From 7 a? — 6 « — 3 y subtract the sum of 8yH-2aj — 11« 
and 6 2 — 12 y -f 4 aj. 

20. From the sum of 7aj»— 4 a?* + 6a? and 3 a:" — 10 a?— 6, take 
the sum of — 6a» + 4a; + 12 and 8 «* — 11 a?* — 2. 

Remove parentheses and combine the terms : 

21. 2a;-.3.v+(6a;-y)-(-8aj4-7y). 

22. 5a-(7a-[9a + 4]). 

23. 2a?-(8y + 6aj-{5a:-.v})-(-9y + 3aj). 

24. 8a«- 9 -{6a« -(3a + 2)} + {6a* -(4a- 7)(. 
26. 6m-[7m-{-3m-(4tn4-9)}-{6m-8}]. 



26. 26-(-8-[-34-16-47]). 
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Inclose the last three terms of the following, in parentheses 
preceded by a minus sign : 

27. a»-46* + 126-9. 29. a«+6«-c« + <P. 

28. 4aj» — y*— 2y» — 2'. SO. n* — 8n* + 6n + 7. 

7. Multiplication. The Law of Signs for Multiplication is 

stated in paragraph 2, (g), 

(a) The Law of Exponents. The exponent of any number in 
a product is equal to its exponent in the multiplicand plus its 
exponent in the multiplier. 

This law is proved for certain exponents in paragraph 116. 

Rule. — To find the product of two monomials : 

1. Find the product of their numerical coeflkients, using the 
Law of Signs for Multiplication. (§ 2, g.) 

2. Mtiltiply this result by the product of the literal factor^, 
using the Law of Exponents for Multiplication. 

This rule is a consequence of the commutative and associa- 
tive laws of multiplication. (§ 1, d and e,) 

Rale. — To find the product of a polynomial and a monomial : 

1. Mtiltiply each term of the polynomial by the monomial. 

2. Unite the results with their signs. 

Rule. — To find the product of a polynomial and a polynomial : 

1. Multiply the multiplicand by each term of the multiplier. 

2. Add the partial products. 

These last two rules are consequences of the distributive law 
of multiplication. (§ 1, /.) 

It is desirable to arrange both multiplier and multiplicand 
according to the same order of powers of a common letter. 
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Example. Multiply ic* — y* + 2ajybyy* + a5* — 2a?y. 

Solution : x^ + 2 xy — y^ 

x^ — 2 gy + y^ 



X* + 2 x»y - X V 

— 2x«i-4xV + 2xy« 

xV-}-2xy»-y* 

X* - 4 X V -¥^xy^^tf^ 

Note. Multiplication by detached coefficients is considered in § 256, 
and may be studied at this time, if desired. 

8. One of the useful forms of multiplication is illustrated 
by the following example. 
Example. Find the product oi2x — 3y and a^ — Sxy-~5y^. 

Solution: 1. (2x — 8y)(xa - 8xy - 5y2) 

2. =2 x(x2 -8xy-6y8)-8 y (x^ - 3 xy - 5 y*) 

3. =2x«-6xay-10xya-8x2y + 9xy2 + 15y» 

4. =2x»-9x2y-xy2+16y». 

Note. The second step is often omitted. 

EXERCISE 3 
Multiply : 

1. -8a* by 7a6«. 3. 9(a + 6)* by 3(a + 6)». 

2. ■^Sa'l^c by - 12 a6c». 4. 13(aj-y) by -2(x-yy, 

6. 10 a^b + 7 ab* by - 6ab^. 
6. 3a«-2a6-46« by-4a»6». 

7. m* — m — 3by— 2m. 9. a' — 2a6 + &* by a — 6. 

8. aj*— 2iry +4y«by — 3ajy. 10. c? + 2cd + d? by c — d 

11. aj2~2a:y + y«byaj» + 2a?y + y*. 

12. — 6aj4-2a:» + Sby -4 + aj* + 3aj. 

13. a^ + b^-^2db*+2a^bhy b^ + a^-2db. 

14. (a + 6-2c)«. 16. (a -2 6)*. 18. f^m^^n\. 

15. (.-3,). 17. g + ^J- 19. (|.-|,J. 
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Find the following products as in § 8 : 

20. (2n*-4n+7)(n + 2). 

21. (4m* + 9n* — 6win)(2m + 3»). 

22. (3a'^-2a-h4)(2a-l). 

23. (6m« + 3m-4)(6m~5). 

24. (a^ + 4a?y-M6y«)(aj-4y). 

25. (5r»-3r84-6«2)(2r-3s). 

9. Diyision. The Law of Signs for Division is stated in para- 
graph 2, h. 

The Law of Exponents. The exponent of any number in a 
quotient is equal to its exponent in the dividend minus its 
exponent in the divisor. This law is proved for certain expo- 
nents in paragraph 115. 

Rule. — To divide a monomial by a monomial : 

1. Find the quotient of their numerical coefficients, using the 
Law of Signs for Division. (§ 2, A.) 

2. Multiply the result by the product of their literal factors^ 
using the Law of Exponents for Division. 

Rule. — To divide a polynomial by a monomial : 

1. Divide each term of the polynomial by the monomial. 

2. Unite the restilts with their signs. 

Rule . — To divide a polynomial by a polynomial : 

1. Arrange the dividend and the divisor in either ascending or 
descending powers of some common letter. 

2. Divide the first term of the dividend by the first term of the 
divisor, and write the result as the first term of the quotient. 

3. Multiply the whole divisor by the first term'of the quotient ; 
write the product under the dividend and subtract it from the 
dividend. 



THE FUNDAMENTAL OPERATIONS 18 

4. Consider the remainder a new dividend, and repeat steps, i, 2, 
and 3. 

Example. Divide 2a* + 8 a - a» + 16 by 2 a*- 3 a + 6. 

Solution: 2g«^ 3a -f 6l 2 a*— g^ + 8 g + 15 

2 g* — 3 a« + 6 Q^ 

2 a* - 5 a2 + 8 g + 16 
2 g8 - 3 ga -f 6 g 

- 2 g' + 8 g -H 16 
-2ga + 3g- 6 
+ 20 
Qitotiem = 0^ + a — 1 ; remainder, + 20. 

Note. Division by detadied coefficients is considered in paragraph 
256, and may be studied at this time, if desired. 

EXERCISE 4 

Divide : 

1. GA'^by -ic»y*«. 3. 9(a-6)»by 3(a-6)« 

2. - 46 oW by - 6 a6». 4. 32 {x-^yY by -4 (a?+y)» 

6. 26a»-15a« + 40a* by 5a*. 

6. — 24mV + 33mn' by — 3 mn\ 

7. 54aW-60aVby6a5». 

8. -22a?«>3/» + 26a?*3/»by-2aY. 

9. 6a« + 29a + 35by 2a + 6. 
10. 30«* — 63aj + 8by 6a;-l. 

11. a3-86»by a-26. 13. aJ«~27y» by x« + 3y. 

12. i»* + y*by a? + y. 14. 243 n* + l by 3 71 + 1. 

15. 9a*-16a« + 8a-lby3a* + 4a-l. 

16. a? — 2^ — 2j^ — 2* by 05 — y — 2. 

17. 2ar^ — 10 — 6aj» + a?* + llajby 2 + aj»-a?. 

18. a* + ajy + y*by x«-ity + 2^. 

19. 3n*-lln*-26n« + 2-13nby 3n« + 4n + l. 

20. 73a? + 37a^-35 + 20aj*-15a,'*by -5 + 4aj*4-9a?. 



II. SPECIAL PRODUCTS AND FACTORING 

10. Special Products. Of the special products studied in the 
first course in algebra, the following are particularly important : 

(a) The Product of the Sum and the Difference of (any) two 
numbers equals the difference of their squares. 

(x + y)(x-y) = Jr«-|/». 

(b) The Square of a Binomial equals the square of its first 

term, plus twice the product of its two terms, plus the square 

of its second term. , . . , - . « . , 
(x + y)* = x2 + 2xy + |/». 

NoTB. If the second term is negative, then the middle term of the 
square is also negative. 

Example. (3a?-5y)« = (3aj)« + 2(3aj)(-62^)+(-5y)2 

(c) .The Product of Two Binomials Having a Common Term. 

(x -h a)(x + 6) = X* + (a + 6)x + a&- 
Example, (x + 6)(x - 13)= aj^ + (6 - 13)aj + 6(- 13) 

(d) The Product of Two General Binomials. 

(ax + b)(cx + £f) = acx* + (6c+ ad)x + hd 

Example. (3 a - 4 &)(2 a + 5 b)=3 a • 2 a +(^S + 15)ab 
+(~4 6)(5 6)= 6 a^ + 7 a6 - 20 bK 

Note. It is highly important to be able to use these last two formnlse 
readily, — particularly so the last, as it includes each of the preceding as 
a special case. For further discussion of this type, if necessary, see First 
Year Algebra, § 102. 

U 
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EXERCISE 6 

1. To -what type do the following belong ? Multiply : 

(a) (a! + 9)(a!-9). (/) (3m*-6.n)(3m* + 6n). 

(6) (m + 8)(«i-8). (g) (10+4)(10-4). 

(c) (ft»-.12)(&»+12). (*) 22.18. 

(d) (2 a? - 3)(2 X + 3). (t) 33 • 27. 
(c) (4r-7«)(4r + 7«). (» 44-36. 

2. To what type do the following belong ? Multiply : 

(o) (a! + 3)». (e) (8m-3r)». (t) (6aiy-2w)«. 

(6) (m« + ll)». if) (r-6cy. (j) (7p-2q)*. 

(c) (2x + 5)\ (g) (a»-8)». 

(d) (4»-3w)». (A) (3<-7)*. 
(2) What kind of an expression is the square of a binomial ? 



« iU-f 



3. To what type do the following belong ? Multiply : 
(a) (a: + 6)(« + 6). (g) (^ + 6A;)(e- 10 A;). 
(6) (r + ll)(r + 2). (^) (a - 4 c)(a + 11 c). 

(c) (y + 6i))(y + 4i)). (t) (r + 58)(r-9«). 

(d) (2-5)(2-8). • (j) (c" + 3d)(c2-12d). 

(e) (w-3s)(w-7s). (k) (xy + 7 z)(xy'-12z). 
(/) (a-5 6)(a4-3 6). (Z) (m» - 3 r)(m» -f 11 r). 

(m) What is the sign of the third term of a product of this 
type when the signs of the second terms of the binomials are 
unlike ? 

4. To what type do the following belong ? Multiply : 

(a) (aj + 3)(2a? + l). (d) (2aj-3)(2aj-l). 

(6) (3aj + l)(2a: + l). (c) (Sx-Ay)(x^2yy 

(c) (6aJ4-2)(aj + 3). (/) (5aj-3 2^)(aj-2y). 
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(g) (a + 26)(3a-6). (I) (ll|) + 3g)(2p-3g) 

(h) (c~3d)(3 c + 6d). (m) {2xy + 7)(3xy-5). 

(i) (3m-4w)(m4- 2w). (n) (10 mn -3 «)(2mn +3 «) 

(j) (7c-2d)(3c + 4d). (o) (5? + 6r»)(6«-7rs). 

(A;) (2r«-6s)(3r^+2s). (p) (12a2-62/)(3aj2 + 22/). 

Find mentally the following products : 

6. (5m-2n)*. 28. (5 or' - 6 y*)(^ a^ + 30- 

6. (aj + ll2/)(a; + 3y). 29. (6 a: + 1)(5 oj - 1). 

7. (aj + 12y)(a;-22/). 30. (4a;-32^/. 

8. (2a? + 3)(aj + 4). 31. (3 2/ + 7)(y - 5). 

9. (iB* — 4y)(iB* + 4y). 32. (2-3a'3y)(6 + 2a^). 

10. (2cd-7)*. 33. (a^y-f 6 2)(a:V-13 2). 

11. (3aj«y-4z)(3aj*2/-42f). 34. (aj^ + 5)(icy-4). 

12. (2wi-6)(m + 4). 36. (a» + 7)(a« - 11). 

13. (2jp^-7)(3i)* + 6). 36. (3aj + 5)(7 a?-8). 

14. (r«-3s)(r*-f7»). 37. (l-9r)(l + 8r). 

15. (aJ + i)(a-i). . 38. (3 c + cP)(2 c - cP). 

16. (im + 5jp)(|m — 6p). 39. (om — 3/>)*. 

17. (x-i)(a:-i). 40. (12a-i)(9a-i). 

18. (2a? + 3)(^« + l). 41. (20-16 2)(3 + 24 

19. (3a* + 4 6)(3a2-4 5). 42. (a? + 16 /)(» - 3/»). 

20. (y-10)(2^ + 4). 43. (y-6ar')(y-ha^). 

21. (a?-|)(a; + |). 44. {-i r + st){4: r - 5 9t). 

22. (l-68)(3 + 4«). 45. (6m»-t)«. 

23. (2«-7t^(3«-4<). 46. (1 +23 2)(6-2). 

24. (^m--^)(^m4-i). -^7. (5aj2-43^)(6 aj*- 62/). 

25. (3«-7r)(2t + 5r). 48. (a:*-2/^)(«'4-y*). 

26. (ll««-l)(128»-f 1). 49. (9a:+2y)(3aj-4y). 

27. (2»-.6)(2;«-f 12). 60. (12c + 5d)(4c-3d). 
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FACTORXNG 

11. A monomial is said to be Rational and Integral when it 
is either an arithmetical number or a single literal number 
with unity for its exponent, or the product of two or more suck 
mumbers ; as, 3, a, or 2 a*b(^. 

12. A polynomial is said to be rational and integral when 
each term is rational and integral ; as, 2 o*6 — 3 c + cP. 

13. To Factor an algebraic expression is to find two or more 
expressions which will produce the given expression when they 
are multiplied together. It is agreed that only rational and 
integral factors of integral expressions will be considered. 

14. A number which has no factors except itself and unity 
is called a Prime Number ; as, S, a, x + y. 

15. Type Forms. Skill in factoring depends upon ability to 
recognize the type forms. The following forms were studied 
in the first course in algebra : 

(a) Removing a Monomial Factor. A monomial factor of an 

expression is a number which will exactly divide each term of 

the expression. , 

^ mX'\-my-\-mx — m{x -f y + z). 

Example. Sa?y + 9a^ + Sxy^3 Qpy{7? -|- 3 a? + 1). 

(6) The Difference of Two Squares equals the product of the 
sum and the difference of their square roots. 

Example. 25 o^ — y* = (5 aj» + y'^)(p a? — 3^*). 

(c) A Perfect Square Trinomial is one which has two terms 
that are perfect squares and whose remaining term is twice the 
product of their square roots. 

To Find the Square Root of a perfect square trinomial, ex- 
tract the square roots of the two perfect square terms, and 
connect them by the sign of the remaining term. 
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Example 1. 4a;* — 12 a + 25 is not a perfect square; for 
VT^ ==2x, V25 = 6, and 2 . 2 a; . 5 = 20 a? and not 12 x. 

Example 2. 4a^ — 20a5y + 25y' is a perfect square; its 
square root is 2 a? — 6. Hence 4 a* — 20 a?y + 25 y* = (2 a? — 6 yy. 

(d) Trinomials of the Form x*+pX'\-q can be factored when 
two numbers can be found whose product is q and whose sum 
is p. 

Example. aj»-8a;-65 = (aj + 5)(aj-13), for 5(-13) = 
-65, and (+ 6) + (- 13) = - 8. 

(e) Trinomials of the Form ox* + 6x + c, if factorable, can be 
factored as in the following example : 

Example. Factor 15 aj* + 17 a? — 4. 

Solution : For 16 x^, try 6x and 8 x, thus : (5 a; ) (3 « ) . For 
— 4, try 2 and 2, with unlike signs, arranging the signs so that the cross 
product with larger absolute value shall be positive ; thus : 

(6 a; — 2 )(3 a; + 2). Middle term + 4 a? ; incorrect (See § 10, d.) 

For — 4, try 4 and 1, arranging the signs as before ; thus : 

(6 X + 4) (8 a; — 1). Middle term, +7 x; incorrect. 
Try (5 X — 1) (3 a; + 4). Middle term, + 17 a; ; correct. 

Note. This method of factoring the general trinomial is the most use- 
ful. While at first it may seem difficult, it is easily mastered. It applies 
also to each of the preceding forms. (See First Year Algebra, § 108.) 

(/) The Sum of Two Cubes, x^ + i^=(X'\-y)(x*-xy + i/^). 

Example. m^ + 27f= {my + (3 yf 

= (m2 + 3y)(m*-3mV + 9y*). 

(g) The Difference of Two Cubes, x*— y» = (x — y)(x* + xy4-i^. 

Example. 216 a» - 6' = (6 aJ^f - 6» 

= (6a3- 6)(36 a''^-^ a^b + 6«). 
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16. Complete Factoring. First remove any monomial factor 
present iu the expression ; then factor the resulting expres- 
sions by any of the preceding type forms which apply until 
prime factors have been obtained. 

ExAMPLB 1. 3aJ» - 3 3/« = 3(a^ - 3^)= 3(aj» + f){^-f) 

Example 2. 24 oaj* + 22 aajy - 10 ay^ 

= 2a(12aj« + lla;y-5y«) = 2a(4a? + 5y)(3aj-y). 

NoTB. Advanced Topics in Special Products and Factoring are dis- 
cussed in Chapter IX. This chapter, in whole or in part, as far as para- 
graph 96, may be studied at this time if desired. 

EXERCISE 6 

1. Remove the monomial factor : 

(a) 2ax-6ay-i-7az. (J) m{a-'2) +n(a-2). 

(6) 18 m*» - 15 wn«. (g) a(aj*-3)-5(aj»-3). 

(c) 4r»-8r»-4r. (k) 6 a(a? - 3^) - 3 6(aj - y). 

(d) 7 n^ - 7 «. (0 a(m^ - 2) - 3(m« - 2). 

(e) a«-6a»-2a* + 3a». (j) x'{a-h)+x'(c^d). 

2. To what type do the following belong ? Factor : 

(a) aj»-36. (/) ^^-^a^. 

(b) 4 m'- 81. (g) 1-64 m'n\ 

(c) 9aj»-43^«. (h) 36iB2-121y^ 

(d) 25 m* - 1. (i) 1-81 a'fe V. 

(e) afi-f. (j) 225-2/«. 

3. Supply the missing term so as to make perfect squares of: 

(a) a?+( )+64. (c) a«-( )+96«. 

(b) m»-( )+144. (d) 4x' + { )+26. 



20 ALGEBRA 

(e) 9mV-( )+4. (h) f»<-14ni* + ( > 

(g) 2^-12y«+( ). a) 9aj» + 6aj+( ). 

4. To what type do the following belong? Factor, if 
possible : 

(a) 4a?-20a?4-26. (/) 26m«-20m» + 4. 

(b) 9c»4-6cd + d». (gr) icy-14a^ + 49. 

(c) 16r*+12r + 9. (A) 81 m« + 90 mn + 100 n«. 

(d) 100iBy-20icy + l. (0 36a»-132a6 + 121&«. 

(e) 49«*-42i«-h9. {j) 4 a« - 4 a»6c« +6V. 

5. To what type do the following belong ? Factor : 
(a) c» + 9c + 20. (0 aj*-l-llaj*-42. 
(6) m»-10m + 21. (J) ^2 + 3^-28. 

(c) r*-llr» + 30. (fc) «/^ - 4 mjv - 46 v». 

(d) aj* + 6aj--27. (Z) a« - 6 a»6 - 65 6«. 

(e) a^y^ — 2xy — S5. (m) ar* + 14 a^ — 16 y*. 
(/) a« + a»- 110. (n) l+6a-14a«. 
(^) aj*-M2a?2/ + 20.v'. (o) l-9a;-36a?. 
(k) a«6« - 17 aZ^c- 60 c2. (p) l-13n-68n». 

6. To what type do the following belong ? Factor : 

(a) 6r*-7r + 2. (A) 36«« + 5i-6^*. 

(b) 3a^-|-8a; + 4. (i) 9 ar^ - 14 iry - 8 2/«. 

(c) 6a^-a;-2. (j) 12 w;^ - 36 m; - 3. 

(d) 9c* + 16c + 4. (k) 6-a?-16a?*. 

(e) 6aj*-7a?-10. (Q 6 + 93^-18j^. 
(/) 143/» + 133^2-122«. (m) 24a^-17na; + 3n« 
(ig) Sv)*-2wV''21v\ (n) 28ar2-.aj-2. 
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7. To what type do the following belong ? Factor : 
(a) «»-8. (c) af^-m\ (e) 27mj»-8. 

(6) c»-64(P. (d) 8a»-.l. . (/) 126»--216a». 

8. To what type do the following belong ? Factor: 

(a) 3/» + 8a». (c) a'-f-f (e) 27aJ« + 126y» 

(6) m« + 125n». (d) d» + (f». (/) 64m» + 3^«» 

Factor the following : 

9. 9aj» — 64j^. 30. 4a^-3aj-7. 

10. 6aaj-10ay + 2aaf. ; 31. 9a?* + 12aj-.32. 

11. a?4-2aj-35. 32. a' -f- 10 a6 + 25 6*. 

12. 18Aj«-32P. 33. aj»-y«. 

13. 2^ + 63/*-27. 34. 6a:* + 7aa? + 2a*. 

14. c»cP + 6cd-66. 35. 25a^-25wiaj~6m«. 
16. 625a*2^«-.,V- 36- 3aj*-12. 

16. 3cd2^«-9cdy-30cd. 37. 9m«-42wi« + 49<*. 

17. 4aaj»-25o^. 38. 10 oj* - 39 a; + 14. 

18. 33/»-h24. 39. 12a» + lla? + 2. 

19. 4aj*-27aj + 45. 40. 36 a^ + 12 a? - 35. 

20. 6aj« + 7a?-3. 41. a^-Sj/*. 

21. yV^J'-I. 42. 2 am* -60 a. 

22. 10arV-5aj*^»-5ay. 43. 72 + 7 a? - 49 a?». 

23. 7nV4-7win-30. 44. 31 a^ + 23 aj2/ - 8 2/«. 

24. aj«-3ar3^-702^«. 45. 24 0^ + 26 a -5. 
26. waj* + 7ma? — 44 m. 46. 1 — 3 a:^ — 108 a^y. 

26. a^-3a^-108a?. 47. a*- 14 ma? + 40m*. 

27. aj8-y». 48. 2& + 10a&-28a26. 

28. aj*-5aj«y-243/». 49. c»+27d'. 

29. 8n»+ 18 n- 6. 50. 3a^y-27ajy». 
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51. 3m>«-48m*-240n 66. l-64al 

52. 36 aj*- 121 2^. 57. aj»y - 16 ajy». 

53. m'hf^'\-m^n'^'-mn\ 58. a« — 6a* + 2e«*-3o». 

54. 5 a!^y^ + 70 xy + 2A5. 59. - 16 a* + 24 aa; - 9 a^. 

55. 20m* + 9mn — 18n«. 60. 20 aV - 23 aa; -j- 6. 

17. The Degree of a Rational and Integral Monomial (§ 11) is 

the sura of the exponents of its literal factors. 

Thus, ct^Ix^ is of the eighth degree. 

18. The degree of a rational and integral polynomial (§ 12) is 
the degree of its term of highest degree. 

Thus, 2 a^ft - 3 c + (12 is of the third degree. 

19. The Highest Common Factor (H. C.F.) of two or more 
rational and integral expressions is the expression of highest 
degree, with greatest numerical coefficient, which will divide 
each of them without a remainder. 

Rule. — To find the H. C. F. of two or more expressions : 

1. Find the prime factors of each expression. 

2. Select the factors common to all the given expressions, and 
give each the lowest exponent it has in any of the expressions. 

3. Form the product of the common factors selected in step a. 

Example. 36 (r + «)«(r - s)« = 2 • 2 • 3 . 3 (r + «)«(r - sf 

= 2«. 32. (r + «)X^ -«)'.. 
30(r + 5)(r-.«)^ = 2.3.6(r + s)(r-«)^ 
... the H. C. F. = 2 . 3(r +s)(r- «)' = 6(r-h«)(r- s)». 

20. The Lowest Common Multiple (L. C. M.) of two or more 
rational and integral expressions is the expression of lowest 
degree, with least numerical coefficient, which can be exactly 
divided by each of them. 
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Rule. — To find the L. C. M. of two or more expressions : 

1. Find the prime factors of each of the expressions. 

2. Select all of the different prime factors and give to each the 
highest exponent with which it occurs in any of the expressions. 

3. Form the product of all of the factors selected in step 2. 

Example. 40 m V (m — n)\m + nf 

= 2' • 5 • m^n^{m — n)\m + n)K 
10 mv? (m — n)\m -f- n) = 2 • 5 • win' (m — •»)*(m + n). 
.-. the L. C. M. = 2» . 5 . mV (m - n)\m + iif 
= 40 m^n^ (m — n)\m + n)'. 

EXERCISE 7 
Find the H. C. F. and also the L. C. M. of : 

1. 18 and 45. 3. 28 m'w and 2 wiV. 

2. 24 o^y* and 30 ajy». 4. 36 a*6 and 15 a*. 

5. (r -f 8)\r — «) and 3 r (r + «)(r — «)*. 

6. a2 — 4 62anda« + 4a5+4 62. 

7. 5 aj*^/ (» + 3) and 10 xy^{x -f 3). 

8. o« + 2a-3anda»~l. 

9. 9 — a* and x^ — x — ^. 

10. ic* + 2a; — 24 and ic* — a; — 42. 

11. 8a'-6'and2a2 + 5a6-36». 

12. 3iB» — 3y«and2a:2 + 4a^_6y*. 

13. 6a«4-5ad-4d2and 6a2 + ad — 2(P. 

14. aj2 — 9 2^^aj*— »2^ — 62^2^ andiB2_ga:2^^9^^ 

15. 2a + 106, 4a2 + 2a6, anda*-hl0a6 + 256*. 



m. FRACTIONS 

21. A Fraction indicates the quotient of the Ifumerator 
divided by the Denominator. The numerator and denomi- 
nator are called the Terms of the fraction. 

22. Signs of a Fraction. By the rules of signs for division. 

±^ = -±5 = -izf. also,i? = :=^. 

Rule. — 1. If the sign of one term of a fraction is changed, the 
sign of the fraction itself must be changed. 

2. If the signs of both terms of a fraction are changed, the sign 
of the fraction itself must not be changed. 

Example. 2^Zi3^_3^i2£^_2^J^3-2x, 
4a5 — 5 405 — 5 5 — 4aj 5 — 4a5 

23. To Reduce a Fraction to its Lowest Terms : 
Rule. — 1. Find the prime factors of both terms. 

2. Divide both terms by all of their common factors. 

Example. ^^ + 3a5-28 6' ^ (a-4&)(a+76) 
1662-a2 (46-a)(46-ha) 

= .i^^i^+fg=^«il75. (See §22.) 
i/i.-^^{a + 4:b) a + 46 ^ ^ 

24. An Integral Expression is an expression which has ne 
fractional literal part ; as, a* — 2 a6 + 6^, or | ab\ 

A Mixed Expression is an expression which haa both integral 

and fractional literal parts ; as, a 4- - • 

c 
24 
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Rule. — A fraction may be reduced to an integral or a mixed ex- 
pression by performing the indicated division. 



Example. ^JzlM±lt = a: ^ y ^ . 



x — y a? — y 

The quotient and the remainder were obtained in this example by per- 
forming the division as in paragraph 9. 

25. The Lowest Common Denominator (L.C. D.) of two or 
more fractions is the lowest common multiple (§ 20) of their 
denominators. * 

Rule. — To reduce fractions to their lowest common denominator : 

1. For the L. C. D., find the L. C. M. (§ 20) of their denominators. 

2. For each fraction, divide the L. C. B. by the giyen denomi- 
nator and multiply both numerator and denominator by the 
quotient. 

Example. Eeduce the following fractions to respectively 
equivalent fractions having their lowest common denominator : 

*« and 3a 



Solution : 1. 



4a 4a 



a2_4 (a + 2)(a-2) 
3a 3a 



a-'- 6a + 6 (a-3)(a-2) 

2. The L. C. D. is (a - 2)(a -S)(a-h 2). 

3. For -A^ttheL. CD. -s- (a -2)(a + 2) =a-8. 

or — 4 

. 4a _ 4aCa-3) 

" a2 - 4 (a - 2)(a - 3)(a + 2) ' 

4. For-— 4^ :theL.C.D. ^(a- 2)(a - 3)= a +2. 

a* — 6 a + 6 

. 3 a _ 3qC« + 2) 

•• a2-6a + (J (a-2)(a-3)(a + 2)' 

In each case, the resulting fraction has the same value as the original 
fraction ; it is equivalent to the original fraction. The form only of the 
fraction has been changed. 
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EXERCISE 8 

Write each of the following fractions in three other ways 
without changing the valae of the fraction : 

8 ^ 2x — l « a-6 , 6a?-5 



2 — x 5-a? d-c (aj-3)(a;+4) 

5. Prove that the three fractions obtained in Example 1 are 
equivalent to the given fraction by finding the values of all 
four fractions when 3 is substituted for x. 

6. State the fundamental principle employed in reducing a 
fraction to its lowest terms. Is the value of the fraction 
changed ? 

Reduce to their lowest terms : 

120 eSg'y* 90 mV 120a^&V« 

' 390* ' 84ajy* ' 36 mV' ' 75o&»c» ' 

11. ^zi9£±i8. ,4 g'+y 

iB*-ha?-12 o«-2a6-3&2 

a« + llq&4-28y a» + g - 12 

' a«-f-14a6 + 49ft*' * 3o«-.13a-f-12' 

13. _^:z25_. 13, _9^ri49j?_. 

aj»-llaj + 30 28ajy«-12aj«y 

17. If the value of a fraction is desired for specified values 
of the letters involved, should the substitution be made in the 
original fraction or in the simplified fraction ? 

Find the value of the fraction in Example 12 when a = 12 
and 6=5. 
Reduce to mixed or integral expressions : 

,„ 15m» +12m + 4 ^^ 35a?* + 9a?-h3 

18. r • 5sO. — • 

3m 5a; + 2 

9a!'4-2 30a'-5a« + 15a'-7 

■ 3a!-l' ■ 6a« 
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22, ^^. 23. ^^+MnA. 

x — y a^ + za—S 

24. Prove that the original fraction and the mixed expression 
obtained from it in Example 18 are equivalent for m = 2. 

Note that this is a means of checking the solution. 
Reduce to their lowest common denominator : 

25. I, I, i. 28. «-2» 2a-6 
7a'b 3b^c 2c*a 



26. 



6 ' 10 ' 16 ■ 29. 



27. -^, -* _6_. 30. , 

2 m'n 3 mw 5 m» m* — 4m + 4 m'— 4 



3a'6 ' 


2 aft' 




4a» 


2 




a' - 9' 3 


a* -9 


a 


5 




3» 



31. 



3a 2 



32. 



a« + 27' a'-^a- 12* 
1 3 mw 2 m*n' 



34. 



35. 



m^n 2(m — n)*' 3(wi — w)*' 

2 4 6 

a; + 2' a? - 2' o^ - 3" 

a + 36 a-36 a4-46 

a2-7a6 + 1262' a'__a6-126*' a2-96«' 

2a; + 3 a; + 2 a? — 6 



aj» + 3a?-10' 2a2-f-7aj-15' 2ar^-7aj + 6' 



26. Addition and Subtraction of Fractions. 

Rule. — 1. Reduce the fractions, if necessary, to respectively 
equivalent factions having their lowest common denominator. 
(§ 25). 

2. For the numerator of the result, combine the numerators of 
the resulting fractions, in parentheses, preceding each by the sign 
of its fraction. 
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3. For the denominator of the result, write the L. C. D. 

4. Simplify the numerator and reduce the fraction to lowest 



(§22) 



terms. 










ExA^: 


UPLE. 




1 


a 




a8 a-^ - 


x^ a8-x8 




1 


a 






(«- 


x)(a + x) 


ia-'X){a^ + ax + x^) 






(a2 + flMc 4- x^) 




a(a -f x) 


(a- 


aj)(a + a;)(a' 


» + aaj + «2) 


(a — «) (a + a;)(a2 + ax + x^) 


- («' 


« + ax + a;«)- 


- a(a + x) 




x^ 



(a -x)(a + X) (a'^ + ax-^ x^) (a -x){a + x) {a^-\-ax-\- x^) 

EXERCISE 9 

Perform the indicated operations : 
- 4a;4-7 . 6a? — 5 



10 


' 16 






3a-8 


4a- 


9 




9 


12 






x-y 


y-2z : 


3 


•3a! 


xy 


2yz 


zx 


m 


2 






m-2 


TO + 2' 




a + S 


a-3 







7. 



16iB2-8a?+l 16a^-l' 



8 ^"^ ^"^-^ 4a^ + l 
'a + l a-la^-l' 

g 5a? 4a;' + 3a?-l 
■ a? - 3 a?2 + « - 12 ' 

j^ 3a? + 2 9a;» + 4 



11. 



3a;-2 9aj2-4 



a — 3 a + 3 a^ ^ xy -{-y^ ^^H-^ 

g a?-h3y a?-3y ^^ 1 4a- J 

a?-32^ a? + 3y' ' a(2a-l) (2a- 1/ 

m — 1 m + 1 m — 6 ^ 

m — 2 m-\-2 4 — w* 

.4. ../..... + - 1 



a2 + 4a6 + 46* 462-a» 





FRACTIONS 






15. 


1 1 






2a^ + 6x + 3 4iB2 + 8a; + 3' 




16. 


a — n 3a — 4 71 3a — 6n^ 
2a-|-2n 3a-|-3w 6a + 6n 






17. 


a a 






a* + 4a-60 a2-4a-12 




18. 


1 1 n-6 






w + 4 1-w w2 + 3n-4 




19. 


^1^1 


1 




(^a^b){a-c) (b-c){b-a) ' (c- 


-a)(c- 


-6) 


20. 


^ Q . aj»-h27 
^ ^+a^ + 3a. + 9- 
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27. Multiplication and Division of Fractions. 

Rule. — To find the product of two or more fractions : 

1. Find the prime factors of the numerators and denominators 
of the fractions. 

2. Divide out (cancel) factors common to a numerator and a 
denominator. 

3. Multiply the remainingr factors of the numerators for the 
numerator of the product, and of the denominators for the denomi- 
nator of the product. 

Rule. — To divide one fraction by another : 

1. Invert the divisor fraction. 

2. Multiply the dividend by the inverted divisor. 

KoTB 1. In problems inyolving both multiplication and division, per- 
form the operations in order from left to right. (§3.) 

Note 2. Integral or mixed expressions should first be reduced to 
fractional form. 
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Example. 



\V^ VX 0!^J\ X — Vj \V Xj 

\^ aH^ J\ x — v j ' \ XV J 

_ (x — v)' ^ / a?4-v\ ^ an? J^ ^ 

icV \x — vj (x-'V){X'\-v) XV 

Complex Fractions are a special case of division of fractions. 
x+y_ 

Example ^ _f^'\-y\_^f^-y'\x+y__J__ 

Example. ^-^^^^^^-^^.^-j_-^ (x^y)(x^y) 

6 



EXERCISE 10 

Perform the following multiplications : 
, 25 36 ^ n«-36 7 n« 



42 35 4n» n^ + n-^2 

6am^ ofi B e a* — 2 a — 35 4 a' — 9 a 

oor 



27 6V 2a»-3a2 7(a-7) 

5a^ 9_6^ TV 5a? + 2 c^-.o^ 

3Z^2 'l0c»*6a*' * 2aj«-|-a?-10 ' ^ ^' 

4 m^ + 8 m 4- 3 ^ 6m^ — 9 m 
2m2-5mH-3 ' Am^-1 

^ 16a;-4 20aj4-5 a?^ + 2a?-f 1 



9. 
10. 



5x-5 ex+6 16ic2_i 

a^ + Sf ^ x — 2y ^ a^4-2a^ + 4y» ^ 
aj' — 8y''a? + 22^ic2 — 2a^ + 4 2/*' 

2n2 — w — 3 ii24-4n4-4 w^ — n 



n<~8n2-f-16 n^ + n 2w2 — 3n 



FBACTIONS 81 

Perform the following divisions : 

a-3 ^ ^ a»-9a62 a-36 

13. g'-Say . a^-10xy + 21yy 

dfi — f ' aJ* + ary + ?/* 

14 8^' -1-1 . 4n^~2n + l ^ 

2n^'{-4:n ' n*4-4:n-h4 ' 

Perform the indicated operations : 

6a«-a-2 12a«-5a-2 4a2-9 



4o«-16a + 15 8a*-18a-6 4a« + 6a + 2 

4 gg ^ 4 g -h 1 2g« + a . a^-2g 
4g2-l '8a»-l"^ a'-4 ' 

18 2a^— 5gy — 3y» /2a:'~7 ay — 4y» , o^ — 4a^ + 4y•^ 
Q^ — xy — 2'f \^a^ — 3a:2/ — 42^* * ot^ — xy — ^y^J 

\^ a a-3y\a-2 a+3y 

22. %y. 28. _^. 24. ^. 

?-i a-A 1 + 2 

a; ^ 9a m 
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28. 1 

29. — 



?,h 


27 a" b 
b^ a 


26 


b a 

1 1 

1-x l-f-a? 




1 1 



1 — a^ l + ix^ 



iH-a 
2 



K^ 4a— 1 
o a — 



j^ 2a4-g 
3a-2 



^_^Kj(! 



27. .^ — rz.^ — -:ii.. 30. ^"^^r 






IV. SIMPLE EQUATIONS 

28. An E^MtifMi exf^esacfi the equality of two numbers. 

The two parts (mimbers) are called respectively the Left 
Member and the Right Member of the equation. 

29. An Identity or Identical Sqiution is an equation in which 
the two members may be made to take exactly the same form 
by performing the indicated operations. As, 

(a) 10 + 2 = 15 + 2.4-11. (h) Sx(a- b):=Sax-Sbx. 

(a) is a numerical identity; (b) becomes a numerical identity 
for any values of the literal numbers. 

30. An equation is said to he satisfied by a set of values of 
the letters inrolved in it when it becomes a numerical identity 
if these values are substituted for the letters. 

31. A Conditional Equation is an equation involving one or 
more literal nnmbevs which is not satisfied by all TalDes of the 
literal nTiiiiber& 

Thus, 3x — 4 = a; + 6isan equality only when « = 5. 

The word equation usually refers to a conditioned equation. 

32. If an equation involves two or more literal numbers, one 
or more of the literal numbers may be ri^arded as unknowns 
and the remaining ones as known numbers. 

Thus, in osc + 6y = c, X and y may be unknowns and a, 6, and c may be 
known numbeis. 

33. If an equation has only one unknown number, any value 
of the unknown number which satisfies the equation is called 
a Root of the equation. 

33 
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(a) a^ 4- 6 = 6 a? has the roots 2 and 3. 
When a; = 2, 2^ + 6 = 5 . 2, f or each equals 10. 
When a? = 3, 3* + 6 = 5 • 3, f or each equals 16. 

(b) 2ax — a=^x — \ has the root \. 

When a; = ^, 2a-^ — a = ^ — ^for each equals 0. 

34. To Solve an equation is to find its root or roots. 
Example. 1. Solve the equation 2x — 3= "^ » 

2. Multiply both members by 2. 4 a: — 6 = a; + 6. 

3. Subtract x from both members. 3 a;— 6 = 6. 

4. Add 6 to both members. 3 a: = 12. 

5. Divide both members by 3. a; = 4. 

The problem is to find the number or numbers which satisfy 
the given equation. To make certain that 4 satisfies the given 
equation substitute 4 for x in the equation. 

Doe8 2.4-3 = t±^? Does 8-3 = ^? Yes. 

This test is called checking by substitution. 

35. Axioms Used in Solving an Equation. In the solution 
of the equation in paragraph 34, the following axioms were 
assumed : 

(a) The same number may be added to both members of an 
equation without destroying the equality. 

(b) The same number may be subtracted from both members of 
an equation without destroying the equality, 

(c) Both members of an equation may be multiplied by the 
same number without destroying the equality, 

(d) Both members of an equation may be divided by the same 
number without destroying the equality. 

As long as the number used as an addend, subtrahend, multi- 
plier, or divisor in connection with these axioms is an arith- 
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metical number (or constant other than zero), the equation 
obtained by applying any one of the axioms has exactly the 
same roots as the given equation, provided the given equation 
has a root at all. 

36. In this text, symbols A, S, My and D are used to abbre- 
viate the explanations of solutions of equations. Thus : 

A^: means '^ add 5 to both members of the previous equation." 

S«8„: means "subtract — 3n from both members of the 
previous equation." 

M_i: means "multiply both members of the previous equa- 
tion by .— 1." 

D4 : means " divide both members of the previous equation 
by 4." 

Example. Solve the equation 5^ - ?-5^ = §j:^ + 1. 

1. Mm: 16(«-2)-10(2a5-8)=6(8-8a;) + 80. 

2. .-. 16 aj - 30 - 20 a; + 80 = 48 - 18 aj + 30. 
8. /. -6a; = 78-18x. 

4. A18.: 13a; = 78. 

6. Dig: x = 6. 

Chbck: Does tri - I^ZL? = 8-i§ + 1 ? 

Does 2 -8 =-2 + 1? Yes. 

EXERCISE 11 

Determine by substitution which of the numbers 1, 2, — 5j 
and i are roots of each of the equations. 

1. 4r + 5=:6 + 3r. ^ 4-^ ^ 12 

2. 16«-l = 4«-»-6. ' l-« 3-^ 

3. w*-3w=--2. 6. 2aj«-3a?-»-l = 0. 

Solve the following equations : 

6. 10a?-3 = 4 + 3«. 8. 3(2aj-l) = 8(a?- 1)-. 

7. 21y-23=.61-16y. 9. |^ + |^ = -f^. 
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10. 2a— |o + |a = 10. 

11. |a; = Jaj-f» + J^. 

12. 4(2v-7)+6 = 6(v-3) + 16. 

13. a:-2(4-7a?)«4«-9(2-3aj). 

14. (H-3aj)»=(5-«)»+4(l-«)(3-««). 

15. 5(2r + 7)(r-2)-6(r + 4)« = 6 + (2r + 3)*. 

37. Discussion of the Azioms. Two equations are said to be 
BqoivaleBt when the roots of eitlier are the roots of the other. 

As remarked in paragraph 35, when the number used as an 
addend, subtrahend, multiplier, or divisor is an arithmetical 
number, then the given equation and the resulting equation 
are equivalent. 

Axioms (a) and (b). If the number added to or subtracted 
from both members of an equation is an eacpression involving the 
unknown number, the given equation and the resulting equation 
are equivalent, provided the expressimi has a finite value for the 
root or roots of the equation. 

Axiom (c). If the multiplier is an eospression involving the 
unknown number, the new equation may not be equivalent to the 
given equation. 

Example. 3aj — 2 = a: — 1 has the root ^. 

Miiltiplying both members by as — 2, 

8 a;2 -8x4-4= x2 -3x4-2, or2z2 -6x4-2 = 0. 

This equation has the root 2 for 2 . 2^ — 6 . 2 4- 2 = 8 — 10 4- 2 = 0. 
The given equation does not have the root 2, for 3 • 2 — 2 does not 
equal 2 — 1. 

Hence, multiplying the given equation by x — 2 introduces the root 2. 

When the multiplier is an arithmetical number, or is the 
lowest common multiple of the denominators of a fractional 
equation, the resulting equation and the given equation are 
usually equivalent. 
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Axiom (d). If the dwisor i» an eaepremion involvmg the un- 
known number, the new equaiiam and the given equation are not 
eqttivaJeni. 

Example, a:* — 4=a?— 2 has the roct 2, for 2» — 4 = 2 — 2. 

Dividing both members by a; — 2, x + 2 = 1. 

This equation does not have the root 2, for 2 + 2 does not equal 1. 

Whenever an equation is divided by an expression involving 
the unknown number, one or more roots of the given equation 
are lost. The following example illustrates a common instance 
of this fact. 

Example. 3 »* — 2 a? = 0. 

D, : 8 X - 2 = 0, or a; = }. 

I is indeed a root of the equation 3 o^ ^ 2 a; = 0, but it is not tlie only 
root. X = is also a root, f or 8 • 0^ — 2 • = 0. This root is obtained by 
setting the divisor x equal to zero. 

In general, if the expression by which both members of an 
equation is divided is set equal to zero, the roots of the result- 
ing equation are also roots of the given equation. 

38. Mechanical Proceiaes of Solving Equations. 
(a) Txanapositkm. A term may be transposed from one mem- 
ber of an equation to the other provided its sign is changed. 
Proof. Let x -f a = &. 

Sa : x = b — a. Axiom (6), § 36 

(6) Cancellatioa. A term which appears in both members of 
an equation may be cancelled. 
Proof. Let x + a = fr + a. 
Sa : x = h. Axiom (6), § 36 

(c) Changing ^ga* ia an Eqiiation The signs of all of the 
terms of an equation may be changed. 

Proof. Let ax — 6 = c — dx. 

M-i : — aa5 + ft = — c + <fe. Axiom (c), § 35 



88 ALGEBRA 

(d) Clearing of Ftactions. An equation may be cleared of 
fractions by multiplying both members by the lowest common 
denominator of the fractions involved. This process is based 
upon axiom (c), § 35. 

Example. Solve the equation = 0. 

^ 4a?-3 7a?-3 

Solution : 1. M^ig^zxix-s) : 5(7 a? — 3)— 8(4 a; — 3) = 0. 

2. .-. 353C-15-32x + 24 = 0. 

3. .-. * 3x = -9, ory=-3. 

Check: Does — -=0? Does -5 §-=0? 

_12-3 -21-3 — 16 — 24 

Does (-J)-(-j) = 0? Yes. 

EXERCISE 12 

Solve the following equations : 

1__^^4 1_ ^ 1 3 ?_^^__J_ 

' 2 9x 9 6x' ' 5t lOt 15t 12' 

o 2 3_L 5 _. 11 ^ 2aj-7 lOaj-3 



*6y y 2y 6y a^ — 4 5x{x-\-2) 



21a2 + 7a4-11 ^3 



3. Z . t = 3. 6. 



27 8 18 



7a2-4a~9 z-5 z-^2 z^-Sz-^lO 

Im 5m ^ 12(m^-l) 



9. 
10. 



m-f3 m — 1 m*4-2m — 3 

2 17 

2rH-l 3r + 2 6r24-7r + 2 

12g — 5 38+4 _ 48-5 

21 3(3 8+1) 7 " 

3m?--5 4w + 2 _ 15!^ — 1 7 

2 3to + 2 10 6* 



= 0. 



11 ^-4-3 ■ 1 ^ 2a?-l 

2(aj»-8)^6(aj-2) 3(a^ + 2a; + 4)' 
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12. .06a;-1.82-.7aj = .008aj-.6a4. 

13. 2.88y-.756 + .62y-.858 = .8l2^. 

14 <-3 f-f4^ 8^ + 20 g 
• ^ + l"^i-.2 f«-i-2"^ • 

Solve the following equations for x : 
ab be ac 



16. 



5 2 ^ 8m 

2aj-h5m 3aj-4m 6a^+7mx-20m«' 



17 3a? g + 27i _g 
2iBH-n 2a? 

18 a;-f q __ g— g , 2 aa; — 19 a' _ q 
x — 2a x-\-3a a^ + aa;--6a* 

19 a?(ct + 4&) — 6^ . x — b _ x + a 

a^ — b^ a + b a-^b' 



20. 



a — & 



a;4-6 ai + a a;-fa4-6 



39. Algebraic Translation. In applications of algebra, number 
relations expressed in words must be expressed by means of 
algebraic symbols. This process may be termed " translation." 
Skill in making such translation depends in part upon care in 
reading the statement which gives the number relations and 
in part upon familiarity with a few simple devices. For the 
elementary instruction preparatory to the solution of the fol- 
lowing review exercises, see the " First Year Algebra." 

Example. Express in symbols : the sum of tJie squares of 
two given numbers decreased by 4 times their quotient. 

Solution : 1. Let x and y be the given numbers. 

2. Then x^ and y^ are the squares of these numbers, and - is their 
quotient. ^ 

3. The expression is : x^ + y^ — 4 - • 
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EXERCISE 13 

Express in symbols the following : 

1. Five times a certain number. 

2. The sum of the cubes of two given numbers. 

3. 3 more than five times a given number. 

4. The excess of 10 over a given number ; of y over 5. 

5. 5 less than three times a given number ; 7 h diminished 
bye. 

6. The amoant by which 15 exceeds twice a given number. 

7. The difference between 6 and 13 ; between a and 20. 

8. Five per cent of x dollars ; a per cent of D dollars. 

9. The simple interest cwi P dollars for four years at r per 
cent. 

10. The amount to which M dollars accumulates in t years 
when invested at five per cent simple interest. 

11. The number by which 3 a; exceeds (a? — 6). 

12. The larger part of 18 if s is the smaller part. 

13. The smaller part of 3 » if (a? -h 5) is the larger part. 

14. The larger of two numbers if c is the smaller and if the 
difference between them is 15. 

15. The smaller of two given numbers whose difference is 4 
if the larger is y, 

16. The smaller part of 35 if the larger part is a. 

17. The two integers consecutive to the integer represented 
by m. 

18. The two odd integers consecutive to x\ (a) if x is an 
odd integer ; (b) if x is an even integer. 

19. The complement of a degrees ; the supplement. 

20. The third angle of a triangle of which the other two are 
angles of x degrees and (a; — 4) degrees respectively. 
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21. The perimeter of a lectai^^ whose baae ezeeedi its alti- 
tude by 3 inches. 

2JL Theagesof AaodBSjearsagoif A'sagenowistwioeB'f. 

25. The difference between one fifteenth and one third of a 
certain number. 

24. The total number of cents in a sum of money consisting 
of a certain number of dollars, twice as many quarters, and 
three times as many dimes as quarters, 

26. The time required by a train for a trip of A miles: 
(a) at 30 miles an hour; (6) at r miles at hour. 

2a. The rate at which an automobile travels if it goes D 
miles : (a) in 7 hours ; (6) in n hours. 

27. If the rate of a river is 3 miles an hour, express the 
time required by a boat whose rate in still water is x miles an 
hour : (a) for a trip of 20 miles downstream ; (ft) for a trip of 
20 miles upstream ; (c) for a trip of 20 miles downstream and 
back again. 

28. The area of a parallelogram whose base is 3 feet less 
than twice its altitude. 

29. The part of a piece of work a man can do: (a) in c days, 
if he can do all of it in 10 days ; (&) in 3 days, if he can do all 
of it in X days. 

30. The reciprocal of 3 x. 

31. The number whose hundreds' digit is a, whose tens' 
digit is &, and whose units' digit is c. 

32. The number whose digits are the same as those of the 
number in Example 31, but in the reverse order. 

Express in words the following expressions : 

33. \(xh. 36. ar^ + y2 — 2a^. 37. a«-h^. 

34. 2(a? + y) + 3(«-y). S«. |s«(w + »). 38. (d? -^\Ff 

89. ^±i!^. 40. IC+32. 
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40. A Problem is a statement of one or more relations be* 
tween one or more unknown numbers and certain known num- 
bers, from which the unknown numbers are to be determined. 

In this paragraph certain problems are considered which can 
be solved by using only one unknown number. 

Example. The rate of an express train is five thirds of that 
of a slow train. It travels 75 miles in one hour less time than 
the slow train. Find the rate of each train. 

Solution : 1.. Let r = the no. of mi. in the rate per hour of the slow 
train. 

2. Then | r = the no. of mi. in the rate per hour of the faat train. 



3. 



4 . 75^76_j 

• '4r V 
When this equation is solved, r is found to equal 80. 
Hence the rate of the slow train is 30 mi. an hour, and of the fast train, 
therefore, 50 mi. an hour. 

Check : The time for the slow train for 76 mi. is 75 h- 30 or 2.5 hr. 
The time for the fast train for 75 mi. is 75 h- 50 or 1.5 hr. 
The time of the latter is one hour less than that of the former. 



Hence 


the rate is 


the distance is 


the time is 


for one train 


r 


76 


75 

T 


for the other 


ir 


75 


75 + fr 



EXERCISE 14 

1. The denominator of a certain fraction exceeds its numer- 
ator by 6. If the numerator be increased by 7 and the denomi- 
nator be decreased by 5, the fraction becomes ^. Find the 
fraction. 

2. Divide 66 into two parts whose quotient shall be 4. 

3. Divide 64 into two parts such that twice the smaller 
shall exceed 29 as much as 143 exceeds four times the greater. 
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4. The perimeter of a certain rectangle is 330 feet. The 
altitude is four sevenths of the base. - Find the dimensions. 

5. The numerator of a certain fraction exceeds the de- 
nominator by 5. If the numerator be decreased by 9, and the 
denominator be increased by 6, the sum of the resulting frac- 
tion and the given fraction is 2. Find the fraction. 

6. Divide 197 into two parts such that, when the greater 
is divided by the smaller, the quotient is 5 and the remainder 
is 23. 

7. The length of a certain lot is three times its width. If 
the length be decreased by 20 feet and the width be increased 
by 10. feet, the area will be increased by 200 square feet. Find 
its present dimensions. 

8. If one fifth of the supplement of a certain angle be 
diminished by two elevenths of the complement of the angle, 
the result is 19. Find the angle. 

9. A passenger train whose rate is 35 miles an hour and a 
freight train whose rate is 25 miles an hour start at the same 
time from points which are 100 miles apart, (a) If they travel 
toward each other, in how many hours will they meet ? (b) If 
they travel away from each other, in how many hours will they 
be 150 miles apart ? 

10. A freight train runs 6 miles an hour less than a pas- 
senger train. It runs 80 miles in the same time that the 
passenger train runs 112 miles. Find the rate of each. 

11. A man walks 10 miles and then returns in a carriage 
whose rate is 3 times as great as his rate of walking. If it 
took him 4 hours less time returning than going, what was his 
rate of walking ? 

12. A vessel runs at the rate of 12 miles an hour. If it 
takes as long to run 27 miles upstream as 45 miles downstream, 
what is the rate of the current ? 
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IS. A man trsTels 130 miles in ten hoim in an antomolMle, 
part of the diatance at an aTenge rate of 20 miles an hoar and 

the rest at an average rate of 10 miles an hoar. How far does 
he travel at each rate ? 

14. A man receires $140 per year as interest on $2500. 
$ 500 is invested at 5 ^ ; part of the remainder at 5^ ^ ^ and 
the rest at 6 %. How much has he invested at 5| % ? 

15. A man travels 24 miles at the rate of 5 miles an hour. 
By how many miles an hour must he increase his rg.te in osder 
to make the trip in one fourth of the time ? 

16. Find three consecutive numbers such that the square of 
the greatest shall exceed the product of the other two by 49. 

17. Find the upper base of a trapezcnd whose area is 175 
square inches, whose altitude is 10 inches, and whose lower 
base is 20 inches. 

18. Two automobilists use gasoline from a tank containing 
60 gallons. If one uses gasoline at the rate of five gallons in 
three days and the other five gallons in seven days, how long 
win the 60 gallons last ? 

19. If A can do a piece of work in 5 days, B in 8 days, and 
C in 10 days, how many days will it take them to do the work 
if they work together ? 

20. A man has $6.90 in dollars, half dollars, and dimes. 
The number of halves is twice the number of dollars, and the 
number of dimes is equal to the sum of the number of dollars 
and the number of half dollars. Find the number of coins of 
each kind. 

SUFFLBMBNTART PBOHLEMS 

21. Divide a into two parts whose quotient shall be m. 

22. The numerator of a certain fraction exceeds its denomi- 
nator by m. If the denominator be increased by n, the fraction 
becomes f. (a) Find the fraction. (5) Find the value of the 
fraction when m is 4 and n is 2. 
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23. The perimeter of a certain rectangle is c feet. The base 
exceeds the altitude by d feet, (a) Find the dimensions of the 
rectangle. (&) Find the values of the dimensions when c equals 
50, and d equals 5. 

24. The length of a certain field is m times its width. If 
the length be increased by r feet, and the width by s feet, the 
area will be increased by t square feet, (a) Find the dimen- 
sions of the field, (h) Find the values of the dimensions when 
m is 4, and r, s, and t are respectively 2, 3, and 48. 

25. Divide c into two parts such that the sum of one with 
of the first part and one 92th of the second part shall equal d. 
Find the values of the parts when m is 2 and n is 3. 

26. If A can do a piece of work in a days, B in & days, € ia 
c days, and D in d days, how many days will it take them to 
do the work if all work together ? 

27* A sum of money amounting to m dollars consists entirely 
of quarters and dimes, there being n more dimes than quai-ters. 
How many are there of each ? 

28. At what time between 8 and 9 o'clock will the hands of 
a clock be together ? 

29. At what time between 2 and 3 o'clock is the minute 
hand of a watch 15 minute spaces ahead of the hour hand ? 

30. In a mixture of sand and cement containing one cubic 
yard, 16 <^ is oemcnt. How much sand must be added to the 
mixture so that the resulting mixture will contain 12% of 
cement ? 
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V. GRAPHICAL REPRESENTATION 

41. In the figure below : XX' is called the Horizontal Axis ; 
YY' is called the Vertical Axis ; together they are called the 
Axes ; the point is called the Origin ; FE, perpendicular to 
the horizontal axis, is called the Ordinate of the point P; PS, 
perpendicular to the vei-tical axis, is called the Abscissa of P; 
PR and PS together are called the Coordinates of P, Distances 
on OX are considered positive, on OX' negative, on F posi- 
tive, and on F' negative. The part of the plane within the 
angle XOY is called the ^rs^ quadrant; the part within the 
angle FOX' is called the second quadrant; etc. The abscissa 
of P, according to the indicated scale, is 3, and the ordinate 
is 4. The point P is called the Point (3, 4). 
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EXERCISE 15 

1. What are the coordinates of each of the points in the 
figure above ? . 

2. Locate (plot) on a similar diagram the following points: 
(a) (0,6); (6) (-3,4); (c) (-6,0); (d) (0, -4); (e) (-4, -6). 

3. In which quadrant does a point lie: (a) whose abscissa 
is positive and whose ordinate is negative ? (b) whose abscissa 
and whose ordinate are both negative ? 

4. What sign does the abscissa of a point have if the point 
is in the fourth quadrant ? in the second quadrant ? 

5. Change the word " abscissa " in Example 4 to " ordinate,'^ 
and answer the resulting questions. 

6. Locate the points whose codrdinates are given in the 
following table ; connect the points by a smooth curve and thus 
obtain a graph showing the relation between the ordinate and 
the abscissa of a point on the graph. 



X 

y 


-5 


-4 


-3 

• 


-2 


-1 





1 


2 


3 


4 


6 


26 


16 


9 


4 


1 





1 


4 


9 


16 


25 



Express the relation between y and x by means of an equa- 
tion. 

7. Water, falling from any height, exerts a pressure depend- 
ing upon the height from which the water falls. This height 
is called the "head" of the water. Draw a graph showing 
the relation between the head, expressed in feet, and the pres- 
sure, expressed in pounds per square inch, using the data given 
in the following table. 

(HiKT : use the head for the abscissa and the pressure for the ordmate 
of the point.) 



Head 


1 


2 

.8 


6 


8 


10 


20 


Pressure 


.4 


2.1 


3.4 


4.3 


8.6 
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8. From the graph in Example 7, determine the pressure 
from a head of : (a) 6 feet ; (p) 15 feet. 

9. From the graph in Example 7, determine the head neces- 
sary to give a pressure of: (a) 6 pounds per square inch; 
(b) of 7 pounds per square inch. 

42. Equations Having Two Unknowns. A Solution of an 

equation having two (or more) unknowns is a set of values of 
the unknowns which satisfies the equation. 

Thus, a; = 1 and y = 4 is a solution of x + y = 5, for 1 + 4 = 5 ; also, 
a; =— 8 and y = 13 is a solution, for (— 8) + 13 = 6. 

43. For every value of one unknown, a value of the other 
may be determined. 

In X + y = 6 : when x = — §, (— J) + y = 5. Hence y = 5 + } = 6f . 

An equation having two (or more) unknowns has an infinite 
number of solutions ; for this reason, such equations are called 
Indeterminate Equations. As Xy in such an equation, changes 
in value, y also changes in value, x and ^ are called Variables 
and the equation is called an equation having two vanables, 

EXERCISE 16 

1. Determine by substitution which of the following pairs 
of numbers are solutions of the equation 2x^Sy = 10: 

(a) x = 2,y = -2', (b) aj = 3, y = l; (c) x = :^,y = -3. 

2. Determine, as in § 43, three more solutions of the equa- 
tion given in Example 1. 

3. Determine six solutions of the equation y = a;* — 10, three 
for positive values of a?, and three for negative values of x. 
Plot the points whose coordinates correspond to these solutions 
and connect them by a smooth curve, — thus obtaining a part 
of the graph of the equation. 
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4. F= ma is am eqaation encountered in physics. Assume 
tliat m has the constant value 50 ; deteimine ten solutions of 
the resulting equation, locate the points corresponding, and 
draw the graph. 

(Hint : use F as ordinate and a as afosciflBa.) 

44. If a rational and integral monomial (f 11) involves two 
or more letters, its degree with regped to i^vem is denoted by the 
sum of their exponents. 

Thus, 2 a^hxy^ ie of the fourth degr^ with re£^>ect to x and y. 

45. If each term of an equation c(mtaining one or more un- 
known numbers is rational and integral, the Degree of the 
Equation is the degree of its term of highest degree. 

Thus, if X and y denote unknown numbers : 

ax — by = cia of the first degree ; 
2x^-Sxy^=6iEatthe third degree. 

46. In a later ^Mnirse in mathematics, the gra][^ of an equa- 
tion of the first degree having two unknowns is proved to be a 
straight line. This line may be found by the 

Rule. — 1. Determine two solutions (§ 42) of the equation. 
2. Plot the points whose coerdhiates correspond to these solu- 
iioas and draw the straight line determiiied fay them. 

NoTB 1. Do not have the two points too close together. 

Note 2. The coordinates of every point on the graph satisfy the 
equation of the graph; and every point whose coordinates satisfy the 
equation must lie on the graph. In geometrical language, the graph is 
the loctte of points whose oodrdiaateB satisfy the equation. 

47. An equation of the first degree is called a Linear 
Equation. 

Example. Draw the graph of 3 a; — 4 y = 12. 

Solution: 1. When x=0, 3.0 — 4y=12, — 4y=12, ory=— 3. 
When X = -4, 3(- 4)— 4 y = 12, — 12 — 4 y = 12, - 4 y = 24, or y=— 6. 
2. In the figure below the points are located and the line is drawn. 
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EXERCISE 17 
Draw the graphs of the following equations : 

1. 2x-hSy = 12, 3. 3x-^2y=0, 

2. Sx — 5y = S0. 4. 4 a; -f 5 y = 24. 

6. (a) Draw the graph oi x -\- 2 y = — 1, 
{b) Multiply both members of the original equation by 3 
and draw the graph of the resulting equation. 

(c) Multiply both members of the original equation by — 5 
and again draw the graph of the equation resulting. 

(d) From the graphs obtained in parts (a), (b), and (c), what 
do you conclude is the effect upon the graph of an equation 
of multiplying both members of the equation by the same 
number ? 

(e) What effect does it have upon the solutions of the 
equation ? 



VI. SIMULTANEOUS LINEAR EQUATIONS 

48. Two equations, each containing two (or more) unknowns, 
are said to be Independent Equations if each has solutions which 
are not solutions of the other. 

49. Two independent equations which have one (or more) 
common solutions are called Simultaneous Equations. 

50. Two independent linear equations which do not have a 
common solution are called Inconsistent Equations. 

51. Graphical Solution of Simultaneous Linear Equations Having 
Two Unknowns. 

Rule. — 1. Draw upon one sheet the graphs of both equations. 

2. Find the codrdinates of the point common to the two lines. 
These coordinates give the common solution. The solution may 
be checked by substitution. 

'5aj-3y = 19. (1) 

x + 4.y = 2. (2) 

SoLUTioiT : 1. For equation (1) : if a: = 5, y = 2 ; if x = — 1, y = — 8. 

2. For equation (2) : if a? = - 2, y = 4 ; if a; = 4, y =- 6f 

8. The graph follows. 

4. The straight lines intersect in the point (2, — 3). 

The common solution is x = 2, y = .- 3. 

Check: In (1) : does 6 . 2 -3(-3)=:19 ? Yes. 

In(2): doe8 7.2 + 4(-3) = 2? Yes. 

Note 1. The solution obtained by this method is usually only an ap- 
proximate solution owing to the impossibility of determining exactly the 
coordinates of the point of intersection of the lines. 

Note 2. If the equations are inconsistent, the lines will be parallel ; 
if the equations are dependent, the lines will coincide. 
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EXERCISE 18 



Study the following pairs of equations graphically ; if simul- 
taneous, determine their common solutions : 



1. 



3 a? 4-2^ = 11. 
o a; — ?/ = 13. 



5. 



2a?-f 5y = l0. 
4 a: 4- 10^ = 40. 



4a: 4-3?/ = — 1. 
, 5 a; + 2/ = 7. 



r3a;-22/ = 6. 
I9a;-6y = 18. 



3. 



3 a; -f 7 y = 4. 
7a: + 82/ = 26. 



7. 



5 a; — 4 ^ = 0. 
7a?-f-6y = -29. 



5aj4-32/ = 14. 
4 a; — 5 ?/ = 26. 



9a;4-142/ = -25. 
3 a; - 4 1^ = 22. 



52. Two simultaneous equations having two variables may 
be solved by combining them so as to cause one of the variables 
to disappear. This process is called Elimhution. 
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53. ElimnuKtiom by Addition or Subtraction. 

Rule. — 1. Multiply, if necessary, both equations by such numbers 
as will make the coefficients of one of the variables of equal absolute 
value. 

2. If the coefficients have the same sign, subtract one equation 
from the other; if they have opposite signs, add the equations. 

3. Solve the equation resulting from step 2 for the other variable. 

4. Substitute the value of the variable found in step 3 in any 
equation containing both variables, and solve for the remaining 
variable. 

5. Check the solution by substituting it in both of the original 
equations. 



Example. Solve the equations « ' , ' 
^ 1 3 a; — 4 y = — 17. 


(1) 
(2) 


Solution: 1. 3f4* (1): 

2. 3f,(2): 

3. (3) + (4) : 
4. 

5. Substitute - 3 for a; in (1) : 

6. 

The solution is: aj = - 3, y = 2. 


20a; +12 2/ =-36. 
9a;-12y=-6L 
29a: =-87. 
.-. a;=-3. 
-15+3y=-9. 
Sy = 6,ory'=2, 


(3) 
(4) 
(6) 


Check: In (2) : does 8(—8) - 4-2 = 
In (1): does6(-3) +3-2 = 


= -17? Yes. 
= -9? Yes. 





54. Elimination by Substitution. 

Rule. — 1. Solve one equation for one variable in terms of the 
other variable. 

2. Substitute for this variable in the other equation the value 
found for it in step z. 

3. Sohre ttMt equation resulting in step 2 for the second variable. 

4. Sabstknte the vahie of the second variable, i^tained in step 3, 
in any equation containing both variables and solve for the first 
variable. 

5. Check the solution by substituting it in the original equations. 

* M^ (1) : means '* Multiply both members of equation (1) by 4." 
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Example. Solve the equations i . €^ S 
^ I4a;--3y = 6. 

Solution: 1. Solve (1) for y: 



y- 



lla;-4 



2. Substitute in (2) : 

3. Solving (4) for x : 



...s(H^)... 



4. Substitute — 1 for jb in (1) j 



(1) 
(2) 

(3) 

(4) 



20 a; -33 a; +12 = 25; 
-13a; = 13, ora; = -l. 
-ll-5y = 4. 
.'. — 5 y = 15, or y = — 3. 
The solution is : x =— 1, y = — 3. 

Check : In (1) : does 11(- 1) - 6(- 3) = 4 ? does - 11 + 15 = 4 ? Yes. 
In (2): does 4(- 1) - 3(-3) = 5 ? does -4 + 9 =6? Yes. 



EXERCISE 19 

Solve the following pairs of equations by addition or sub- 
traction. (If difficulty is experienced in obtaining a solution, 
determine graphically whether the equations are inconsistent 
or dependent.) 



2a?-3y = 19. 

7a; + 43/ = 23. 

a;-52/=-21. 
3a;— 8y=— 35. 

15a; + 82/=3. 
6a;-123/=5. 

13 m — 7n = 15. 
8 m - 4 w = 9. 



5. 



7. 



8. 



6 a; + 11 2/ = 31. 
6 y — 11 a; = 74. 

3a; + 22^ = -31. 
6a; + 4y = -62. 

4r-8M? = -.3. 
lir+5M7 = -16. 

3a;-4y=-13. 
6a;— 8y = — 5. 



Solve the following pairs of equations by substitution : 



2a;+2/ = 8. 
7a?-4y = 43. 



10. 



a + 26 = ll. 
3af 56 = 29. 
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11. 



12. 



3r + 7« = -12. 
— 6r4-9« = l. 

8e-3/=47. 
6e-7/=21. 



13. 



14. 



5x'\'6y=:'~5, 
10x + 9y = -6. 

3x-5y = SS. 
-5a? + 3y = -26. 



Solve the following pairs of equations in either manner : 

1. 



16. 



16. 



17. 



18. 



19. 



20. 



'2£_5^^_1 
5 6 2* 

6^9 2 
lla-36 3aH-6 



11 
8 a - 5 & = 1. 



8 



2e + t + e __ 2 
e_2f-3 7' 
5e + 2« = -7. 



14 9 

2r4-3« = --10. 



8 



= 0. 



x—S y—5 

9 5_ 

2x'-l 3y4-4 

d-2n 
Sd-hn+S' 

d-f 3n _ 7 
d + 4»-7 11 



21. 



6 12^^ 
X y 

--5 = 7. 

[X y 



Hint: Eliminate y without clea?^- 
ing of fractions. 



-• 


22. 


9 14 11 
d 8 2* 


=-1. 


23. 


8_ 3 _ 89^ 

X &y 30 

6 6_ 69^ 

6a; y 18' 


0. 
- — 


24. 


[2 3 1 

3 a! 4]^ 12 

5 4 13 

-S • 


t""- 


4a! 3^ 72 


1 


Solve 


the following for x 


5 


and y: 




•• 


25. 


5x — 6y = Sa. 
4a! + 9y = 7o. 



£6 
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26. 



27. 



28. 



{a^b)x+by = a\ 

ax + hy^ 1. 
cx'\'dy = l. 

ax -\- by = 2 a, 
a'^x-bh/^a^ + b\ 



29. 



30. 



2«g~6jf ^^ 



a 




/■ 


a;-f 5y 


= 6. 




3a-h2 




m 


n 




n-^y 


m — 


a? 


m 


n 





71 -f aj m — y 



55. Equations Containing Three or More Variables. 

Example. Solve the set of equations : 

fl2m-4n4-/) = 3. (1) 

,ft-n-22)=-l. (2) 

l5 7^-2n = 0. (3) 

Solution: 1. Ms (1) : 24m-8n + 2p = 6. (4) 

2. (2) + (4): 26wi-9n = 6. (6) 
8. Ms (3): 25»j-10n=0. (6) 
4. (5) - (6) : n = ^. 

6. Substitute 6 for n in 3. 6 wi — 10 = 0, or to = 2. 

6. Substitute 5 for n and 2 for to in (2) : 

2-5-2p=-l. 

.'. — 2p = 2, orp=~ 1. 
Solution : m = 2, n = 5, p = — 1. 

Check : The solution satisfies each of the three given equations. 

Rule. — To solve a system of three equations containing three 
unknowns : 

1. From two equations, say the zst and 2d, eliminate one of 
the unknowns ; mark the resulting equation as equation (4). 

2 From another |>air of equations, say the zst and 3d, eliminate 
the same unknown, and mark the resulting equation as equa- 
tion (5). 

3. Equations (4) and (5), containing two unknowns, are readily 
solved (if the system has a solution). Then by substitution the 
third unknown may be determined. 
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BZERdSS 20 

Solve the following sets of equations : 



3. 



5. 



9. 



3aj + y — a=14. 


Solre Examples 6> 7, 
for a?, y, and ar. 


aj4-y-3« = -10. 




a6c 




6. 


6y + c.-^ + < 
a6c 


5j:>— 3g-4r=21. 




a6c 


4a;-lly-5« = 9. 






8a? + 4y-2J = ll. 




X y 


2x + 4.y^z = -2. 


T. 


^i-- 


18a?-8y + 4»=-25. 
10a:4-4y-92; = ~30. 




1.-5=. 


a; y 




[6 a 
— — = & 




8. 


Z X 






c , 6 
— h- = a. 

.2^ 2 


3tt + aj = — 5. 




M-a! + 2^ = 16. 


4aj-y = 21. 


10. 


x-y + z = -12. 


6y4-a = -19. 




y-2 + M = 13. 


6 » — tt == 39. 




z — a + 9! =! — 14. 
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56. Solution by Formula. Simultaneous lineax equations hay* 
ing two or more unknowns may be solved by means of certain 
formulae. This method of solution is considered in § 2S3, page 
240, and may be studied at this time if desired. 

57. Many problems are solved more conveniently by using 
two or more unknowns. 

Example 1. A certain number of two digits exceeds three 
times the sum of its digits by 4. If the digits be reversed, the 
sum of the resulting number and the given number exceeds 
three times the given number by 2. Find the number. 

Solution : 1. Let t = the tens' digit, and u = the units' digit. 

2. .*. 10 1 + M = the original number, 

and 10 u + < = the number obtained by reversing the 

digits. 
8. .-. 10j+tt = 3 (^ + tt)+4 

or 7«-2w = 4. (1) 

4. Also (10«+tt)+ (lOtt+O =3 (10« + tt) +2, 
or 19«-8tt = -2. (2) 

6. Solving equations (1) and (2) by the usual methods, 
t = 2 and ti = 5. 
.*. 25 is the number. 
Check: Does 25 = 3 (2 + 5) + 4 ? Tes. 

Does 26 + 62=3 (25) +2? Yes. 

EXERCISE 21 

1. Divide 79 into two parts such that twice the smaller ex- 
ceeds the greater by 6. 

2. If 3 be added to the numerator of a certain fraction, and 
7 be subtracted from the denominator, the value of the frac- 
tion becomes ^. If 1 be subtracted from the numerator, and 7 
be added to the denominator, the value becomes |. Find the 
fraction. 

3. The units' digit of a certain number of two digits is one 
third of the tens' digit. If the number is divided by the differ- 
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ence of its digits, the quotient is 15 and the remainder is 3. 
Find the number. 

4. Find the three angles of an isosceles triangle if each of 
the base angles exceeds the vertical angle by 30°. 

6. There are two numbers such that when the first is divided 
by the second the quotient is 3 and the remainder is 1 ; when 
the second is divided by one fifth of the first, the quotient is 1 
and the remainder is 3. Find the numbers. 

6. A man has $10,000 invested, part at 5% and part at 6%. 
The interest for one year on the 5% investment exceeds the 
interest for one year on the 6% investment by $60. How 
much does he have invested at each rate ? 

7. A^s age is six fifths of B's. Fifteen years ago his age 
was thirteen tenths of B's. Find their present ages. 

8. If the numerator of a certain fraction be increased by 
4, the value of the fraction becomes ^ ; if the denominator of 
the fraction is decreased by 3, the value of the fraction be- 
comes -I- Find the fraction. 

9. A certain chord of a circle divides the circumference 
into two arcs such that three times the .minor arc exceeds 
twice the major arc by 80°. Find the two arcs. 

10. The units' digit of a certain number of two figures exceeds 
the tens' digit by 5. If the number, increased by 6, be divided 
by the sum of its digits, the quotient is 4. Find the number. 

11. A's age is twice the sum of the ages of B and C. Two 
years ago, A was 4 times as old as B, and, four years ago, A 
was 6 times as old as C. Find their ages. 

12. Find three numbers such that the sum of the first, one 
half of the second, and one third of the third shall equal 29 ; 
also such that the sum of the second, one third of the first, 
and one fourth of the third shall equal 28 ; and finally such 
that the sum of the third, one half of the first, and one third 
of the second shall equal 36. 
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13. A oertain rectangalar field has the san^e area as another 
which is 6 rods longer and 2 rods narrower, and also the same 
area as a third field which is 3 rods shorter and 2 rods wider. 
Find the dimensions of the field. 

14. The sam of the first and third angles of a oertain tri- 
angle is twice the remaining angle; the sum of the first and 
seccmd angles exceeds the third angle by 20?. Find the three 
angles of the triangle. 

15. The sam of the two digits of a certain number is 14. 
If 36 be added to the number, the resolt has the same digits 
as the original number, but in reverse oider. Find the num- 
ber. 

16. Two trains, starting from points 270 miles apart, and 
traveling toward each other,. will meet at 12 o'clock, if one 
train starts at 7 A.M. and the other at 10 a.m. The rate of the 
first train exceeds the rate of the second train hj 3 miles an 
hour. Find the rates of the trains. 

17. A boy can row 10 miles downstream on a river in two 
hours, and can return in 3^ hours. Find the rate at which he 
rows in still water and also the rate of the current of the 
river. 

18. A train leaves A for B, 120 miles distant, at 9 A.M., and, 
one hour later, a train leaves B for A. They meet at noon. 
If the second train had started at 9 a.m. and the first at 10.30 
A.M., they would still have met at noon. Find their rates. 

19. The circumference of the hind wheel of a carriage is 55 
inches more than that of the fore wheel. The former makes 
as many revolutions in going 250 feet as the latter in going 140 
feet. Find the circumference of each wheel. 

180. A man has quarters, dimes, and nickels to the value of 
$1.40, having in all 12 coins. If he had as many dimes as he 
has quarters, and as many quarters as he has dimes, the value 
of the coins would be $1.55. How many coins of each kind 
has he ? 
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SUPPLEMENTART PBC^LEMS 

21. The hnndreds' digit of a certain number of three figures 
is f of the tens' digit, and exceeds the units' digit hj 2. If the 
number be divided by the sum of its digits, the quotient is 38. 
Find the number. 

22. r years ago, A was m times as old as B. In s years, A 
will be » times as old as B. 

(a) What are their present ages ? 

(b) Find the yalues of their present ages if r is 10, a is 5, m 
is 5, and n is 2. 

23. A man has $ 14,250 invested in bonds, which give him 
annually a total income of $700. Part of the money is in- 
vested in 4 % bonds, bought at $90 per share, and the balance 
in 6 % bonds^ bought at $105 per share. How much has he 
invested in each way ? (The income is always computed on the 
par value of a bond, which in this example is $ 100 per share.) 

24. A vessel contains a mixture of wine and water. If 50 
gallons of wine be added, there will then be |^ as much wine as 
water ; if 50 gallons of water be added, there will be 4 times 
as much water as wine. Find the number of gallons of water 
and of wine at first. 

26. The chords AB and CD of a circle form, at their inter- 
secticMi, an angle of 60°. The chords AD and BC, extended, 
meet at 0, forming an angle of 40°. Find the number of de- 
grees in the arcs AC and DB. 

26. The formula Z = a +(» — 1) d occurs in a more advanced 
topic in algebra. If I is 32 when n is 10, and is 10 when n is 
20, find a and d. 

27. The numbers d, a, ty and h are assumed to be connected 
by the formula d^at + h. Ifd = |^ when ^ = |, and d =^ 
when t = f , find a and h. 

From 1^6 resulting formula for d, determine t when d is |, 
giving the result to the nearest eighth of an inch. 
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28. AssumiDg that the numbers a, b, d, and TTare connected 
by the formula IT = ad + ft, find a and b if IF = 1.6 when 
d = .76, and if W= 4.5 when d = 2.5. From the resulting 
equation, determine IF when d =2. 

29. If a field were made a feet longer and b feet wider, its 
area would be increased by m square feet ; if its length were 
made c feet less, and its width d feet less, its area would be de- 
creased by n square feet. Find its dimensions. 

30. An automobile made a trip of 146 miles in 8 hours. The 
average rate within city limits was 15 miles an hour ; the aver- 
age rate outside of city limits was 20 miles an hour. Find the 
part of the trip lying within city limits and the part outside. 

31. In round numbers, the average rate of the automobile 
that won a certain long auto race is 2 J- times the rate of an 
ordinary passenger train. At these rates, the automobile can go 
160 miles in 2 hours less time than the train requires for a trip 
of 140 miles. Find the rate of the automobile and of the train. 

32. A piece of work can be done by A and B working to- 
gether in 10 days. After working together for 7 days, A 
leaves, and B finishes the work in 9 days. How long would A 
alone take to do the work ? 

33. A motor boat which can run at the rate of r miles an 
hour, in still water, went downstream a certain distance in 
n hours ; it took m hours to return. 

(a) Find the distance and also the rate of the current. 
(h) Find the values of the two results in part (a) when r is 10, 
m is 3, and n is 2. 

34. A and B can complete a certain piece of work if A works 
6 days and B works 4 days at their usual rates. A and C can 
do the work if they work together for 6 days, and if then C 
works one day alone. The number of days it would take C to 
do the work exceeds by 4 days the number required by B. 
Find how many days it would take each alone to do the work. 



VII. SQUARE ROOT AND QUADRATIC SURDS 

58. A Square Root of a given number is a number whose 
square equals the given number. 

59. Two square roots are obtained for each number. They 
are of equal absolute value, but have opposite signs ; they are in- 
dicated by means of the double sign, ±, read " plus or minus.'* 



Example 1. Vl6 o^y^ = ± 4 a^y, since ( ± 4 T^yf = 16 a?^*. 



Example 2. V4ar'-20a^ + 25y^ = ±(2a;-5y), 

since f ±(2aj-6y)P = + (2a?-6y)« = 4a^-20icy + 25y2. 

The positive square root is called the principal square root of 
a number ; the square root refers always to the positive root. 

60. The square roots of a large number may sometimes be 
found by infection by factoring the number. 



Example. V1764a* = V4 . 441 a*= ±2 • 21a« = ± 42 a«. 

EXERCISE 22 

Eind the square roots of : 

1. 25a*. 4 16^. 6 IM^. 

' 25 7^3* * 81 mV 

'• ^^"^^^ ^ 9aW . 121^ 

3. 4:9c*(P. * 49 mV' ' 169 2/V 

8. If a monomial is a perfect square, what kind of numbers 
are the exponents of its prime factors ? What sign does it have ? 

9. When is a trinomial a perfect square ? 

10. How may the correctness of the square root of a number 
be checked ? 

63 
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Find the values of: 



11. Vx2 4-2a-?/2 4.i/*. 13. ^/lU afi" 24: x^y + y\ 



12. Va*-6a26 + 962. 14. V49 c* - 42 c^ci^ + 9 d*. 



15. VI225. 17. V676.Ty. 19. Vl764a;V. 





a2 


2a 


+ 2 a6 + 62 


2a + 6 


+ 2 a6 + 62 



16. V784mV. 18. Vl089tt*. 20. Vl024a;Y22. 

61. Square Root found by Long Division. If it is not possible 
to factor readily the number under the radical sign, the square 
root, if there is one, may be found by a process like long 
division. 

Example 1. ^Find the square roots of a^ + 2 a5 + b^. 

Solution : 1. Vo^ = a. Place a in the root. a 4- 6 

2. Square a ; subtract. 

3. 2 X a = 2a. Trial divisor. 
2 a6 -i- 2 a = 6. Aad 6 to the trial divisor and to 

the root. Complete divisor. 

4. 6 X (2 a -f 6) ; subtract. 
The square roots are : + (a + 6) and —(0 + 6). 

Explanation : 1. Find the square root of the first term, obtaining a, 
the first term of the root ; place it in the root. 

2. Square the first term of the root and subtract it from the giver, 
number, obtaining the first remainder, 2 a6 + 62. 

3. Double the first term of the root, obtaining 2 a, the trial divisor 
Divide the first term of the remainder by 2 a, obtaining 6, the second term 
of the root. Add b to the root and to the trial divisor; the complete 
divisor is 2 a + 6. 

4. Multiply the complete divisor by 6 and subtract. 

Step 3 is suggested by the process of squaring a binomial. When 
squaring a binomial, the middle term is obtained by taking twice the 
product of the first and second terms ; this is equivalent to taking twice 
the first term and multiplying by the second. Reversing the process, the 
second term, 6, will be found, if 2 ah is divided by 2 a. After a^ is sub- 
tracted from a2 4. 2 a6 + 62 the remainder 2 a6 + 62 equals 6(2 a + 6). 
This suggests adding 6 to the trial divisor and multiplying the sum by 6. 
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Example 2. Find the square roots of 

Solution : 1. Arrange it in descending powers of x : 

2a* + 5z-7 



2. 


V4a:* = 2x2. 




3. 


(2 a;2)2 = 4 jc*. 


Subtract. 


4. 


2x (2aja)=:4aBa. 
20a;«-i-4a;2 = 5x. 




6. 


6«(4a« + 6ir). 




6. 


2 X (2 xs + 5 a;). 




7. 


-28aaH.4ir«=-7. 




8. 


-7(4aa + 10a:- 


.7). 





4jc*+20x«- 8x4-70x4-49 
4x* 


4x3 

+6x 
4x>+5x 


20x8- 8x2-70x+4» 
20x»+26x2 


4xH10a; 

-7 


-28x''-70x4-49 


4x»+10i 


c-7 


-28x9-70x4-49 



The square roots are : 4- (2x^4- 6 x— 7) and — (2x2 4-6 x — 7). 

Rule. — To find tke square ro«t of an algebraic expression : 

1. Arrange it acoording to ascending er descending powers of 
some letter. 

2. Write the positive square root of the first term of the given 
expression as the first term of tiie root. Square it and subtract 
the result from the given expression. 

3. Double the root already found, for the trial divisor. Divide 
the first term of the remainder by the first term of the trial diviaor. 
Add the quotient to the root and also to the trial divisor, obtaining 
the complete divisor. 

4. Multi|dy the omLplete divisor by the new term in the square 
root ; subtract the product from the remainder obtained in step 2. 

5. Continue in this manner : (a) double the root already found 
for a new trial divisor; (h) divide the first term of the remainder 
by the first term of this prodoct for the new term of the root ; 
(c) add the new term of the root to the trial divisor, obtaining tlie 
complete divisor; (d) multiply the complete divisor by the new 
termof the root; (e) subtract. 
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EXERCISE 23 
Find the square roots of the following : 

1. 25aj*-40ajy + 16y2. 3. i»* + 6aj> + lla^ + 6a? + l 

2. 36c*-60c2d4-25cP. 4. a*H-4a» + 6a« + 4a + r 

6. 9 n^ + 12 n» - 20 n« - 16 n + 16. 

6. a?-\-y^ + 4cZ^^2xy + A:XZ'-4cyz. 

7. 8a'-4a-16a* + lH-16a« + 4a*. 

8. 12n-42ri3 + 4-19n2 + 497i*. 

9. a«-2a*-a< + 6a»-3a«-4a + 4, 

10. 4a;«4-20a; + 29 + i^4-i- 

,, » 2a6^136« 46»,46* 
n. a^__+_— _ + _. 

12. in^-in'-|in2 + -|n + |f 

^ ^ . 30^ 0? . 1__ 

16 "^42/ 202/2 52/«"*"262/*' 

Find the fourth roots of : 

14. a^ - 16 a«6» + 96 a*6« - 256 a^ft* + 256 6". 

15. 81 a8 - 108 a' + 162 a« - 120 a*^ + 91 a^ - 40 a^ + 18 a« 

- 4 a -f- 1. 
Find the first four terms of the square roots of: 

16. 1 + x. 17. 1 — a?. 18. 9 — 2 a;. 

62. Square Root of an Arithmetical Number. The square root 
of 100 is 10 ; of 10,000 is 100 ; etc. Hence, the square root of 
a number between 1 and 100 is between 1 and 10 ; the squaa-e 
root of a number between 100 and 10,000 is between 10 and 
100; etc. 
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That is, the integral part of the square root of a number of 
one or two figures contains one figure ; of a number of three or 
four figures, contains two figures ; and so on. 

Hence, if the given number is divided into groups of two 
figures each, beginning with the units figure, for each group 
in the number there will be one figure in the square root. The 
groups are called Periods. 

Thus, 2845 becomes 23 46 ; it has two periods an'd its square root has 
two figures, a tens* and a units' figure. 

81038 becomes 3 40 38 ; it has three periods and its square root has 
three figures. A number having an odd number of figures will always 
have on]y one figure in its left-hand period, as in this case. 

A decimal number is divided in the same manner^ starting 
from the decimal point in both directions. 

Thus, 3257.846 becomes 82 57.84 60. The last decimal period is always 
completed by annexing a zero. The square root of this number has two 
figures before the decimal point and two after it. 

63. The first figure of the square root of a number is found 
by inspection; the remaining figures are found in the same 
manner as the square root of a polynomial. 

Example 1. Find the square roots of 4624. 

Solution. 1. Divide 4624 into periods ; this gives 46 24. There are 
in the square root a tens' and a units* figure. 

2. The tens* figure must be 6 ; 7 is too large for 70* = 4900, which is 
more than 4624. 

3. The rest of the square root is found as follows : 

86 00 is the largest square less than 4600. 60 + 8 

V8600 = 60 ; place 60 in the root. 

Square 60 and subtract. 

Double 60. Trial divisor. 120 

102 -5- 12 = 8+. Place 8 in root and add to trial divisor. _8 

Complete divisor. 128 

Multiply complete divisor by 8. 

The square roots are + 68 and — 68. 

It is customary to abbreviate the solution by omitting the 
zeros as in the following example. 



46 24 
36 00 



10 24 
10 24 







23.5 




5 52.25 
4 


40 

3 

43 


162 
129 


460 

5 

465 


23 25 
28 25 
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Example 2. Find the square roots of 5&2J25. 

Solution. The largest square less than 5 is 4 ; Vi = 2. 
Place 2 in the root. 

2x2 = 4; annex 0. Trial divisor. 

16 -I- 4 = 3+ ; add 3 to the trial divisor. 

Complete divisor. Multiply by 3. 

2 X 23 = 46 ; annex 0. Trial divisor. 

230 -T- 46 = 5+. Add 6 to the trial divisor. 

Complete divisor. Multiply by 6. 

The square roots are + 23.6 and — 23.6. 

Rule. — To find tibe square root of an arithanetical number : 

1. Separate the Buadier into periods (§63). 

2. Find the greatest square number in the left-band period; write 
its positive square root as the first figure of the root ; subtract the 
square of the first root figure from the left-hand period, and to the 
result annex the next period. 

3. Form the trial divisor by doubling the root already found and 
annexing zero. 

4. Divide the remainder by the trial divisor, omitting the last 
figure of each. Annex the quotient to the root already found; add 
it to the trial divisor for the complete divisor. 

5. Multiply the compete divisor by the root figure last obtaiaed 
and subtract the product from the remainder. 

6. If other periods remain, proceed as before, repeating steps 3, 4, 
and 5 until there is no remainder or until the desired number of 
decimal places has been obtained for the root. 

Note 1. It sometimes happens that, on multiplying a complete divisor 
by the figure of the root last obtained, the product is greater than the 
remainder. In such cases, the figure of the root last obtained is too 
great, and the next smaller integer must be substituted for it. 

Note 2. If any figure of the root is 0, annex to the trial divisor and 
annex to the remainder the next period. 
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Example 3. 


Find the square roots of 4944.9024 
70.82 


Solution : 




4944.9024 
49 




1400 

8 

1403 


4490 
4209 




14060 

2 

14002 


2 8124 
2 8124 



The square roots are + 70.32 and — 70.32. 

The fii-st trial divisor is 140. Since this is greater than 44, the first 
remainder, annex to the root, obtaining 70. 

The second trial divisor is 1400; (2x70=140; annex 0, 1400). 
Bring down the next period 90, getting for the second remainder 4490. 
Divide 44 by 14 gives 3+ ; annex 3 to the root and add 3 to 1400, etc. 



EXERCISE 24 
Find the square roots of : 

1. 5776. 4. 8427.24. 7. 54.4644. 10. 106.09. 

2. 15376. 5. 7974.49. 8. 1488.4164. 11. 629.9204. 

3. 67081. 6. 11.6281. 9. 26.6036. 12. 1592.8081. 

64. The Approximate Square Roots of a number which is not 
a perfect square are often desired. Obtain usually the first 
three figures following the decimal point. 

Example. Find the approximate square roots of 2. 

Solution : 1.414 



20 


2.00 0000 
1 

100 
96 


21 


If 


400 
2 81 


2820 


11900 
112 96 



704 
The square roots are + 1.414+ and — 1.414+. 
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NoTB. In order to obtain the desired number ol decimal places, annex 
zeros until there are three periods. 

EXERCISE 26 
Find the approximate square roots of : 

1. 3. 3. 6. 6. 10. 7. 13. 9. 15. 11. 19. 

2. 5. 4. 7. 6. 11. 8. 14. 10. 17. 12. 21. 

65. Table of Square Roots. In the remainder of the course, 
it will be necessary to use frequently the square roots of 
some numbers. Retain some of the square roots as they are 
found, either in a notebook or in some other convenient place. 
Make a list of the numbers from 1 to 50, and write their 
square roots beside them, thus : 

NvMBXB Squash Root 

1 1.000 

2 1.414 

3 1.732 

After working Exercise 25, twelve of the numbers of this 
table may be tabulated. These roots may be used to obtain 
the square roots of other numbers. 

Example 1. Find the square roots of 8. 

Solution : VS = V4 x 2 =2xV2 = 2x(± 1.414+) = ± 2.828+. 

Example 2. Find the square roots of 12. 

Solution : Vl2 = VTxTS = 2\/3 = 2 x ( ± 1.782+) = ± 8.464+. 

EXERCISE 26 

1. Find the following square roots to three decimals : 

(a) Vi8. (b) V20. (c) V24. (d) V27. (e) V28. 

2. Complete your table of square roots up to 60. Get as 
many roots as possible by inspection (§ 60) ; get as many 
of the remaining roots as possible as in Example 1. Find the 
others by the long division method (§ 62). 
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66. The square roots of a fraction which is not a perfect 
square may be found as follows : 



Rule. — To find the square root of a fraction : 

1. Change the fraction into an equiyalent fraction with a perfect 
square denominator. 

2. The square root of the new fraction equals the square root of 
its numerator divided by the square root of its denominator. 

3. If desired, express the result of step 2 in simplest decimal 
form, prefixing the double sign, ±* 

Example. Find the approximate square roots of f . 

Solution: 1. The smallest square number into which 8 can be 
changed is 16 ; multiply both terms of the fraction by 2. 

EXERCISE 27 
Find the approximate square roots of : 

1. f 3. ^. 6. |. 7. f 9. ^. 11. ^. 

2. |. 4. i. 6. f 8. f lb. f 12. ^. 

QUADRATIC SURDS 
67. The indicated square root of a number which is not a 
perfect square is called a Quadratic Surd; as, V3, -i/-, Vo;, 
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68. Surds should be simplified as in the following examples : 

(a) V24=Vrn}=2.V0; (6) ^| = ^/^ = §^. 

Thus, a quadratic surd is in its simplest form when the 
number under tlie radical sign is an integer which does not 
contain any perfect square factor. 

In problems involving surd 8, it is agreed to consider for 
each surd only its principal root (§ 59). 

69. Addition and Subtraction of Surds. 
Example 1. Find the sum of V-0 and V4:5. 

Solution : 1. V^ + V45 = v^iTs 4. V^Tl = 2 V5 -h 3 V5 = bVE. 

This solution assumes that surds ma^ be added like other numbers. 
The coefficients of V6 are 2 and 3 ; the sum is foimd by multiplying V5 
by the sum of its coefficients (§ 5). 

The advantage in adding surds in tliis way is that fewer square roots 
need be obtained. Thus, the sum of V20 and V45 is 5 VB or 6 x (2.236+ ) 
or 11.180+. This same result couid be obtained by adding the square 
roots of 20 and 45. 

Example 2. Simplify V|- + V|. 

Solution: 1. ^-+^- = ^- +^,-=_+_=_+— =— . 
2 6\/2^ 6 X (1.414+) _ 7.070+ _.^yg^^ 



Example 3. Simplify | + V^. 

3 ^3 3 ^9 3 3 3 

2 2 -f V3 ^ 2 + 1.732+ ^ 3.732+ ^ ^ ^^^^ 
3 3 3 ■ ■ 

Note. The results of problems involving surds are often left in the 
surd form as in step 1 of Examples 2 and 3. There are advantages in 
finding the approximate decimal value of the result. 
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EXERCISE 28 


Simplify the following : 




1. V12+V27. 


n. i+VS^ 


2. V20-V6. 


12- * + VA^ 


3. 2\/l8+V98. 


13. I + VJ. 


4. V63-2V28. 


14. f-Vf 


6. 3V24-V64. 


16. I-V^. 


«. 2V2+V^-V60. 


i«- -|+V|. 


7. V5+Vi. 


17. -I-VI. 


8- v|-Vi. 


18. -i-V|. 


9. J+Vf 


19. -^ + VT»i5r. 


10. |-V|. 


20. -Jf + V|f 



70. The other operations with surds, namely, multiplication, 
division, involution, and evolution, are considered in a latex 
chapter, which may, if desired, be studied at this time. 



VIII. QUADRATIC EQUATIONS 

71. A Quadratic Equation is an equation of the second degree 
(§ 45) ; it may have one or more unknowns. 

A Pure Quadratic Equation is a quadratic equation having 
only one unknown, which contains only the second power of 
the unknown, as, aoi^ = h. 

Example 1. An acre of ground contains 43,560 square feet. 
How long must the side of a square field be in order that the 
area of the field shall be one acre ? 

SoLUTioy : 1. Let 8 = the number of feet in one side. 

2. Then t^ = the number of square feet in the area. 

3. Then * «« = 48,580. 

Extract the square root of both members of the equation. 

4. Then «=±208.7+. 

Since this is a field, only the positive root has meaning ; hence the 
side of the field must be 208.7+ feet. 

72. A pure quadratic equation haS two roots, because two 
square roots are obtained in extracting the square roots of the 
two members of the equation. 

Rule. — To solve a pure quadratic equation. 

1. Clear the equation of fractions, transpose, and combine terms 
until the equation takes the form j:^ = a number. 

2. Extract the square roots of both members of the equation, 
placing the double sign, ± , before the root in the right member. 

Note. After extracting the square roots* of both members of an equa- 
tion like a^ = a^, we get ± X = ± a. This gives : 4-a;=+a, +«=— a, 
— a; = -f a, and •^x:='- a. 

If both members of the last two equations are multiplied by — 1, the 
equations become 4- a; = — a, and + x = + a. These are the first two 
of our four equations. Thus, it is clear that, from x^ = a^, we get only 
two equations, x = + a and oc = — a, or ac = ± a. 

74 
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Example. Solve the equation ?i??: + -^ = 2^ 4- ?^ . 
^ 3 m 12 m 

Solution. 1. 2ni_3^^12. 
S m 12 m 

2. Mi2«: 8w2 + 86 = wi2 + 144. 

3. Simplifying : 7 wi^ = 108. 

4. D7: m2 = iJA. 

6. v^:* wi=±V^=±6>/f = ±^\/2T. 

6. V21 = 4.682: w =± ?• (4.682) = i ?^?^ =«± 3.927. 

7 7 

7. wii = + 3.927 • W2 =— 3.927. 

** mi " is read " m one." The numeral 1 is called in such cases a sub. 
script. "W2" is read "m two." These subscripts are used to distin- 
guish between the two roots of the quadratic. 

Check : When the roots are complicated, it is better to check by going 
over the solution a second time. Great care must be taken, however, foi 
it is easy to overlook an error. 

Note. Get the result in the radical form first ; that is, «i = i f V2I ; 
then it is wise, for many reasons, to get it in decimal form as finally given. 

EXERCISE 29 
Solve the following equations : 

1. 5c2-180 = 0. 3. 13c2-135 = 10c2-27. 

2. 20^ + 27 = 7.^-53. 4. l^L+3 __ 8j^ -1 _ A . 



6. 5(«4-6)-«(«-3)=8^. ^^ tL:i^_i^^L^^. 

7. 9a2-.5 = 0. 

8. lla2-6=:3. 

9. A-i3_^_2. ^^ 
4ic2 8a^ 3 2c + l c-1 

* The symbol ** V " : placed in the left margin will mean, " take the 
square root of both members of the previous eqaation." 
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1 1 a^-17 



12. 



« + 3 z-B a*-2x-15 



13 g'"g + 2 g'-har-S ^^ 
a:— 2 a;-h3 



14 3a a; + 56 _q 

a:-56 3a + 106 



16. a«— 2ca» = 8 6*. Solve for a?. 

Solution : 1. — 2 cx^ = 8 6« - a*. 

2. M.i: 2cr« = a«-86«. 

3. ^ = 2i^. 

2c 



«=*\^^^==tAP^^^ 



2c 



PROBLEMS IN PHYSICS 

All of the following equations occur in the study of physics. 
Solve them for the numbers which appear with exponent 2. 

16. S^igtK 18. 2^=^- 20. f=^. 

17. E = \mv\ 19. H:=C'Et. 21. i? = — . 

73. Geometry Problems. If the following terms from ge- 
ometry are not familiar to the student, they should be re- 
viewed: (a) right triangle; (b) hypotenuse; (c) isosceles tri-^ 
angle; (d) equilateral triangle; (e) cirde ; (/) theorem; 
(g) altitude of a triangle ; (h) base of a triangle, ♦ 
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EXERCISE 30 

Carry out all results in this exercise to one decimal place : 

1. State the theorem about the square of the hypotenuse of 
a right triangle. 

2. Find the altitude of a right triangle whose base is 13 feet 
and whose hypotenuse is 30 feet. 

Solution : 1. Let x •=■ the number of feet in the altitude. 

2. Then x^ + IS^ = 302. (why ?) 

3. Complete the solution. 

3. Find the base of a right triangle whose hypotenuse is 
45 feet and whose altitude is 27 feet. 

4. If the altitude of a rectangle is li feet and its base is 
four times its altitude, find the length of the diagonal. 

5. Solve the formula A^ — ^i _j_ ^2. ^^^ fQ^ ^ . (^^ fQj. 5^ 

6. Find the altitude of an isosceles triangle whose equal 
sides are each 15 inches and whose base is 8 inches. 

7. Find the altitude of an isosceles triangle if its equal 
sides are each 4 & inches and its base is 2 6 inches. 

8. Find the altitude of an equilateral triangle if its sides 
are each 8 inches. 

9. Find the altitude of an equilateral triangle if its sides, 
are each a inches. 

10. (a) What is the formula for the area of a circle ? 
(6) Find the area of the circle of radius 7 inches. 

Expi'ess the results of the folloicivg examples in simplest radical 
form : 

11. Solve the equation A = 7rr^ for r: (a) letting 7r = 3|; 
(b) without substituting for ir its value. 

12. The volume of a circular cone is given by the formula 
V= J vr^hy where r is the number of units in the radius and h 
is the number in the altitude. Find Fwhen r=i5 feet and 
h=13 feet. 
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13. Find the radius of a circular cone whose volume is 528 
cubic feet and whose altitude is 14 feet. 

14. Solve the formula for the volume of a circular cone for 
r in terms of V, h, and «-. 

16. Solve the formula ^S = 4 irr* f or r. 

16. The distance s, in feet, through which an object falls in 
t seconds is given by the formula s = ^fft^, where g = 32. 

Suppose that a stone is allowed to fall from a tower; how 
far will it fall in : (a) 3 seconds ? (b) 5 seconds ? 

17. How long will it take a ball to fall 300 feet ? 

18. Washington's Monument in Washington, D.C, is 555 feet 
high. How long will it take a ball to fall that distance ? 

19. Solve the formula V= 2 ti^Rt^ for r. 

20. Solve the formula v = | vr^a for a. 

COMPLETE QUADRATIC EQUATIONS 

74. A Complete Quadratic Equation is a quadratic equation 
having only one unknown, which contains the first power of 
the unknown as well as the second power ; as, 

2ar'-3a?-6 = 0. 

A complete quadratic equation may be Solved by Factoring. 
The solution is based upon the fact that if one of the factors of 
a product is zero, the valtie of the product is also zero. 

Thus, 3x0 = 0; (-6) x = 0; 2 x x (- 3) =0 x (-3) =0. 

Example 1. Solve the equation 4 i»* — 9 = 0. 

Solution : 1. Factor : (2 a; — 3) (2 jc + 3) = 0. 

2. If 2x-3 = 0, then (2a;-3)(2a;+3) =0. 

2x— 3=0, if2jc = 3ora; = + }. 

3. If 2 a; + 3 = 0, then (2 jc - 3)(2 x + 8) = 0. 

2 05 + 3 = 0, if 2a;=— 8, oraj=— |. 
4: The roots of the equation are + J and — J, 
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6. Check : Does 4(})2 -9 = 0? 

^ 9 
Does ^.-- 9 = 0? i.e. 9-9 = 0? Yes. 

Doe8 4(-J)2-9 = 0? 

1 9 
Does ^ . *: - 9 = 0? i.e. 9-9 = 0? Yes. 

Rttle. — To solve an equation by factoring : 

1. Transpose all terms to the left member. 

2. Factor the left member completely. 

3. Set each factor equal to zero, and solve the resulting equations. 

4. The roots obtained in step 3 arc^ the roots of the given equa- 
tion. Check by substitution in the given equation. 

Example 2. Solve the equation ^ — — = -— . 

3 2 6 

Solution: 1. M,:* 2wi2-3m = 35. 

2. Sac: 2 w»3 — 3 w — 35 = 0. 

3. Factor : (2 w + 7)(w - 6) = 0. 

4. 2m + 7=0', if w=-f 

m — 6 = 0, if m = + 6. 

6. The roots of the equation are + 5 and — J. 
Check by substitution. 

, EXERCISE 31 
Solve the following equations by factoring : 

1. ar'- 15a? + 54 = 0. 5. 8ar'-10a: + 3 = 0. 

2. aj2-|-4a? = 96. 6. a:* + 7a? = 0. 

3. a-« = aj + 110. 7^ a;«-|-aaj-2a2 = 0. 

4. 6aj2 + 7a; + 2 = 0. (Solve for «.) 

* For meaning of* * Me : " see § 36. 
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8. 


3ic2-maj — 4m2 = 0. 


15. 


5-t 12 
3-t 6-t 


9. 


15ar^ + xfe = 2fc». 






10. 


10a^-^7mx = 12m\ 


le. 


8 .^-2 ^^ 
s-3 8-4. 


11. 


a^ 2x 9 r. 
10 5 2 ' 


17. 


5 3 1 

y-3 J/-4. 6 


12. 


2 7 1 

3 9a? 3x2 


18. 


2 16 
p-3 6 jp-6 



2ar^ 4a; 4 m-f5 2 



14. ?-l = M. 20. ^ + 2_5 8 



6 2 8a; a;-2 8 (a;-2)2 

75. Graphical Solution of Equations wkh One Variable. Many 
facts about equations containing one variahle can be di«oovered 
by the aid of graphical representation- 

Example 1. Consider the equation 3 a — 12 = 0. 

The expression 3 a; — 12 has a different value fox ©aoh vakie of x. 
Thus, if a = 2, 3 a; - 12 = - 6 ; if a; = - 3, 3a: - 12 = - 21. 
The problem is to find the Talue of x fear -which the expression 3 a; — 12 
will equal zero. 

Graphical Solution : 1. Let y = 3 a — 12. 

2. Find values of y for some values of x : 

if x = 0, y=— 12; if x=-2, y=-18 j 

if a; = + B, y =-|- 3 ; if a: = + 6, y = + 6. 

3. Use these pairs of numbers as coordinates of points and draw the 
^raph. 
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4. 5C7 croaBe» th« x axis at point A. The co<5rdinsUie» <rf -4 are : a; = 4, 
y = 0. 

5. Hence wk«n.ac = 4y & a: — 12 = 0. (y is the expiesaoin 3 x — 12.) 

.'. X = 4 is ttie deaixed solution of the equation, for we were looking for 
a value of x for which ^x - 12 = 0. 

Rule. — X» a<ifi>e grafiric^lly aa tijaatioii cantaiiniii g tne variable : 

1. Simflify the equation as much as possible. 

2. TnuMfMeidltsnwt^tteleltBwniber. 

3. Represent by y the expression found in step 2. 

4. Find for y the vahies wfaidi eocrespmid to ailected y«iic» of 
the variable is the < 



5. Use the pairs of values obtained in step 4 as coordinates of 
points ; plot the points ; draw the graph, making the vertical axis 
the y axis. 

6. The graph crosses the horizontal axis at points whose ordi- 
nates are zero, and whose abscissa are t&e desired roots of the 
e^fttatiou* 
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Example 2. Solve the equation a:f^—x = 6. 

Solution : 1. a:^ — x = 6, or a;^ — a: — 6 = 0, 

2. Let y = a;2 — X — 6. 

3. If x=-4, y =(-4)2-(-4)-6 = 16 + 4-6=H-14. 
4. 



Similarly if a; = 
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6. The graph crosses the horizontal axis at the points A and B. Ac- 
cording to the rule, the abscissae of these points are the two roots of the 
equation. 

a: = - 2, 2/ = ; i.e. a:^ - a; - 6 = 0. 
a; = + 3, y = ; i.e. a;^ - a; - 6 = 0. 
aj=-2; does (- 2)2_(- 2)- 6 = ? Yes. 
a; = + 3; does (+ 3)2- (+ 3)- 6 = 0? Yes. 



At^: 
AlBi 
Check : 



EXERCISE 32 

Solve graphically the equations : 

1. a;-3 = 0. 3. a2-9 = 0. 

2. 2 a; = 9. 4. i»2 + 3 a? = 10. 



6. a;2-7a + 10 = O 
6. ar^ + 7a; + 6 = 0. 
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7. Between what two integers does each of the roots of the 
following equation lie ? 4 a?^ — 4 a; — 35 = 0. 

Obtain the approximate roots of the following equations to 
the first decimal place. 

8. 2aj*-aj-ll=0. 9. ar^ + Sa?- 14 = 0. 

76. Solution by Completing the Square. 
Development 1. Find: (a) (» — 4)^; (p) (x + 5y; 

(c) (x-iY; (d) (y-^iy. 

2. When is a trinomial a perfect square ? (See § 16, c.) 

3. Make a perfect square trinomial of aj* — 10 x. 

Solution : 1. } of 10 = 5 ; 5^ = 25 ; add 26. 

2. The perfect square ia a;^ - 10 a; + 25 or (x — 5)». 

4. Make perfect square trinomials of the following : 

(a) a^-12a;; (5) 2/»-14y; (c) »«-20». 

5. Solve the equation a^ — 12 a? + 20 = 0. 

Solution: 1. S20: «*— 12«=— 20. 

2. Make the left member a peifect square by adding 86 ; therefore 
add 86 to both members (§§ 85, 87). 

Am : «2 - 12 a; + 86 = 86 - 20, 

or ^ (a; -6)3 = 16. 

8. V": a; — 6=±4. 

4. .'. a; — 6 = + 4, or X = 6 4- 4 = 10, one root, 

and ac — 6=— 4, ora; = 6 — 4=2, another root. 

Check : a; = 10 ; does (10)» - 12(10) + 20 = ? Yea. 

a;=2; does (2)2-12(2) +20 = 0? Yes. 

6. Solve the equation a?* — 3aj — 5 = 0. 

Solution : 1. a:^ — 8x — 5 = 0. 
«. A,: *« — 8aj = + 5. 

8. J(- 8) =- i ; (- })2 = + } ; add i to both members 

4. Aj: a:3-3« + } = 5 + J= V- 
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2 2 2 

7. fiadical resuka, ^n = itJ^ and TEtg = Lz2iM. 

2 2 

8. Decimal results, »i = ^ + ^^ and «k ^3- 5.385 

2 2 

«.3a5 ^2.I«S 



^ 2 

= 4.192-r =-1.102+ 

Check : To cheek the solmtion by «ubstitutmg the roots in either iheii 
decimal or their radical form is a long process, with many opportunities 
for errors. Persons skilHul in algebra check by going over lAie solution 
carefully. 

A quick check, the reason for which will be learned later in algebra, is 
to find the algebraic sum of the roots ; this vemih shovM «qinl the nega- 
tive of the algebraic coefficient of x in the equation in which the coefficient 
of a;2 is 1. 

Here : + 4.192+ The coefficient of a;^ is 1. The coefficient of x 

>- 1.192+ is — 3. This equals the negative df the algebraic 

Sum. + 3 sum of the roots. 

If the coefficient of x^ is not 1^ first imagine the equation divided by 
that coefficient, and then select the coefficient of x. 

Rttle. — To solve a quadratic equation \fj completiiig tlw square : 

1. Simplify the equation; transpose all terms containing the 
unknown number to the left member, and all other terms to the 
right member so that the equation takes the form 

2. If the coefficient of x^ is not i, diride both members of the 
equation by it, so that the equation takes the form 

3. Find one half of the coefficient of x, flqnoe tiie reailt ; add the 
sqptaaie to beth meiBbers ef the eqaastim ^bbainei in step a. This 
makes the left member a perfect square. 
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4. Write the kit meoiktr a* the square of & tairaaftai; expcess 
the right member ia its simplest form. 

5. Take the aiuare root of both members^ writing the double 
sign* ± y before' tbt a^mtre root in the right member. 

6. Set the Icit wcffxare root equal to the + loet in the right 
member of the equation in step 5. Solve for the unknown. This 
gives one root. 

7. Repeat the prvcess, using the - root in step 5. This gives 
the second ro«t of the equation. 

8. Express the voots first in simplest radical form, and then, if 
desired, in simplest decimal form. 

EXERCISE 33 

Solve by completing tlie square: 

1. a^-f4a:-5 = 0. 10. m2 + 10m = 3. 

2. aj2-8a;-33 = 0. 11. a^-haa? — 4 = a 

3. jB2-|-6a;-27 = 0. 12. s^ = &*-h6. 

4. a;2 4.103.^ 21=0. 13. y^ + ^yz=zl^ 

5. aj*-12a?-13 = 0. 14. 2:2^a = 6. 

6. y2_2y.= ll. 15. r^-?, = n 

7. a2-f6flp = 9'. 16. z^ = 2'hSz. 

8. c2-4c = l. 17. w^-{-5w-^S=0. 

9. cP-8d-8 = 0. la a^-7a + 7=a 

19. Solve the equation af — |x = 1. 

Solution : 1. i of (- 1) = ~ J ; (- |)2 = J. 

2. Ay. x^^ix + i^l + i. 

4. x-i=± i VlO. 
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_ i + Vio _ 1- vio . 

~ 8 8 

_ 1+8.162 _ 1 ~ 8.162 
"3 3 

-li?2 ^ ^ 3g7^^ ^ -2.162 ^ ^ 72^^^ 
3 3 

20. a.^ + |a: = f. 33 i_A=2. 

22. 2j2_^2;_l = 0. 34. 205 + - = — . 

2 4aj 

23. a2 + |a = f. 

24. A:^-f/.-i = 0. 35. | + ?=-A. 



25. «2_5^ = . 



3^2 33/ 



26. 3a:»-2a. = 40. 36. i+^ = 7^- 



5 4a 4a2 
37. -^-24^-^. 



27. 4m^ — 8m = 45. 

28. 8r'+2r=3. ^'^'^ ^^"^ 

29. 4 «2- 3^ = 3. ^ ^ 

38 \ ~3- 

30. iv2 + 7a; = 5. * Q — y'^S-y 

31. 9c^ + 18c = -8. ^^ ^,3 d + 4^3. 

32. 9ar^ + 4a;=6. ' ti-2 d 2* 

77. Solution of Literal Quadratic Equations. 
Example. Solve the equation ace* — 3 6a? — c = 0. 
Solution : 1. ax^ — 3 6x — c = 0. 

2. D.: x»-?^a:-i = 0. 

o a 

3. A.: x^-^x = ^. 

i a a 
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The coeflBcient of a is f :=-i^^ ; one half of it is (^=^-^)- 

The square of f ^^^ — ^Vis | -— rV Add this to both members of equa- 
inn 3. V2«y \^aV 



tion 3. 



6. ^.n,+m=^^+c^ 

3 6\a_ 9da + 4ac 



/ 36\2_96Mil 
\ 2a) 4a2 



2a 2a 



7 ^ _ + 3 6 i: V9 ftg + 4 gc 

2a 



ft . /*. _ + 3 5 + VO 6^ + 4 ac . ^fl_ + 36- V9 6=^ +4ac 

O. . . Xi , X — • 

2a 2a 

Check : Xi + Xj =^ — - = H . Since this is the negative of the 

2a a 

coefficient of x in step 2, the roots are correct. 

EXERCISE 34 
Solve the following equations for a; : 

1. aj* + 2waj = l — m*. 8. a2__2 aa: = 9 — 6 a. 

2. ic* + 6aa;-5 = 0. 9. ic*-10 to = -9«2. 

3. aj2 — 2aa; + 6 = 0. 10. oa:* + 4 « + 1 = 0. 

4. ar^ + 6a;-c=0. 11. 6aj* + 2 caj-3 = 0. 

5. a^+pi»-fg = 0. 12. caj* + 2cto + e = 0. 

6. 2a^ + 6aj — n = 0. 13. aar^ + 6aj = 0. 

7. 2a^ + 4aa?-c = 0. 14. aa?* + 6aj + c = 0. 

78. Soltttion of Quadratic Equations by a Formula. All quad 
ratio equations having one unknown may be put in the form 
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This equation Ima been solved as Exaanplie 14 of Exercise 34. 

The roots are : . ,7^ — z — 

_ — 6±v6* — 4ac 

This result is used as a fonuvla for solving any quadratic 
equation of the form ax* -f fta + c = 0. 

Example 1. Solve the equation 2'a:*— Sa — 5 = 0. 
Solution : 1. Comparing the equation with ax^^ &a; + c = 0: 

a = 2y &=-3, c =-5. 
2. Substitute these values in the formula : 



2a 



8. Then ^^ >(- 3)^V(~ 8)^^ 4(2)(^5) 

2(2) 

_ + .3 j^ V9 + 40 
4 

_ 3 db Vi^ _ a.rb 7 ^ 
4 4 

A • ^ 3 + 7 _ 10 5. ^ 8-7 -4 - 

Check: Xi = J. Does 2(J)2- 3(})-5 =0? 
Does 2.^-J^5_5 = o? 
Does ^«^— ^— 6 = 0? Yes. 
x«=-l. Does2(~l)2-3(-l)-6 = «? 
Does 2 + 3-5 = 0? Yes. 

Example 2. Solve the equation 2a^ — 3a; — 3 = 0. 

Solution: 1. a = 2, 6= — 3, c=— 3. 

2. Substituting in the formula, x = -&+V6g-4g< . 

2 a 

3+V9 + 24 _ 8 + V83 _ 3 + 6.744+ 
4 4 4 ' 

,.x.=5:2Ml = 2.186+; x. = :::lj^ = - .68a+. 

Check : 2.18S+ Tlie coefficieiit of x lis — $, when the coeffif 

- .686+ cient of x^ = 1 ; 1.5 =-(- J). 

1.600 (For this method of checking, see § 76.) 
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Soi-ve ike iolkmmg equMtieas by thie formiilau 
1. aj«-12aj + 32 = 0. -^ 2 1« _ 1 . 



3 a? 9 aj? 1« 
5 10*^2c' 



a. 2«2-5^-20=a j4 l£=ll+J:. 

4. 3aj*-a5-4 = 0. 

5. 4y«-i;f~21«0. 

6. 20 m' + m- 2 = 0. 

7. 9w;2-lS»+3=«ft. 
a 6itt' + m = 3. 
%, 4r»— 7r=— 3. 

10. 5iD2^3^_9^ 



11. 


a* 

2 


7a! 
6 


4 


12. 


7 
6<» 


i 

2' 


12 1 



IS. 


a) 1 S 1 
6 5 2aj 2 


1«. 


6s+6 4«+4 


4«-3 «-3 


17. 


-i-=2f-S. 
7-t 


18. 


2 3 S 
w — 1 w 6 


io 


2a! + l ^_ 1 



iT + l (« + !)» 

79. Sttmmary of Methods of Soling a Quadratic. Four 
methods of solvio^ a quadratic equation have been given: 
the graphical, by factoring, by completing the square, and by 
the f on&ula. The first is tteef ul mainly as a means of illus- 
tration ; the third is uBcfal mainly in solving the general quad- 
ratic aix?^ -f 6a; 4- c = 0, and, thus, in deriving the formula; the 
fourth is used wh«nev«er the solution is not readily accomplished 
by factoring. 

Historical Note. Greek mathematicians as early as Euclid were able 
to solve oertain quadratics by a geometric method, about which the student 
may learn when studying plane geometry. Heron of Alexandtia, about 
110 B.c.^ proposed a problem which leads to a quadratic. His solution is 
not ghren, but hie result would indicate that he probably solved the equa- 
tion by a rule which might be obtained from the quadratic by completing 
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its square in a certain manner. Diophantus, 276 a . d . , gave many problems 
which lead to quadratic equations. The rules by which he solved his 
equations appear to have been derived by completing the square. He 
considered three separate kinds of quadratics. He gave only one root for 
a quadratic, even when the equation had two roots. 

The Hindu mathematicians, knowing about negative numbers, con- 
sidered one general quadratic. Cridharra gave a rule much like our 
formula. The Hindus knew that a quadratic has two roots, but they usu- 
ally rejected any negative roots. 

The Arabians went back to the practice of Diophantus in considering 
three or more kinds of quadratics. Mohammed Ben Musa, 820 a.d., had 
five kinds. He admitted two roots when both were positive. Alkarchi 
gave a purely algebraic solution of a quadratic by completing the square, 
and refers to this method as being a diophantic method. 

In Europe, mathematicians followed the practice of the Arabians, and by 
the time of Widmann, 1480, had twenty-four special forms of equations^ 
These were solved by rules which were learned and used in a mechanical 
manner. Stifel, 1486-1567, finally brought the study of quadratics back 
to the point that had been reached by the Hindus one thousand years 
before. He gave only three normal forms for the quadratic ; he allowed 
double roots when they were both positive. Stevln, 1548-1620, went still 
farther. He gave only one normal form for the general quadratic, as do 
we ; he solved this in both a geometric and an algebraic manner, giving 
the method of completing the square. He allowed negative roots. 

EXERCISE 36 

Supplementary Miscellaneous Examples 

Solve the following equations by any of the preceding 
methods. As a rule, solve by factoring if possible ; otherwise 
by the formula. 

1. (3aj + 2)(2aj-3) = (4a;-l)*-14. 

2. y(5y+22)+lS={2y + 5y. 

^ 4J^_13 _4 L-=l. 

• 4t 3 6' * r-2 r-3 U 

6,44 . Stv 4 — 6w 5 

+ - = — o • ®- ~ 



7— y y 3 4 — 5m; 3u' 6 
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X aj + 4 aj a; + 4 5 



^ a? — 2 a + 4 7 ,, a--5 ^ a 

x + 5 x-S 3 a-6 3 



2a-f-o 3 3 4 2'"«-f-3 



1^. -^ — .' 

« — 1 X or — a? 

a; a; a^-^2x — 2 



14. 



a; + 2 aj + 3 x* + 5aj + 6 



7 — r 3r — 1 



,^ 3WJ-13 5 
6 — w lu — 4 



X7. i^ = 8+ 6 



4i>-3 



18 •^^ + = 1 + ^>'^ + ^ , 
' 2 m — o 3 m — 6 



19 5 7 ^ 8i;'-13t>-6 4 

2i> + 3 3w-4 6v« + «-12~' 



«-2^24(x + 2)^4-«» 
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21. SolfiB the equation 22)V — 3 jwp — 1=0. 



Solution : 1. Use the formula x = — ^~^^ -4 qg^ 

2a 
2. = 2^; 6 = -3p;c=-l. 



8 ■ ^^ 3p±V9p-^-4C2i^)(-l) ^ 3p:^V9i>> + 8fa 

. 8p±vTrp» _ 3j)J:p\/l7 _ 3i:>/i7 

4i>a 4pa 4jj 

Hence a?i = — i: ; and X2 = ^—^^ • 

4p 4p 

Solve for x : 

22. aj«-h5ma;+6m2 = 0. 26. ic* + 2to=ar* — «». 

23. 3ic* — 4raj + 5a = a 27. \§7^^'kx^l, 

24. 4««aj2 4-21to = 18. 28. a^ + (w + l)a= — n. 
26. 12a2 = 23ea;-6el 29. ir» + (a — 6)aj — a6 « ©• 

30. r^a* — 2(r-h«)a; + 4 = 0. 

31. aj2-2(?a:-6a;=-10cr. 

32. (a; -4)' -(a; + 3)3 =-217. 
1 1 14 



33. 



iB^ — 3aj »* + 4a; 15aj2 



34 2£±1 . 3£-2^17. 
• 3^-2^2^ + 1 4 

^^' 3V4^-l"'2J'"^V3jR + l"'3/ 
36. >1 -.,..^ = 14-:^, 



37. 



aj2-4 3(a; + 2) 2-a? 

g a _4 

2aj + a ^aj — 4a 3 
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39 ^^^ I a? + a _ 3i^ — 5a* 
' x + a a — x a^ — a^ 

40. («i + «K4-(3m + n)a;+2m= 0. 

EXERCISE 37 

1. Twice the square of s, certain number equals the sum of 
15 and the number. Find the number. 

2. If three times the square of a certain number be in- 
creased by 10 times the number, the sum is 8. Find the 
number. 

3. Find two consecutive numbers whose product is 462. 

4. The sum of the squares of three consecutive integers 
is 434. Find the integers. 

5- The sum of a certain number and its reciprocal is fj. 
Find the number. 

6. Find the diiivensions of a rectangle whose area is 3d2 
square feet, if its length ejcoeeds its width by 6 feet. 

7. The denominator of a certain fraction exceeds twioe the 
numerator by 2, and the difference between the fraction and 
its reciprocal is f|. Find the fraction. 

8. Find the base and altitude of a triangle whose area is 
60 square inches, if the base exceeds the altitude by 7 inches. 

9. Find the dimensions of a rectangle whose ai>ea equals 
that of a fiquare of side 18 feet, if the difference between the* 
base and altitude of the rectangle is 15 feet. 

l-Q. Find the dimenfflons of a rectangle whose area k dOQO 
flqpure §eefc if the sum cf its base and altstude is 115 feet. 

11. Pind the hase and altitude. of a right triangle if the 
hypotenuse is 13 feet and if the base exceeds the altitude b^ 
Tfeet 
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12. "Find the base and altitude of a right triangle if the 
hypotenuse is 17 feet and if the sum of its base and altitude 
is 23 feet. 

13. A fast train runs 8 miles an hour faster than a slow- 
train; it requires 3 hours less for a trip of 288 miles than 
does the slow train. Find the rate of each train. 

14. An automobile party made a trip of 160 miles. By in- 
creasing their average rate by 4 miles an hour, they can make 
the return trip in 2 hours less time. Find their average rate 
going. 

16. A crew can row downstream 18 miles and back again in 
a total time of 7\ hours. The rate of the current is known to 
be one mile an hour. What is the rate of the crew in still 
water ? 

16. Some boys were canoeing on a river, in part of which 
the rate of the current is 4 miles an hour and in part 2 miles 
an hour. If, when going downstream, they go 3 miles where 
the current is rapid and 6 miles where the current is slow in a 
total time of If hours, what is their rate of rowing in still 
water ? 

17. A tank can be filled by one pipe in 4 hours less time 
than by another. If the pipes are open together 1^ hours, the 
tank will be filled. In how many hours can each pipe alone 
fill the tank? 

18. I have a lawn which is 60 feet by 80 feet. How wide a 
strip must I cut around it when mowing the grass to have cut 

half of it ? 

Hint : Kef erring to the figure, it is clear that if 
w = the number of feet in the width of the border 
cut, then the dimensions of the uncut part of the 
lawn are (60 -- 2 w) and (80 - 2 w). 

Hence, (60- 2 w)(80- 2w) =i .60 • 80. 

Complete the solution. 
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19. A farmer is plowing a £eld whose dixDensioofi are 40 
rods and 90 rods. How wide a border must he plow around 
the field in order to have completed ^ of his plowing ? 

20. The numerator of a certain fraction is 2 less than the 
denominator. The reciprocal of the fraction exceeds the frac- 
tion itself by |f . Find the fraction. 

21. In the formula s = at + ^gt^, let 5 = 124, a = 30, and 
g = 32. Find t 

22. From the formula S = ^[2 a + (n — l)dl, determine n 
when S=^5y a = 5, and d = — 1. 

23. The numerator of a certain fxaction is 5 less than the 
denominator. If 6 be added to both the numerator and the 
denominator, the resulting fraction is f of the original frac- 
tion. Find the fraction. 

24. A picture 15 inches by 20 inches in size is to be sur- 
rounded by a frame, whose area shall be | of that of the picture 
inclosed. What must be the width of the frame ? 

25. The rate of one train exceeds that of another by 5 miles 
an hour. The fast train makes a trip of 150 miles in one hour 
less time than the slow train. Find the rate of each train. 

26. A workman and his assistant can do a piece of work 
together in 3f days. It would take the assistant 4 days longer 
to do the work alone than it would take the master work- 
man. How long would it take each alone to do the work ? 

27. The area of a certain trapezoid is 150 square feet. The 
upper base exceeds the altitude by 2 feet and the lower base 
exceeds the altitude by 8 feet. Find the two bases and the 
altitude of the trapezoid. 

28. Divide 30 into two parts such that the square of the 
greater shall equal the product of 30 and the smaller. 

29. Kepiaoe the number 30 of Example 28 by the number a 
and solve the resulting problem. 
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IMAGINARY ROOTS IN A QUADRATIC EQUATION 
80. Example. Solve the equation a?^ — 2 oj + 5 = 0. 
SoLUTiOK : 1. Use the formula method of solving the equation, 
a = 1, 6 = — 2, c = 5. 



2a 2 



Q -f 2 db V4 •> 20 2±V~16 
8. = = ^ . 

The question arises, what does V— 16 mean ? Is — 4 the 
square root of - 16 ? No, for (- 4)» = + 16. Is + 4 ? No, 
for (+ 4)* = + 16. Thus, no number with which the student 
is acquainted will produce — 16, when it is squared. 

81. No rational number raised to an even power will pro- 
duce a negative result ; hence an even root of a negative num- 
ber is impossible up to this point. To avoid this difficulty, a 
new kind of number is introduced. 

An Imaginary Number is an indicated square root of a nega- 
tive number ; as, V— 16 ; V— 3 ; V— a*. 
The numbers previously studied are called Real Numbers. 

82. Every imaginary number can be expressed as the product 
of a real number and V— 1. 

V— 1 is indicated i, and is called the Imaginary Unit. 

Thus,V^n6= V16(-1)= ±4V^=±4f. 
V— a2= Va*^(— 1)= ±aV^^=±au 
V36= V5(- 1) =±V6. y/^^zz±iVE, 
Historical Note. The symbol i for V— 1 was introduced by Euler, 
one of the greatest mathematicians of the eighteenth century. 

EXERCISE 38 

Express the following in terms of the unit i: 

1. VII^. S. V-49a». 6. V-25c». 



ClSe. 4. V-100m«. 6. V-81a»6^. 
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7. V-144r*. 






14. 


V^. 


8. V-169«*. 






15. 


V-24. 


«. V-f 






16. 


V-44. 


10. V-H- 






17. 


V-45c2. 


11. v-^. 






18. 


V~20a«6«. 


12. V-yf^a'. 






19. 


V-50«*. 


13. V-6. 






20. 


V- 63 3/2. 


21. Simplify V-^. 




^=d 


8 

'2 ' 




SoLUTiox:-^ 27^^0.3. 


(-1) 
4 


V3. V-l = ±?iV8 


22. V~f 25. 


V- 


■-V-. 




28. V-H. 


23. V-f 26. 


v= 


■¥. 




29. V~|f 



24. V-l^. 27. V-H- 30. V-Hf- 

83. Addition and Subtraction of Imaginary Numbers. 



EXERCISE 39 



1. Add V- 4 and V- 36. 

Solution : V^^ + V-SOrr 2 i + 6 i = 8 i. 

Note. While every imaginary number, like V— 4, has two values, one 
I)ositive and one negative, in problems such as the one in this exercise, 
only the principal rooty the positive one, is used, as in the case of surds 
(§ 68). 

Simplify : 



2. V-i6-i-V^r4. 5. V-100- V^^ngi. 



4. Vir8i+V-25. 7. V^r^- V-4a2-V--9a2. 



8. V- 36 x2 + V-100 a;2 - V-81 aj2. 



9. V- 16 xY-^- 25 xY + V- 49aj2^2. 
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10. V^^^+V^^- 13. Vz:25+V=3-V=T5. 

H. V^=3+V^=32. 14. V^r2i-2V^=^4-3V^^54. 

12. V^ri8+v^=^^. 15. v'i:28-hSV^-V^=^. 

1«. Simplify -h|±.^^rE". 

Solutiok: 1. 5i,jni = 5iV:E2:7 = 5 SvJ^V^ES 
2^4 22 2^ 2 

^5 3iV3 

2 2 

_6_±_3fvf 

2 

The nambers in Examples 1-15 are called Pure Imoginaries. 
The sum, or difference, of a pure imaginary and a real number, 
§ 81, as in this exercise, is called a Cmnplez Number. 

Simplify : 



-24 



-l-V? -JW^- --.^^vw- 

84. A further discussion of imaginary nuHibers, more 
complete, including a discussion of the other fundamentskl 
opeiatioBa upon ims^inary uumbeia, is givett xm Chapter 
XIV. 

85. Meaning of Imaginary Roots of a Quadratic on the Graph. 

Example. Consider the equation a:* + a; + 2 = 0. 

Solution : 1. Solve the equation by the formula i 
a = l, 6 = 1, c = 2. 



QUADRATIC EQUATIONS 



99 



Xi: 



: ;x,= 



2. Solve the equation graphically. (Review rule § 75.) 
Let y=zx^ + x + 2: 



When X = 
then y = 




+ 2 


+ 1 
+ 4 


+ 2 
+ 8 


+ 3 
+ 14 


-1 
+ 2 


-2 

+ 4 


-3 

+ 8 


-4 

+ 14 



3. The graph has the isame 
Glhspe as the graphs obtained 
when solving <yther quadratic 
eqaMidama ; bvt the graph 4oe8 
not cross the horizontal axis 
at all. Hence, y or a;* ^- x + 2 
is never zero for any real value 
of X. 

This is characteristic 
of the grapli of a quad- 
ratic which has imaginary 
roots. 



:i:=p:=-==: -:=::.::-:= 


:=::y=:i^::d::: :±;: 


P=::Ec":~f::;::r:±:: 


z r±h — --r::E]::::: 


UuL- -t-U.+t^i L^ — L 


:-::iV==-: ::"?:::-::: 


:-,- V :.:^:E::x:- 




i ^s,~~^ y 1 


_^x — Ss'l — ' — ^ 


3r-'L-3^^* _jt ^ .+l^ijL*'-.*^ 


i— ' ^ ''i, I'^'J 


i 1 : Y, 1 
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^olre the following equations. Express tlie roots in simplest 
radical form. I>raw the graphs for the first three equations. 



1. «* + «-+ 1 = 0. 

2. aj2„2aj+-3 = a 

3. ic*-3a; + 4 = 0, 

4. 2ic*-2a?4-l = 0. 

5. 3 m»- 2m +-2 = 0. 
6 4c*-5c4-2 = 0. 
7. 9r2-|-4 = 8r. 



9. 



1^. 



11. 



m — 3 
2m-f 1 



f^ = 0. 



2 
m+-7 



m — 1 m + 1 

?^ + l+5=0. 
3 ^a 2 



12. 2 a^ + 6 da; H- 6(^ = 

13. 3a^ — 5«;a;-+3ro2^Q^ 

14. 5a^-8te+-5f2 = 0. 



IX. SPECIAL PRODUCTS AND FACTORING 

ADVANCED TOPICS 

86. In paragraph 10 is the rule: " The product of the sum 
and the difference of any two numbers equals the difference of 
their squares " ; thus, (a? + 3/)(a? — y) = ic" — ^ f or all numbers x 
andy. 

Kaj = 2oandy=:36, (2a +3 6)(2a-3 6) =4a2-96«. 

Ifx = 14andy = 6, (14 + 5) (14 -5) = 196-26 = 171. 

If X = (o + 6) and y = (c + d), then similarly 

[(a + 6) + (c + d)][(o + 6) - (c + d)] = (a + &)« - (c + d)«. 

Likewise, in any of the type forms studied in Chapter U, 
the numbers may be general number expressions. 

Example 1. Multiply (a 4- 6 + c) by (a + 6 — c). 

SoLUTiow: 1. (a + & + c)(o + & — c) ={(a + &) +c}{(a+ 6) -c} • 
2. = (a + &)2 - <J» = a^ + 2 a6 + 62- c8. 

Here x =(a + 6) and y = c. 

Example 2. Multiply (r-hs + <— n") by (r + s — t + n). 

Solution : 1. (r + « + < — n)(r + « — < + n) 

2. =:{(r + «) + («- »)}{(r+«)-(t-n)}=(r + 8)2- (t-n)« 

8. = f^ 4- 2 r« + «2 _ {2 + 2 1» - n2. 

Here x=: (r-\- s) and y = (< — n). 

Note. In such examples, the rules for introducing parentheses (§ 6) are 
used. The various terms of the expressions may be rearranged, if necessary, 
so that one factor becomes the sum and the other the difference of the same 
two numbers, when the terqis are groui>ed. 

100 
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EXERCISE 41 

Find the following products mentally : 
1. Ka + 6)-h5n(a + 6)-6{. 

5. {10-(r + «)|510 + (r-h«)|. 
4. {3i>-(c-h^H3p4-(c + cO}. 

6. l(c + 2d)-lla]\{c + 2d)+llal. 
6. {a'-b + c)(a — b — c). 

8. (a«4.a-l)(a»-a + l). 

9. (a*+a& + 6*)(a«-a6 + 6^ 

10. (a-f26-3c)(a-26 + 3c). 

11. (3a? + 4y + 2«)(3a?-4y-2«), 

12. (x2 4.a?-2)(ai»-a?-2). 

13. (a4-r-c4-c«)(a4-»- + c-d). 

14. (a— 6-hm + n)(a — 6 — m — n). 

16. (2a?-|-« — y + «7)(2a?--« — y — 1(;). 

, 16. |(a + 6)+2(a-6)}|(a + 6)-3(a-&)|. 
Solution : Just as (as + 2 y)(a; — 3 y) = a;* — jcy — 6 y^, 
flo {(a + &) + 2(a - 6)} {(a + &) - 3(a- 6)} 

= (a + by - (a + 6)(a - 6) - 6(a - 6)2 
= (a2 + 2 a6 + 62)-(a2 - 52) _ 6(a2- 2 a6 + h^) 
= a2 + 2 a6 + 6« - a^ + 62 - 6 a^ + 12 a6 - 6 6^ 
= Ua6-6a2-462. 
Here oj = (a + 6) and y = (a - 6). 

17. |(m + n)-4} {(m + n)-6{. 

18. {(a?-y) + 8}{(a?-y)-6}. 

19. }3a?-(y+2)}{2aj-(y + «){. 
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20. [x + Sy-^-IZzl Jx + ^y-lOa;}. 

21. {r + 2»-3<{ {r+2« + 7«[. 

22. \Sp-4.{q + r)\ [4p^5{g + r)l. • 

23. la?'{-2x + l\ {a^ + 2a-5>. 

24. [(a-h&)-5]». 26. [2 a- (c +£!)]«• 

26. [6 + (m-n)]«. 27. [a + ^^ + c]*. 

28. From the resalt of Example 27^ make a rule for deter 
mining by inspection the square of any polynomial. 

Find the following by the rule made in Example 28 : 

29. [a + 3b-c]\ 31. 2 r + 8 - 1 -{- x]\ 

30. [a-6 + c-c?]«. 32. [3a-& + 2c-dp. 

87. General Problems in Factoriagr. 

Example 1. Just a«a:« — 3a? — 88= (x- ll)(x + 8), 

80 (a - 2 6)2 - 8(a - 2 6) - 88 = {(a - 2 6) - 11} {(a - 2 6) -h 8} 

=:(a-26-ll)(a-.26 + 8). 

Factor completely the following expressions : 

1. (a + b)^-c\ 7. (a?-y)2 + 2(x-y)-63. 

2. (m-.n)2-ar«. 8. (ar + j^)^ ~ 5(ar + y) - 36v 

4. m2-(n-p)l 10. (2?-g)24.8(2>-g)r-20r*, 

6. (7aj-2y)»-y^ 11. (a;^ - 4)» - (a: + 2)^. 

e. (a 4- &)2 -h 23(a -h &) + 60. 12. 9(t» — n)» — 12(w-n)-f4 

13. (a? — 2^)* — (m — n)*. 

14. (a« - 2 a)^-f- 2(o2^- 2 a) + 1. 

15. (l-h»»2)2-4«*. 

16. (aj^+3ar)«-h4(ar^ + 3x)4.4. 
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17. (9a* + 4)«-144a» 

18. (a»-h7a)*+20(€? + 7a)-96w 

19. (m4-«)'-f 7(iw+»>— 144* 

20. (a^+a?- 9y-9. 

21. (aj + y)»-a». 26. (a? + y)« + (a? - y)«. 

22. (r + ay + Sfi. 27. a^ - («» + 1)». . 

23. (»i + n)«-(m-n)*. 28. 27m»— (m~ny. 

24. a»+(a + l)l 29. (2 a -6/- (a +26)1 

25. a8-8(a + 6)». 30. (a? + 3 2^)» - (a? - 3 y)*. 

88. PolynoBiUlt SedudMe to tte Difference of Two Squares. 
Certain polynomials may be put into the form of the differ- 
ence of two squares by grouping oertain terms. 

ExAMPLB 1. Factor 2 «m 4- m^ — 1 + n^. 

Solution: 1. 2mn + »»*— 1 + n^ = (m^ + 2TOn ^n^) -1 

2. =Cm + «)«-! 

3* =(m+»+l)(m +«-!). (§87) 

Example 2. Factor a* — c* + 6* — cP — 2 ccZ — 2 aft. 

SoLUTiow : 1. o* — c2 + 62 _ <p _ 2 c(? — 2 a6 

2. = (a^ - 2a6 + 6'0 - (c^ + 2cd+ (TO 
8. = C« - ft)^ - (c + (f)« 

4. ^((a-6) + (c+i)}{(a-6)-(c + iD} 

5. =(o-6 + c+d)(a-6 — c-(0 

EXERCISE 43 
Factor : 

1. a*-2a6 + 5*-A 6. 2mn-n*+l-«il 

«. m*+2iiMi + «*-y. 7. 9rf-24al> + 16y-4c». 

3. a*--a*-2ay-y*. 8. 16a^-4y»+202^-252*. 

4. a?—y^^s^ + 2yz. 9. 4»* + m*— ic* — 4mn. 

5. V-4+2a5 + a». 10. 4a*-66-9-6«. 
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U. 10a?y-92;« + y« + 26aj«. 

12. a2-2a6-h&*-c» + 2od-(P. 

13. a2-62^iB8-2^ + 2aaj + 2&y. 

14. a^ + m* — y* — w* — 2ma? — 2wy. 

15. 2icy-a2 + a?«-2a6-6» + y«. 

16. 4a24-4a& + 62__9c2+i2c-4. 

17. 16/-36-8a?y-2« + a^-12«. 

18. m* - 9 n* + 25 a«-&2- 10 am -h 6 5n. 

19. 4a2-c2~12a64-2cd + 9&«-d«. 

20. 9aj*-4aj2 + 2;2-6j»*2f-.20aw-25yl 

89. Trinomials Reducible to the Difference of Two Squaxes. 
Type Form : x* + aj^ + j^. 

Example 1. Factor a* + a*^^ + 54^ 

Solution : 1. a* + a*6* + 6* tnay be changed into a perfect square by 
adding a^h\ Adding and subtracting a^b^ : 

a4 + ^252 4. 64 =(a4 + 2 fl252 ^ 54) _ ^^ft*. 

2. .•. a* -f- a262 + 54 = (^52 4. 52)2 _ ^252 

3. =(«^ + &2 + a6)(a2 + 6a-a&). (§87) 

Example 2. Factor 64 a* — 64 a^m* + 26 m*. 

Solution : 1. A perfect square containing 64 a^ and 26 m4 is 
64 a* — 80 a^TO^ + 25 w*. The given trinomial may be changed into this 
perfect square by subtracting 16 a^rn^ ; then 

64 a4 - 64 a^m^ + 25 m* = (64 a* - 80 a^w^ _|. 25 m*) + 16 a^'K 
But this is the sum of two squares and not factorable in this form. 
2. Another perfect square containing 64 a^ and 25 m4 is 64 a^ + 80 a'hn^ 
+ 25 m*. Adding and subtracting 144 a^m^ : 

64 a4 - 64 a2r;j2 + 25 m4 = (64 a4 + 80 a^m^ + 25 m^) - 144 a2^2. 
8. .-. 64 a4 _ 64 ^2^2 + 25 m4 = (8 a2 + 5 wi2)a _ (12 am)^ 

= (8 a2 + 5 m2 4. 12 am)(8 a2 4. 5 m^ - 12 am). 
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EXERCISE 44 


Factor the following trinomials : 




1. a!«4-«* + l. 


13. 


4r'-32r»«» + 49«*. 


2. o< + a*m* + m*. 


14. 


9 m*n«-mV + 16. 


8. c« + 6c» + 25. 


15. 


Al^-2iph* + 2Sr*. 


4. »« + 3y» + 36. 


16. 


9a* + 17a»6» + 49fe^. 


6. l+if + dt*. 


17. 


4a5« + 7a%' + 16j^. 


6. i-i-^ + ier*. 


18. 


9t*-31«V + 25a^. 


7. ««-12a!y + 4y«. 


19. 


16mV + 16TOV + 26. 


8. 9m*-19m» + l. 


SO. 


25p* + 3ipy+i9i/*. 


9. 4y«-32y» + l. 


SI. 


««+4 


10. 26 a!«y«- 11 asy + l. 


22. 


y« + 64. 


U. 4a« + lla»6»+96«. 


28. 


i»*+4y«. 


W. 9i»«-|-14mV + 26n«. 


24. 


4a? + l. 



90. Certain polynomials can be factored hy grouping their 
terms. 

Type Form: ab-{-ac+bd+cd^(a'{'d){b+c). 

ExAMPLB 1. Just Bsax-\'bxss(a + b)x, (§ 5) 

80 a(x + y)+b(x + y)=^(a'hb)(x + y). (§5) 

Example 2. Factor 6 jb* — 16 aj" — 8 a? -f- 20. 
SoLUTiow: 1. 6x»-16a{2-8aj+20=(6a;«-15a;2)-C8a;-20) (§ 0) 
2. =8a;a(2aj-5)-4(2«-.5) (§ to, a) 

a. =(3aJ^-4)(2a;-6). 
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Factor: 

1. 2a(x+y)^3(x + y). 11. 2 + 3a-«a« — 12a^. 

2. 5m(r + 8) + 2n(r + 8). 12. 3a^ + 6a^ + »+ 2. 

8. 32)(2a?-y) — »'(2«-y). 13. 10 ma? -ISna;- 2m +3 w. 
4. S(t + w)^m{t + w). 14. a?x-\-abcX'-a^by'-Vcy. 
6. a(5 + c) - er(6 + c). 16. a*6c - ac^d + ad*d - 6c(?. 

6. c* + an+!>m+tfm. 16. 30a» — 12a' — 55a + 22. 

7. OK— «y-f-&5— 6y. 17. 56 -32 a? +«.«■ — 12 «». 
a. o^— od— Ac+M. 18. 3(»-<is^+d&v— 35^ 

9. 4f+of+QL + 'L 19. 4aj«+iry-4i^— 16i^. 
10. 40*— Saj* — 4ic+6, 20. r^ — m— Jji+«t 

21. ar+af+ftr+6» — cr— Of. 

22. ax-\-aif^aZ'\'hX'^Ui + hgm 

23. am — 6m — qp + qp — cm — J^ 

24. a^ — xs? -{-a^ + xt^ + ^ — ys?. 

2i. 2a« + ca; + 36y — 2d9— 3to— egfu 

91. The Sam or fhe Difference of Two Like Powers. 

Type Form: (r±}r. 

By actual division, as in § 9, c: 

(a*-.6*)+(a-5) = <i«+a«6 + o6*+W 
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Tike followiiig nW wmj be yari&ed in tha same juKamtvt ^ 
Rtde. ~— T, L6ttiii|^ ir rcpvMCB't ssy pOBllIfO Inteigpnrr 
I. <r — tr in alwajB exactly divisible by a— 6. 

3. a" — &^ is exactly divisible by a + 6 when n is even. 
8. (T + ft^ is never exactly divisible by^ a— 6. 

4. 0*+ 6" is exactly divisible hya + b when n is odd. 

XL In the quotient : 

1. The signs are all plua when a — 6 ia the divisor. 

2w The signa axe alternately pins and minna when a + Ma the 
divisor. 

8. The exponent of a in the first term is 1 leaa than its eaq^ 
nent in the dividend, and decreases by 1 in each succeeding term 
until it becomes 1. 

4. The exponent of Ms 1 in the aecoad term, and increases by 1 
in each succeeding term until it becomes 1 less than its exponent 
in the dividend. 

Example 1. Divide a' —6^ by a —6. 

Solution : 1. By I, 1, a^ — 6^ is exactly divisible by a — &» 

2. :^n, 1«8, ani4, 

Example 2. Factor Z2af + 243. 
SoLunoiT! t. 3»«ft + 248=s(2'x)*-f-y. 

2. This expression is of the type a* + &<•, where a s 2 x, 5 s 8, and 
n s 5. By I, 4 and II, 2, 3, and 4^ 

82a:» + 248 =(2a; + 3)[(2 «)* - (2x)». 8 +(2a;)a .8a-(2aj) . a^+8*] 

= (2a:+ a)(16x*- 24x« + 8fil?- 5Ax + 81). 
Check : Let x = 1. Then 32 a;B 4. 243 = 32 4- 243 = 275 ; also, 
(2 X + 3) (16 X* - 24 x» + 86x2- 54 x+81) = (2+3) (16-24+86-64+81) 

s&*66s276. 

* These rules are proved in § 267. 
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The method of factoring binomials of the form a* ± b* given 
in this paragraph must be used frequently. However, if the 
prime factors (§ 14) of a binomial of this form are desired, 
proceed as in : 

Example 3. af^ — ?/=s(a? + ^(pi?-'f) 

Note 1. By 591, «• — y««(aj — y) (a;« + a:*y 4- — + 2/5). 
The second factor is not prime however. 

Note 2. Whenever the binomial is the difference of two even powers, it 
may be treated as the difference of two squares. 

Example 4. a^ + f — (a^^ + (f)^ — {a? + y^)(Qfi -- a^f 4- f) 

Note 1. By § 91, t^ + j/« = (a; + y) (z^ — x^y + x^^ + - + j/S). 
The second factor is not prime however. 

EXERCISE 46 
Find the following quotients : 
, a^-b^ ^ a>-6« „ 1-16 g^ 

3, 2-, 8, -—^ — • 13* -;; * 

x — y 1 + a 2 — a? 

m«-l ^ 32-a* ,. a«-243.r» 

m — 1 2 — a a — 3 a? 

5. • 10. i-- 16. — ^ , ■ 

Factor the following expressions, if possible : 

16. 27ar^ — Sjr*. 18. a^-y^. 20. r^s^-^f. 

17. a?*- 3^. 19. 32 -ml 21. a' + 6'. 



x^ + Sx + 6 




x»+ x*- 


.2|x- 


-2 


«?-2a;2 






Sufi 






Bofi" 


-6x 






ex- 


2 




ex- 


12 
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22. 32 + r*. 26. a^^ — f^ 28. 64 — a^. 

23. l + 32m« 26. (X? + i^. 29. 0*^-256, 

24. ai« + 3/«. 27. m«-243. 30. 32a«-f 243&*. 

SUPPLEMENTARY TOPICS 

92. The Remainder Theorem makes it possible to find the 
remainder in certain division problems by a short process. 
It is known that dividend = divisor x qtLOtierU + remainder. 
Suppose that 05* + ic* — 2 is divided by a? — 2 ; then : 

x» + x2-2 = (x-2). Q-\-B. 

Let X = 2 ; then : 

8 + 4-2 = 0.^ + 2?. 

.-. 10 = . C + i?. 

.-. 10 = B, 
That is, the remainder is 10. 
Check : See solution on right. 

10 = i?. 

At the left, the correct remainder was obtained by substitut- 
ing 2 for X in the given expression. This suggests the 

Remainder Theorem. If a rational and integral polynomial 
(§ 12) involving x be divided by x— a, the remainder may be 
found by substituting a for x in the given polynomiaL 

Proof : 1. The polynomial (containing x) = (x — a) • § + iJ. 
2. .'. The polynomial (x replaced bya) =(a — a) • ^ + ^. 
8. .'. The polynomial (x replaced by 0)= . § + ^ =s 5. 

Example 1. Find the remainder when a?* — 3 a; + 5 is di- 
vided by oj— 3. 

Solution : 1. Comparing x — a and x^S, a must be 8. 
2. Substituting 8 for x in x* - 8 x + 5, 

^ = 8* -8. 8 + 6= 81 -9 + 6 = 77. 

Example 2. Find the remainder when the divisor is a? + 3« 
Solution : 1. Comparing x — o and x + S, a must be — 3. 
2. Substituting — 8 f or x in x« — 8 x + 6, 

5 = ( - 3)* - 8 . C- 8) + 6 = 81 + 9 + 6 = 96. 
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EXERCG»E 47 
Find the remainders when : 

1. aj' + 2a?* — 7is dividedby 05 — 1; ty fl5-fl. 

2. 2aj'+3aj*— 4«+5 isdividadby « — 5; by a; + 5. 
S. {»*-f2«» — 6i8dmdedby« + 2; by« — 2. 

4. m' — 2m* — 4 is divided by m — 3; by m4- 4.' 

93. Syntbetic Divisloii is a short process for finding the 
quotient as well as the remainder when a polynomial containing 
X is divided by a binomial of the form x — a. 

Consid^ the two solutions : 

Solution (a): Solution (6): 

a; + 3| 5a;8-llx2>- 6g--10 . 
6 +15 +12+18 



5z^ + 


4aj 


+ 6 




a.-.8|6x»- 


11 a* 


'-eX" 


10 


5a*- 


162* 








4a;2. 


- 6a; 






4a* 


-12aj 





6«-10 
6x-l8 



6 +4 + 6||+ 8 
Quotient: Sa^ + 42;+6. 
Bftmaindier : + 8. 



+ 8 
The method of performing the fiolntioii (5) : 

(1) — 3 of the original divisor is changed to + S. 

(2) bsfi-i-z^dx^. Place 5 in the third line. 

(3) +8. + 5 =+15. Add the product, +15, to —11, Place the 
sum, + 4, in the third line. 

(4) + 3 • + 4 = + 12. Add the product, + 12, to - 6. Place the sum, 
+ 6, in the third line. 

(5) + 3 . + 6 =+ 18. Add the product, + 18, to — 10. Place the 
■am, + 6, in the thiid line. 

(6) The numbers 6, + 4, mod + 6 are the coefficients .of the quotient. 
Since 5 a;^ •«- a; = 5 a;''', the full quotient is5«> + 4» + 6. Ti»e last numbei 
of the third line, + 8, is the remainder. 
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A partial explanation follows : 

(1) In step (1), — 3 is changed to + 3. This permits addition in steps 
(3), (4), and (5) instead of the cvLStom&ry subtraction. Thus, in solution 
(a), when — 16 x* is subtracted from — 11 «*, the result is 4 x^ ; in solu- 
tion (6), when + 15 o^ is added to — 11 a:^, the result is again 4 x^, 

(2) In step (3), +4 below the line represents, first, the coefficient of 
the first term of the remainder as in solution (a). When 4 x^ is divided 
by X the quotient is + 4 05, so tliat 4 may properly be considered also the 
coefficient of the second term of the quotient. Similarly in the case oi 
+ 6 in step (4). 

Example 2. Divide 7aj*— 29rtc' — 3^by a? + 2e. 
Solution. Change x + 2ttox — 2t. 



x-2t 



7x*+ 0to8-29«*B3-f-0«8a5-8«* 
7 ~14t +28fa +2fi -4t^ 



7 -14« - ja +2t811-7f* 
QuoTiEKT : 7 iB8 - 14 «xs - «2a5 ^ 2 ^, Remainder: — 7t*. 

Note 1. When powers of x are missing, supply them with coefficients zero, 
as in this example. 

EXERCISE 48 
Divide by synthetic division : 

1. a?-2aj'+2a?-5bya?-l. 

3. 2^-3^ + 10 byy-2. 

4. z' + 5s^ + 152?-^25hjz + 2. 

5. «»-32by«-2. 

6. 3m*-25m*-18by m-3. 

7. 4a» + 18 a*-f50 by a + 6. 

8. 6c* + 15(r*+28c + 5by c + 3. 

9. 3 ar' + 4 inoc^ — 2 m^x — 5 m" by a? — w. 
10. Ax''-15b'x^-4:b^hjx-\-2b. 

Note. In §§ 92 and 93, two short processes for finding the remainder in 
certain division problems are given. Eaeh is important. The second has the 
fnrther advantage of determining the quotient as well. 
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94 The Factor Theorem makes it possible to factor certain 

polynomials. 

Example 1. Is a;— 1 a factor of aj*+aj*— 2? 

Solution : 1. If x — 1 is a factor, the xemainder when «* + a^ -> 2 is 
divided by a; — 1 will be zero. 

2. By the remainder theorem, i? = 1 + 1 — 2 sO. (amlJ) 
8. A« — lisafactorof a^ + «a — 2. 

This example illustrates the 

Factor Theorem : If a rational and integral polynomial (§ 12) 
involying x becomes xero when x is replaced by a, then the poly- 
nomial has X— a as a factor. 

Proof : Considering the given polynomial tlie dividend and x — a the 
divisor, the remainder will be the value of the dividend when x is replaced 
by a. According to the conditions, this value is zero ; hence the remain- 
der will be zero and the division exact. Therefore x — a is a &ctor of the 
polynomial. 

In applying the factor theorem: 

1. Determine mentally, if possible, some number a for which 
the given polynomial becomes zero. (Factor Theorem.) 

2. Divide the polynomial by a? — a by synthetic division 
(§ 93). This division will give further assurance that the re- 
mainder is zero, and will also determine the other factor, the 
quotient. This factor may often be factored. 

Example 2. Find the factors of aj^ + 3 a^ — 4 a? — 12. 
Solution: 1. Whena; = 1, then (mentally) «» + 3a:2 — 4x— 12=—12. 
.'. a; — 1 is not a factor of the polynomial. 

2. When«=:— 1, x»H-3x«-4a;— 12=— 6. .•. a; + 1 is not a factor. 

3. Whenx = 2, x»-h3x» — 4x— 12=— 0. /. x — 2 is a factor. 



4. Dividing by x + 2 
synthetic division : 



x» + 3a:«— 4x — 12 Remainder = 0. 
1+2 +10 -1-12 .•. X - 2 is a factor. 



1 4.5 + 6|| The other factor is 
x2 + 6x + 6. 
5. .-. x» + 8a?- 4x - 12 = (x-2)(xa + 5x- 6) 
= (x-2)(x + 2)(x + 3). 
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EXERCISE 49 
Factor by the factor theorem : 

1. aP^x-6. 6. 2f + f-'S. 

2. a^-2aj2-.a?4-2. 7. 2^-2 3^-^-3. 

3. a;'4-«'^ — 4a?-4. 8. r» + 4 7^ + 6 r + 4. 

4. a^-6aj2 + lla?-6. 9. ^^.j.^^ 2 i^-f 4-1. 

6. a^ — i»2 — 9a; + 9. 10. m*-'5m^-{-5m'^-{-5m-'6> 

11. i»»4-ma:^-2m'. 
Let X = m ; to' + m' — 2 m' = 0. ' 
.'. X — TO is a factor. 
Find the other factor by division. 

12. Sx^-hp^x-^p\ 14. ic'4-3^aj2-4^. 

13. a^ — 5ra^-{-67^. 16. a:*— cic' — 7c2ar*4-c3a; + 6c*. 

EXERCISE 50 

Miscellaneous Examples 

In the following list of examples, the types of factoring 
studied in this chapter will be used. Before taking up the list 
of examples, review, if necessary, the rules for obtaining the 
H.C.F. and the L.C.M. of two or more expressions in Chapter 
II and for operations with fractions in Chapter III. The ex- 
amples marked with an asterisk (*) depend upon the supple- 
mentary topics in § 92 to § 94 and should be omitted if these 
paragraphs are not studied. 

Factor the following expressions : 

1. a^bc-{-ac'^d-am — bc<P. 6. 15 oc-f 18 ad -35 6c- 42 M. 

2. a2-(6-f-c)2. 7.* ic*-f 4aj2 + iB-6. 

3. ^a^b^-^4:a^b\ 8. 3a^b^-Sab\ 

4. sc^-hx^y-^-xif-^y^. • 9. a* - 22 a« -f- 81. 

6. 1 — a*. 10.* ic* — ic* — 4 a; — 4. 
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11. (a:«-.&r)*-2(aj«-6a?)-24. 21. 128 -m^. 

12. 16aJ«-76a:y+81y*. 22. 2 a'6c-2 6»c-4»»c«-2 ftc». 

13. a«-2a»+l. 23. aj» + 2aj» + l. 

14. 9(m+w)»-12(fji+n)+4. 24. rf- 6 0^—10 + 2 a. 

15. 32ai«+i^. 26.* a* -4a»+(i«-6a +8. 
16.* a»-a*-5a-a 26. a»-l. 

17. 9a?+252^-162»+30iry. 27. a^-a* + a?-l. 

18. aW + a?/-&V-aV- 28. a? + aj*-ar»-l. 

19. m<-626. 29. (a?-3/»-22)«-42/^A 

20. a«-7a8-8. 30. (a»+&»)-2a6(a + 6). 

Find the H. C. F. and the L. C. M. of the following: 

31. 3a'— 21a*~a + 7, and a«+6a-91. 

32. etc + ad — 6c — bd, and a* — 6 a5 + 5 6*. 

33. a2 + 6*-c' + 2a6, ando»— 6»-c' + 2?>c. 

54. m« — 4 m, m» + 9 m* — 22 m, 2 m* — 4 m' — 8 m*+ 6 m. 

35. 3a^-a«6 + 3a6~6«, 27a»- 6', 9a2-6a& + 61 

36. 16m* — »^16t»*-8mV4-w^2ma;+-2i»y— «» — ny. 

37. o^ — a»aj— aa?+a^, 3a« — 3a2a? + 5ax»-6a^. 
38.* oj' + aj — 2, and a? •+- a — 2. 

39.* aj' — aj^ — a? — 2, andaj* + a— 6. 

40. a« + 3aaj*-a*a?-3a', andaj» + 2aaj*-a*aj-2a". 

Simplify the following fractional expressions: 

.- g' — y*H-g' + 2asg ga?— 6;c— ay + 6y 

-2 4m'— 10m'-6m+15 . - 2ac — 2&c — ad + 6d 

6m»+8m«-9w-12' * cP-4c» 
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46. 






46. -2lil^fl ?^±^\ 



48. 



ar — as + hr — 6s ar + aa + 6r 4- h8 



r^^^ a«4-2a6 + 6V 

49. Solve the equation : a?* -f aa? — 3 a6 — 3 6a? = 0, 

Solution : 1. x^ + ax — Sah — Zbx^O. 
2. FactoriDg : x(^x + a) — 3 6(x + a) = 0. 
(«-3 6)(x + a)=0. 
8. .'. « = 8 6, or 05 = — a- (§ 74) 

Solve the following equations: 

60. a^ + ax — ab "bx^O. 62. aa? — bx — acx + 6c = 0. 

61. a?-2m7i-w'-w' = 0. 63. aar^--2da;-6cZ-f 3aa; = 0. 

64. 3 ana:* + 3 mnx — opa? — mp == 0. 

65. ada?+cdx + aex ■}-€€=: 0. 

95. An equation of the first degree, having one unknown, 
has one root ; an equation of the second degree has two roots. 
In general, an equation of the «th degree, having one un- 
known, has n roots. 

The roots of equations of degree higher than the second are 
not obtained readily, except in particular equations which may 
be solved partially at least by the factoring method. 

Example 1. Find the roots of a?* — 13 a* -f 36 = 0. 
Solution : 1. Factoring, (x^ — 4)(x2 — 9) = 0. 
2. .-. x2 _ 4 - ; .-. a;2 = 4 ; .-. a; = 2, or a; = - 2. 
Also, a;2 — 9 = 0; .-. a;2 = 9; .-. « = 3, ora;=— 3. 
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Example 2, Solve the equation ^ + 2 2/' — 4y + l = 0. 
Solution: 1. Factoring by the factor theorem < 
(y-l)(y» + 3y-l) = 0. 
2. /. y — 1 = 0, ory = 1. 

... y = - 8 i: 8 Q05 . ^ ^ 3^)3+^ or - 8.802+. 
2 

Hence, yi = 1 ; ya = .302+ ; ys =— 8.802+. 

EXERCISE 51 
Solve the equations : 

1. aj*-26ic2 + 26 = 0. 9* m«-19w-30 = 0. 

2. m*--llm«4-18 = 0, 10* ^-:r'-3z + 2 = 0. 

3. y*-15y«-16 = 0. 11* ««-5f-2 = 0, 

4. 4^-17<«-f4 = 0. 12. aj»-l=0. 

6. 9a?* + 14aj»-8 = 0. 13. 2/«-8 = 0. 

6* a^-7a; + 6 = 0. 14. r»-5?'2 = 6-r. 

7. ar^+2a:*-9a?-18 = 0. 15. a:^..^^ __ 1(53. ^1(5^0^ 
8.* y»-13y-12 = 0. 16.* aj*-a:3-.5ar^-a;-6=0. 

Solve for a? : 

17. a?*-mV-nV+mV=0. 19.* 2aj»-3a2aj + a» = 0. 

18. a^ + ba^-'a(^x-b(?=:0. 20. a?*-r* = 0. 

Bbmabk. The graphical solution of equations of higher degree is consict 
ered in § 267. 



X. QUADRATIC EQUATIONS HAVING TWO 
VARIABLES 

GRAPHICAL SOLUTION 
96* Graph of a Single Equation. 

Example 1. Draw the graph of y — aj* = 0. 
Solution: 1. Solve the equation for y : y = aJ*. 



When X = 





1 


2 


8 


4 


5 


-1 


-2 


-3 


-4 


-6 


then y — 





1 


4 


9 


16 


25 


+ 1 


+ 4 


+ 9 


+ 10 


+ 25 



8. This curve is a Parabola. 

4. The coordinates of any 
point on the parabola satisfy 
the equation. The coordinates 
of ^ are: ^^^4.5 

and y = 20+. 

Substituting in y = x^ . does 
20+ =(-4.5)2? 

Does 20+ = 20.25 ? Yes, 
approximately. The coordi- 
nates should satisfy the equa- 
tion of the graph. Since the 
graph cannot be absolutely ac- 
curate, and since the coordi- 
nates of a point on the graph 
cannot be read exactly from 
the graph, the coordinates de- 
termined may not exactly sat- 
isfy the equation. 
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Example 2. Draw the graph of oj* + 2^ = 25. 



Solution : 1. Solve the equation for y : y = ± V25 — x*. 
2. 



When % = 





+ 1 


+ 2 


+ 8 ' +4 


+ 5 


y = 


±V25 
±6 


±\/24 
±4.8 


±\/2i 

±4.6 


±VlB ±V9 
±4 ±3 


±V0 




3. When x is negative, y has the yalnes given by the corresponding 
positive values of x. Thus, when a; is — 3, y is 

riV26-(-3)^=±V25-9=±Vie=±4. 

Notice that for each value of x, y has two values ; thus, when x is +4, 
y is either + 8 or — 3. Hence, both (4, 8) and (4, — 3) are on the 

graph. 

For X greater than 5, y is 
imaginary ; thus, when a: =6, 
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4^^4+1 y = ± V25 - 80 = ± V- 11. 

This means that there are 
not any points on the graph 
for values of x greater than 5. 
The square roots required 
in step 2 may be obtained 
either by the method of 
§ 64, or from tlie table of 
square roots constructed in 
§65. 

4. This curve is a Circle. 
Every equation of the form 
x2 4- yS = r^, is a circle with its center at the ongin and its radius eqoal 
to r. 

Example 3. Draw the graph of 9 aj» + 25 2/* = 225. 
226-9x2 



Solution: 1. y* = • 



25 



.•.y= ±iV226-9x^. 



2. When x = 2, y = ± \ V225 - 36 = ± i VIM= ± 1(3 V2T) = 
iK3x4.5) = ±i(13.5) = ±2.7. 
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Whenx= 
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For negative values of x, y has the values given by the corresponding 
positive values of x. (See Example 2, step 3.) 

Notice that for each value of x, there are two values of y. 
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8. This curve is an Ellipse. Every equation of the form ax* + 6y2 — ^^ 
whei*e a, &. and c are positive, and a not equal to 2), has for its graph an 
ellipse. 

Example 4. Draw the graph of 9 o^ — 4 ^ = 36. 



-^9x?-J6^_._„^. 



Solution : 1. y^ = ''^"7'*'' ; .\y=±i Vx^ - 4. 
4 



2. Wheu 


tx = l,y 


=±ivr 


— 4 = ± 4 V— 3 ; .•• y is imaginary. 


When X = 
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imag'y 
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imag'y 
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±JV32 
±8.4 
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For negative vahtes of x, y has the values given by the corresponding 
XKMdtlve values of x, (See Example 2.) 
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8. This curve is a Hyperbola. Every equation of the form ax^ — by^ = c, 
where a, 6, and c are positive numbers, is a hyperbola. 



EXERCISE 52 

Draw the graphs for the following equations; name the 
curves obtained ; 



1. a? + f = S6. 

2. 2/=3a^. 
8. a?=^6y. 

4. aj2 + 4 2,2^36. 



6. a^-4y2=r36. 

6. xy^4:, 

7. aj2 + y2^55^ 

b. 4»2^y2^1g 



97. Solution of a Pair of Simultaneous Quadratic Equations. 
Example 1. Solve the pair of equations : {^'''2/ = ^- (1) 

Solution : 1. The graph of equation (1) was drawn in Example 2 of 
^96; it is the circle of radius 5, with center at the origin. 
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2. The graph of equation (2) is found as in § 46. It is a straight 
line (§ 46). When a; = 0, y = 1 ; when a; = 2, y = 3. 

3. Since points A and B are on both graphs, their coordinates should 
satisfy both equations. 

^ = (3, 4) ; JB = (— 4, — 8). When the coordinates of A and of J5 are 
substituted in the equations, it is found that they satisfy the equations. 

.-. X = 3, y = 4, and aj=— 4, y = — 3are solutions of the pair of 
equations. 
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Note. Since the graph of every linear equation having two variables is a 
strai^t line (§ 47), and since, as the student's subsequent courses in mathe- 
matics will show, the graph of every quadratic equation having two variables 
must be one of the curves discussed in § 96, it is clear that, as a rule, a 
quadratic and a linear equation with two variables will have two common 
solutions, for a straight line will, in general, meet such curves in two points. 

The straight line might touch the curve at only one point, thus giving only 
one solution ; or it might not touch the curve at all, thus not giving any real 
solution. 

Example 2. Solve the pair of equations : .^^ ^ ' )^( 

lar-f23f=34. (2) 

Solution: 1. The graph of equation (1) is the circle of radius 6 
(see Ex. 2, § 96). The graph of equation (2) is the ellipse of the 
figure. 

2. The points of intersection of the graphs are : 

A: (4, 3); 5: (-4,3); C: (-4, -3);i>; (4,-3). 



122 



ALGEBRA 



8. 8abstitntingth6BeTalae8olxandyineqpiatk>ns(l) uid(2), itl^ 
comes clear that the equationt have four comm(m aolaliaiis. 
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KoTB. Two quadratic equations, having two variables, will have four 
common solutions, in generaL This becomes dear when the graphs of § 96, 
wliich result from such equations, are combined in pairs. For example : 
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However, there are other possibilities. Thus, the ellipse might intersect 
only one branch of the hyperbola in such manner as to give only two real 
solutions ; or it might not intersect it at all, giving no real solutions. 



1. 
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EXERCISE 53 

Solve the following pairs of equations graphically; 
faj» + y»=100. ^ {x' + f^^m. 

4aj2 + t/2 = 6L g f3a^-h4.v2=76. 

l2a?~i^ = 3. ' V + a? = 4. 

ajy = — 7. ' Iflc*— / = -16. 

9. Draw the graph of — - + ^ = 1. On the same sheet, draw 
64 25 

the three graphs obtained from the equation ic* = jf + A:, when 

k is made successively 6, 2, and — 6. 

Remark. The foar curves studied in this chapter, the circle, the parab- 
ola, the ellipse, and the hyperbola are called conic sectioyis, for each may be 
deriyed by intersecting a cireular cone of two nappes by a plane. A special 
study of these curves is made in a later course in mathematics, analytic 
geometry. 



XI. SIMULTANEOUS EQUATIONS 
INVOLVING QUADRATICS 

98. A set of equations having two or more variables are 
called Simultaneous Equations if each equation is satisfied by 
the same set, or sets, of values of the variables. 

99. A set of equations that are solved as simultaneous 
equations will be called a system of equations. 

100. A pair of simultaneous linear equations (§ 47) having 
two variables have one common solution (§ 51). The com- 
mon solution is readily obtained by the addition or subtrac- 
tion method (§ 53), or by the substitution method (§ 54) of 
elimination. 

101. Pairs of simultaneous equations occur of which one 
or both are of degree higher than the first. 

Thus, in (a) below, equation (1) is of the first degree and (2) is of 
the second ; in (6), equation (1) is of the second degree and (2) is of the 
third. 

r3a: + 42, = 6. (1) ^. rx2-2y2 = 6. (1) 

Many such combinations, even with two variables, are possi- 
ble. Only in special cases, however, are the common solutions 
readily obtained. A few such cases will be considered. 

102. Case I. One Linear and One Quadratic Equation. 

^aj2 + 2/'-f6a:-16 = 0. (1) 



Example. Solve the system : 



l + 2a;-^ = 0. (2) 



Solution : 1. From (2), y = 2 a; + 1. (3) 

2. Substituting in (1), a;2+ (2a;+ l)2 + 6a;- 16 =0. (4) 

124 
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8. Simplifying (4), z^ -\-2x-S = 0. (6) 

4. Solving for as, a; = 1, or x = — 3. (6) 

6. Substitute in (2) : when oe s= 1, 1 + 2 — y = ; /. y = 3. 

when X =— 3, 1 — 6 — y = ; /. y = — 6. 
The solutions are: x=:l, y = 3; a;=^3, y = — 6. 
The solutions may be checked by substitution. 

Note. One linear and one quadratic equation liaying two yariables haye, 
in general, two common solutions. The graphical solution of a particular 
pair of equations of this type is given in Ex. 1, § 97. 



EXERCISE 64 
Solve the following systems of equations : 

r3c + 2(f = -2. 



ra«+y = 113. 
|a-6 = -l. 



B. 



\y + 2x^7. 

|aj-3y = i 

I 

ra^-^xy + i 
fa? + y» = l( 

t2y + 2x = 5xy. 
\2x + 2y^5. 



m* + mn -- n' = — 19, 
m — n = — 7. 

r-3. 

54. 

f«*-a5y + 3^ = 6a 
■3. 

'a? + y» = 101. 



10. 



11. 



12. 



13. 



14. 



16. 



16. 



f3c + 2d = 
lcd + 8c = 4. 

f7rf4-10a& = -& 
l5a + 46 = -8. 

fa? — y = l. 
|a^ = a' + a. 

( 



a!' + y»=2(a»+6»). 



f3 . 3_4 

a + 6 = 16. 

a5_2__4 
3 4~ 3* 

5+^=1. 

r , <_10 
3r-2«=-12. 
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HOMOGENEOUS EQUATIONS 

103. An equation is a Rational Equation if the variable does 
not appear under a radical sign. 

104. A rational and integral (§ 11) equation is Homogeneous 

if all of its terms are of the same degree (§ 44) with respect 
to the variables. 

Thus : a:2 — 3 ary + y'^ = is a homogenecms equation ; «> — ajy 4- y^= 5 
is homogeneous except for the constant term ; a;^ — 3 y = 2 y^ is not 
homogeneous. 



Example 1. Solve the system : J . "•" ^ "1 .' ^ , 

[ ar + a?y + J ^= lo. 



105. Case II. Quadratic Equations Homogeaeous Except for 

the Constant Term. 

(1) 

(2) 
Solution : 1. Eliminate the constant terms : 

M4(l):» 4x2 + 12^3 = 112. (3) 

M7(2): 1 x^-\- 7 xy + Uy^' = 112. (4) 

(4) -(3): 3a;2 + 7a:y + 2y2 = 0. (5) 

2. Solve (6) for z in terms oty: 

(3ic + y)(x + 2y) = 0; .-. jc =-|, or« =-2y. 

3 

Substitute — ^ f or a; in (1) : .-. 1^ + 3 y^ - 28. 

.-. 3/2 + 27^2 = 9.28; 28y« = 9.28; y2= 9; y=i 3. 

When y = 3: x = — ^ =-. — - = — 1, .•. a;= — 1, tf = 3isa solution. 
3 3 

When y = — 3: x=— |= — [ -^^^ ) = !• •*• « = !, y=— 3isa solution. 

8. Substitute — 2 y for « in (1). .-. 4 y2 + 3 y2 = 28. 

.-. 7y2 = 28; y3 = 4j y =^2. 
Wheny = 2: ir=-2y=-2 . 2 =-4. .-. a; =-4, y =2 is a solution. 
Wheny=— 2: «=— 2y=— 2 — 2=4. .-. a; = 4, y = — 2 is a solution. 

♦See§53forM4(l). 
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Check : These four solutkms are Teadily checked hy suhsdtation in 
equations (1) and (2). 

Note 1. In case one equation does not have a eonstamt term, soItc it im- 
mediately for one variable in terma of the other as the equation (5) in step 2. 

Note 2. A system consisting of two quadratic equations has, in general, 
lour sohttioiis. 

Note 3. The graphical solution of s particular pair of equations of this 
type is given in Ex. 2, § 97. 

EXERCISE 55 

Solve the following systems : 



1 



5. 



f 71^ + 3 mn = 2. f2a^-ajy=28. 

Uw2+2«2=59. ^- l»2 + 2/ = 18. 

fr^ + rh = 75. r2a^-3xy + 5/ = 38, 

U2 4-r2 = 125. \3x' + xy-10y^=^0. 

[xy--y^ = -S5. l2mn-n2 = -64. 



106. Equivalent Systems. One system of equations is equiv- 
alent to another when the common solutions of each system 
are the solutions of the other system. 

107. Case III. Systems Reducihle hy I>iyi8io&. A given 

system may sometimes be reduced by division to an equivalent 

system in which the equations are of lower degree. 

f ic* — «/* = 56 (1) 

Example. Solve the system: l^^^^^^^S. (2) 

SoLCTioif : 1. Dividing (1) hy (2): a; - y = 2. (3) 

2. Form the new system: [x' -^xy + y^ =2S. (2) 

3. Solve the new system hy the methods of Case I : 

« = 4, y = 2] andx =—2; y =— 4, 
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CuBCK : These two solutions are readily checked by sabetitution in the 
equations (1) and (2). 

NoTB 1. WheDever possible, diyide one eqoation of the given system by 
the other, member by member, and form a new system oonsisting of the quo- 
tient equation and the divisor equation. 

NoTB 2. The full theory underlying this type of example belongs in a more 
advanced text and is therefore omitted. 

108. Number of Solutions. In Case I (§ 102) two solutions 
and in Case II (§ 105) four solutions are generally obtained. 
The following rule for determining the number of solutions of 
any system of equations having two variables is given without 
proof: 

Rule. — Two integral equations, having two variables; whose 
degrees are m and n respectively, have in general mn common 
solutions. 

Thus, a cubic (third degree) equation and a quadratic equation would 
have six common solutions. If, however, the system could be reduced to 
a simpler system, as in the example of § 107, then the number of solutions 
would be determined by the degrees of the equations forming the new 
system. 

EXERCISE 56 
Solve the following systems of equations : 



|a^-y* = 240. fm»-w« = -117. 

' laj» + y« = 20. • lm-w = -3. 

faj»-y» = 13a 3 f3c + d = 2. 

• U-2^ = 7. ' l27c' + # = 98. 

|aj»-y» = 37. 3 |«» + 3/» = 9a?y. 

laj* + iry + / = 37. ' U + 2^ = 6. 

faj« + 2/» = -217. j^ faj» + 3/» = 604. 
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= 64. 



i a; - 3 y = 6. 
la^ — j^+3j/ = 4. 



14. 



15. 



\x + y = 



= 26a». 
2a. 



i + 1-91 



109. Miscellaneous Types and Methods. Many systems of 
equations which cannot be solved by the methods already 
given may be solved by combining the equations so as to ob- 
tain a linear equation or an equation of the form a^s=a 
constant. 

Example 1. Solve the system: (^+2/'+^ ^+2 2^=f- (^) 

^ 1 xy=^6. (2) 

Solution : 1. M2 (2) : 2xy = 12. (3) 

2. Adding (1) and (8) : «« + 2rBy + yS + 2a; + 2y = 36. (4) 

••• (aJ + yy + 2(x + y) - 86 = 0. 
.-. (a + y + 7)(a;4.y-5)=0. (§87) 
.-. a; + y=-7, orx + y=:6. (§74) (6) 

3. Form the systems : ^ : |*"*'^'^7^* B: |^ + y = f- 

4. Solving A: a; = — 1, y = — 6 ; or a; = — 6, y = — 1. 
SolviDg B: x = S,y = 2; or a; = 2, y = 3. 

Check : The four solutions check when substituted in equations (1) 
and (2). 

fm-4-mri+n*=7. (1) 

1 m+n=5+win. (2) 

Solution: 1. Square (2) : w^ + 2 »?in + n^ = 25 + 10 win + wW. (3) 

2. Subtract (1) from (3) : mn = 18 + 10 mw + m^n^. (4) 

.-. »n2/i2 4.9^^ + 18=:0. (6) 
(m» + 6)(wn + 3) = 0; .-. wn=-6, orw»=-3. (§ 74) 

mn. „ . f m + n = 5 + mn. 
win = — 3. 



Example 2. Solve the system : 



8. Form the systems:^; l^ + n = 5 + mn. ^. h 
[^ win = — o. [ 
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4. Somn^ ^.' » s 2, 11 = — 3 ; or » = - 
SolTing B:fli = 3, » = — l;oriii=- 
Check : The four soluUons check when 
and (2). 

EZXSdSE 67 

Solye the following systems : 



W + ^ = 40, 

f -4*^+28 ulB-480=a 
[2A+B=^11. 

* ll6^ + io' = 24. 

• l2aj» + 3^ = 93. 
r4i;*-5vaj=19. 



6. 



ltxi?+ic* = 6. 



f3r*-5r« + 2<'==-a 
lr-« = l. 

lc-d = 19. 

f2)«-fi« = 3. 

fa» + 25« = 47 + 2a. 
ficy = a'— 1. 



S. 



10. 



11. 



IS. 



13. 



14. 



1& 



-3, fi=S. 
-1,» = 3. 
snhgtitaitad in eqnationB (1) 



m + n , m — n_10 



U. 



m — n " m + 11 3 
m* + n«=45.' 

fa!»-y» = 3a*+3a + dL 
U-y = l. 

f7t;*-5t7«-3i» = 36. 

I v* + 3vf + «»= — 4. 

ag-hy 2a;-y ^l5^ 
« — y a? + 2y 4* 



IT. 



18. 



19. 



20. 



21. 



22. 



420. 
480. 



[a?-3y=— 2. 

jm — v=— 31. 
lmt;= —150. 

fa^ + y» = 7a^. 

fa^ + y«=2a«-2a&+6« 
l2aj»-y»=a« + 2a&-5«. 

l4a^-y«=5a(3a-4&). 

f8aj»-ll2/« = 8. 
I12a^ + 13y*=248. 
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01 fary — a?=— 14. 



Bint: S«e§ 907. r»»-- («» — ii) = l 









1: 



27. 



• y a? 2' 



Uicy-52^*=3. 



Hon: Cleared fnwtiooa; divide 

^ rm*-mn=r27n. ' lt* + 3«w — 2«/^= -4. 

Im?* — w* = 3m. 

Hint J Ms (2) ; add ; factor. 37. I^ + (^-y) = ""^• 

ljry(a?-y) = — 84. 



M. 






f9ar 



; Hint: Find Cl)-C2). I — 5iry + 2^ + 3a? = 81. 

EXERCISE 58 

1. Find two numbers whose sum is 15 and the sum of 
whose squares is 113. 

2. ¥ind two numbers whose difference is 9 and the sum of 
whose squares is 221. 

3. Find two numbers whose difference is 7 and whose sum 
multiplied by the greater gives 40(X 

4. The difference of the squtires of two numbers is 16 and 
the product of the numbers is 15. Find the numbera. 
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5. The sum of the squares of two numbers is 52; the 
difference of the numbers is one fifth of their sum. Find 
the numbers. 

6. The difference of the cubes of two numbers is 218 ; the 
sum of the squares of the numbers increased by the product 
of the numbers is 109. Find the numbers. 

7. If the product of two numbers be multiplied by their 
sum, the result is — 6 ; and the sum of the cubes of the num- 
bers is 19. Find the numbers. 

8. Find two numbers whose difference is 4 and the sum of 
whose reciprocals is f . 

9. The sum of the terms of a fraction is 13. If the numera- 
tor be decreased by 2, and the denominator be increased by 2, 
the product of the resulting fraction and the original fraction 
is 3^. Find the fraction. 

10. Find the number of two digits in which the units' digit 
exceeds the tens' digit by 2, and such that the product of the 
number and its tens' digit is 105. (See ^172, First Tear Algebra.) 

11. The sum of the squares of the two digits of a number 
is 58. If 36 be subtracted from the number, the digits of the 
remainder are the digits of the original number in reverse 
order. Find the number. 

12. Find the number of two digits such that, if the digits 
be reversed, the difference of the resulting number and the 
original number is 9, and their product is 736. 

13. The area of a rectangular field is 216 square rods, and 
its perimeter is 60 rods. Find the length and width of the 
field. 

14. The hypotenuse (§ 73) of a certain right triangle is 
10 feet, and the area of the triangle is 24 square feet. Find 
the base and altitude of the triangle. 
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15. Find the dimensions of a rectangle whose diagonal is 
2 VlO inches and whose area is 12 square inches. 

16. A rectangular field contains 2J acres. If its length 
were decreased by 10 rods, and its width by 2 rods, its area 
would be less by one acre. Eind its length and width. (See 
p. 145, First Year Algebra,) 

17. The altitude of a certain rectangle is 2 feet more than 
the side of a certain squaie ; the perimeter of the rectangle is 
7 times the side of the square, and the area of the rectangle 
exceeds twice the area of the square by 32 square feet. Find 
the side of the square and the base of the rectangle. 

18. If the length of a rectangular field be increased by 2 
rods and its width be diminished by 6 rods, its area becomes 
24 square rods ; if its length be diminished by 4 rods and its 
width be increased by 3 rods, its area becomes 60 square rods. 
Find its length and width. 

19. A man has two square lots of unequal size, together con- 
taining 74 square rods. If the lots were side by side, it would 
require 38 rods of fence to surround them in a single inclosure 
of six sides. Find the length of the side of each, 

20. A and B working together can do a piece of work in 
6 days. It takes B 5 days more than A to do the work. Find 
the number of days it will take each to do the work alone. 

21. Find the sides of a parallelogram if the perimeter is 
24 inches and the sum of the squares of the number of inches 
in the long and short sides is 80. 

22. One of two angles exceeds the other by 5**. If the num- 
ber of degrees in each is multiplied by the number in its 
supplement, the product obtained from the larger of the given 
angles exceeds the other product by the square of the number 
of degrees in the smaller of the given angles. Find the angles. 
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38. Two angles aie wpptementary. The squaxe of the num- 
ber of degrees in the laifper angle ezoeeds by 4400 the prodr 
uct of the number of degrees in one angle by the number in 
the other angle. Find the number of degrees in each angle. 

24. The diff^^noe in the rates of a passenger train aikd a 
freight train is 10 miles per hour. The passenger train re- 
quires 1 hour more for a trip of 175 miles than the freight 
train requires for a trip of 100 miles. Find the rate of each. 

25. A crew can row upstream 18 miles in 4 hours more tin>e 
than it takes them to return. If they row at two thirds of 
their usual rate, their rate upstream would be 1 mile an hour. 
Find their rate in still water, and the rate of the stream. 

26. The area of one square field exceeds that of another 
square field by 1008 square yards ; the perimeter of the greater 
exceeds one half of that of the less by 120 yards. Find the 
side of each field. 

27. The tens' digit of a certain number exceeds the units' 
digit by 1. If the square of the given number be added to 
the square of the number with the given digits in reverse order, 
the sum is 585. Find the number. 

28. If the digits of a number of two figures be reversed, the 
quotient of this number by the given number is If, and their 
product is 1008. Find the number. 
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110. The Sum and the Product of the Roots. 

The general quadratic equation is : 

aa^+5aj + c=0. (1) 

Divide both members by a: 

a^ + ^.x + ^^0. (2) 

a a 

The roots of (1) are: 
n= — ; r, = — (§ .8) (3) 

,.+,._ ii»=-^ (4) 

l^ a a 

' » 4a2 4a2 4a2 a ^ ^ 

Rule. — In the general quadratic equation ajfi + bx + c=o: 

1. The sum of the roots is From (4). 

a 

2. The product «f tte rooU is -• From (5). 

a 

8. If the coefficient of x^ is made 1, the coefficient of x is the 
negative of the sum of the roots, and the constant term is the 
product of the roots. From (2), (4), (6). 

ExAicrxjc L Fiad the sum axid the pcodnct of the roots of 
the equation 2a^— 9a; — 5 = 0. 

SoLUTiow : 1. a = 2; 6=— 9; c=— 5. 

2. ..rx + r.=--— — - + -, rxr.--- — . 



IfoTB. Ifaeftst |Mrt«f this nde JnstiliM themeliiod of dMcking soiistiona 
of quadratic equations recommended in § 76. 

136 
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EXERCISE 59 

Find by inspection the sum and the product of the roots; 
check examples 1, 2, 3, and 7 by finding the roots : 

1. aj2 + 7aj + 6 = 0. 6. 9r-21r* + 7 = 0. 

2. m*-m + 12 = 0. 6. 4-y-63^==0. 

3. 3c«-c-6 = 0. 7. 2a? + Spx-5p^ = 0. 

4. 12/-4y + 3 = 0. 8. Uaf+Stx+21t^ = 0. 

9. One root of 4a;^— a? — 6 = is —1. Find the other 
root. 

Solution : 1. n =— 1. Let r2 be the second root. 
2. ri + ro =+ i ; /. - 1 + ra = J, orra = IJ = J. 

Check: Does ri • ra = ^^ ? f.«. does - 1 • -= — ? Yes. 
4 4 4 

10. One root of 3 aj^ -f 7 oj — '6 = is |. Find the other. 

11. One root of 7 g^ + 20 g + 12 = is - 2. Find the other. 

12. One root of 15 m' + 28 m = 32 is f Find the other. 

13. One root of 3 o^ _ 2 fca? = 33 A:* is — 3 A:. Find the other. 

14. One root of 42)*— 15ajp — 4a* = is — 4p. Find the 
other. 

15. Fihd k so that one root ot a? — 5x + k = may be 7. 
Solution : 1. n + r2 = 6 ; .•. r2 + 7 = 6, or r2 = — 2. 

2. At = n . r2 J .-. A; = 7 . - 2 = - 14. 

Check : If a;^ — 5 » - 14 = 0, then (x - 7)(a; + 2) = 0. .•. x = 7, or 
-2. 

16. Find k so that one root of 2aj^ — 3 a?— A; = may be 3. 

17. Find k so that one root of 3«*— 7a? — 2A: = may be 
_2. 

18. Find n so that one root ofaj* + 7a? + 4ri = may be 5. 

19. Find p so that the roots ofa5*H-3aj-fj9 = shall be equal. 
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20. Find r so that the roots of 3aj* — 6a? + r = shall be 
equal. 

111. Formation of Equations Having^ Given Roots. There are 
two methods of forming a quadratic equation which shall have 
given roots. 

Example 1. Form the equation whose roots shall be \ and 

-I- 

Solution : 1. Let the coeflQcient of ic^ be 1 ; then by § 228 the equation 
^ aja -(n + ra) a? + rir2 = 0. 

^ n*.=|+(-|)-^'".-|-T-'-T- 

3. .-. the equation is : 

«^-(-j)*+(-|) = 0, ora? + |-| = 0. (§228) 

Multiplying both members by 8, 

8a;a+2x-3 = 0. 
Check : The given roots, if substituted, will satisfy the equation. 

Example 2. Form the equation whose roots shall be — 9 
and 2. 

Solution : 1. If aj = - 9, then a;4-9=r0; ifaj = 2, then x - 2 = 0. 
2. .-. (a; + 9)(x-2) = 0, or x24.7a;_ 18=0. 

It is clear that this equation has the given roots. 

NoTB. This second method may be used also to form an equation having 
three or more roots. 

EXERCISE 60 

Form the equations whose roots shall be : 



1. 


2,3. 




4. 12, -5. 


7. hh 


2. 


-3, -6. 




5. 2,f 


8. 3 wi, — 5 wi. 


3. 


6,-9. 




6. 1,-i. 


9. it, -|«. 


10. 


-fcfc. 




13. 


2a-b,2a + b. 


11. 


2,3,-5. 




14. 


s+Vs, 3- Vs. 


12. 


a + 3m, a- 


-3m 


35. 


2 + 3V2,2-3V2. 
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DETERMINATION OF THE CHARACTER OF THE ROOTS 

112. Classificatimi of Numbeia. The numbers considered in 
this text to tMs point are : 

(-4) Keal numbers. 

1* Eational Kjunbers : (a) integers (positiTe and negative) ; 
(b) fractions whose terms are integers. 

2. Irrational numbers : (a) qnadzatie smrds (§ 67) ; (h) surd 
expressions, such as 2 + V3. 

(B) Imaginary Numbers: (a) pure imaginaries (§ 83); 
(b) complex numbers (§83). 

113. It is often necessary to determine the charaeter of the 
roots of a quadratic. 

Thusthe roots of 2x2 — 8x + 3 = are £±^1?- 

2 

Since 10 » pooilivet the zoots are real wxiBbera. 

Since 10 is not a perfect square, the roots are lirationaL 

Since Vio is added in one root and subtracted in the other, the roots 

are unequal. 

Hence the roots are real, irrational, and unequaL 

It is possible to determine the ehaiaeter ci th« roots how- 
ever without determining the roots themselves^ 

For the general quadratic oa^ + 6x -f c = 0, the roots are 



^^ = 2i, ■' ^^ = 2^ 

Rule 1. — If^ — 4aci8 positive^ tike roots are real and uneqiiaL 
They are ratkmal if 6^ — 4 ac is a perfect square, antf imtioml if 
6^— 4 or is not a perfect square. 

2. If ^^~ 4ac equals sere, the roots are real and eq[sal 

8. If ^ — 4 or is less than zero, the roots are imaginary. 
V ^4aci8 called the IHscrtninant of the quadratic. 
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Example 1. Determine the character of the roots of 

Solution : 1. 52 - 4 ac = ( - 6)2-4(2) (- 18) =25 + 144 = 169 = 13*. 
2. By Rule 1, the roots are real, rational, and unequal. 

ExAMPUE 2. Determine the character of the roots of 

Solution :1. 6«-4ck5 = 4-4.3.1 = 4-12=— 8. 
2. By Rule 8, the looto are imaginary. 

ExAMPUB 3. Determine the ebaiacter of the roots of 

40^-12 aj + 9=0. 

Solution: 1. l^-4oc = 144-4.4- 9 = 144- 144 = a 
2. By Rule 2, tbe roote are real and equal. 

Note. This type is most easily nnderstood if tke quadTatic Is s6h«d by 
faetoiJBg. This example beoomes (2x — 8)(2x — d)BOi The iQpts are ttieo 
I and §. It is costomury to say that the roots are equal. 

EXERCISE 61 
Determine by inspection the character of the roots oft 

1. 6aj*+7aj-5=a 7. 5m-2 = 4ml 

2. 4ic»-20«4-25 = 0. 8. 4i^-.y=e. 

3. 32»-8«4-5=0. 9. 5e* + 7 = 8f. 

4. a;2-9aj + 15=0. 10. 20«*-41« + 20 = 0. 
6. 5r* + 7r-f3 = a 11. 7iB* + 3a? = 0. 

6. 9««-l = 12«. 12. 16m«-9 = 0. 
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114. In the preceding chapters, only positive integers have 
been used as exponents. The fundamental definition when m 
is a positive integer, is : 

a'^z^a- U'Q '-' a (m factors). (§3) 

115. There are five fundamental laws of exponents. When 
m and n are positive integers : 

1. Multiplication Law. Just as a' xaJ = a", 

so a"* X a" = a"»+*. 
Proop : 1. a"» = a . a . o — o (m factors). (§ 114) 

2. a*^ = a ' a ' a -'' a (n factors). (§ 114) 

3. .*. a"^ • a'*'={a*a' a — a (m factors)} -{a' a,a *" a (n factors)} 

^ a • a* a '" a {(to + n) factors}. 

4. .'. a'^'a'^ = a"»+«. (§ 114) 

II. Division Law. Just as a^-i-a* = a', 

so a** -i- a" = a"*"*, (m greater than w.) 

Proof: 1. S^^f^ ' ^' ^' f^ "' fi -a- a - ^^ {rnt&cU>rs) ^ .^^^. 

a» /i.^./i./i.../i(n factors) '^^ ^ 

2. = a . a ••• a {(m - n) factors} = a*"-*. (§ 114) 

3. .*. a"* -*- a" = a*"". 

III. Power of a Power. Just as (a*)^= a", 

so (a"*)" = a"*". 
Proof : 1. (a«)« = «'».««••«"» ••• a"» (n factors) .(§ lU) 

2. = <!»»+«»+»"+ — +« (nteriM). (Law Ij 

3. .'. («"»)♦» = a"»*» {since to + to + ••• + to (n terms) = toti}. 

IV. Power of a Product. Just as (aby = a*6*, 

so {aby = a"6». 
140 



Pboof: 1. 


Cahy 


►=(a6).( 


2. 




s= {a • a • ( 


3. 


(dby 


► = a«.6«. 


V. Power of a < 


(Quotient. 


FBOor: 1. 


f?V 


'-r?v? 



EXPONENTS 141 

(ah) ' iab) ... (aft) (n factors) (§ 114) 
a*"a(n factors)} * {6 * 6 * 6 *.• & (n factors)}. 

(§ 114) 



8or5Y = 2.". 



(n factors) (§ 114) 

A _ g . g . g ... g (n factors) 

b . 5 . b ... 5 (n factors) 

8. .•■g)" = ^. (5114) 

Inyolution is the name given to the process of finding a power 
of a number. (Compare with § 3.) 

EXERCISB 62 
Find the results of the indicated operations in the following 
examples, using the five laws above; the literal exponents 
clenote positive integers. 



1. 


af^'X. 


13. 


«»-*-aj». 


26. 


W. 


2. 


m'^^m^. 


14. 


s^^a?. 


26. 


w- 


3. 


y-r. 


16. 


t^^tr- 


27. 


{mr 


4. 


mf* • m*. 


16. 


mJ^-^-m: 


28. 


(~a*6»)«. 


5. 


€S^>a\ 


17. 


a^^a\ 


29. 


(t^^wy. 


6. 


6'+» . V. 


18. 


b^-hV. 


30. 


(m^nyy. 


7. 


C-*'(f. 


19. 


c«+« + c». 


31. 


(a«)^ 


8. 


d^+^ . dr. 


20. 


cP^+«-l-(^. 


32. 


(b-y. 


9. 


2^+1 . :f'\ 


21. 


r+*-Har+*. 


33. 


(-c'd")'. 


10. 


r-« . «»+». 


22. 


r+«H-^-« 


34. 


i^fr. 


11. 


fO«+« . «;••-•. 


23. 


M;*+»-hto«-*. 


36. 


(r»^^ 


12. 


ST'^'r^ 


24. 


(^-+i^-(^. 


36. 


(a:"3^-)'. 
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"■(^'■ 


- (^J- 


« (?T- 


- iff- 


"• (-f)" 


"• (?r 


"■ ©'• 


«■ (0- 


«. (S)'- 



116. Only cube and square roots have been considered in 
the preceding chapters. More geoeral roots oocur in mathe- 
matics. 

117. Just as -Vx indicates the cube root of a? (§ 3), so V^ 
indieates the nth root of x. 

n is called the Index of the root. 

The nth root of x is the number whose nth power equals «; 

Thus, v^ = *«, since (rc«)* = x^. 

y/^ = jc*, since (««)• = jc». 

V- aji^i = - a^, since (- x^y = - «V*. 

The number under the radical sign is called the Radkand. 

Rule. — To find the nth root of a perfect nth power^ diyide the 
exponent of each factor of the radicand hy n. 

Every number has n nth roots. Unless something is said to 
the contrary, the principal root is denoted by the symbol V". 
If n is even, this root is the positive root ; if n is odd and the 
radicand is negative, this root is negative. 

Evolution is the name given to the process of finding the 
root of a number. (Compare with § 3.) 

Historical Note. A symbol for extracting a root did not appear 
until the fifteenth century. In Italian mathematics, the first letter of the 
word Radix, meaning the root, was used to indicate the square root : thus, 
fi;. Presently there were used £.2*, £.3% etc. to indicate the square, 
cube, and other roots. Chuquet, a French mathematlciaD of about 1600, 
used fi«, R«, etc. 
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In Germany, a point was placed before a number to indicate that its 
square root was to be taken. Two points were used to indicate the fourth 
root, and three the third root Reise, 14$)2-15de, vtfisuced the point by 
the symbol, v^, to indicate the square root, and Kudolph, 1515, used the 
symbol, VVt ^^^ t^® fourth root. Stevin, 1648-1620, used the better 
symbok: V®? \/®t etc. Girard, 1590-16^, used: ^, ^, etc. Des- 
cartes used the Tiuculum to indicate what numbers were affected by the 
root. 

EXERCISE 63 



11. -^/eu^. 

12. %/626a^. 

13. -v^-^TwV. 

14. ■^'- 32 m'n'^. 
16. -v^sTyV. 

16. <^-6Vd". 



Determine: 


1. 


</8. 


2. 


^-27. 


8. 


</-S2. 


4. 


</Sla*. 


8. 


-?/243A 


6. 


-i/m^n". 


7. 




8. 


^^" 


9. 


^^- 



"• Vsi' 



18. 



19. 



W- 



^- 



243 m" 
32 n* " 




10. XT. 20. J^. 

118. Fractions, zero, and negative numbers are used as ex^ 
ponents. Up to this point the symbols a** and ai do not have 
any meaning, for the base a cannot be used as a factor minu9 
three times or two thirds times. (See § 114.) 



144 ALGEBBA 

119. Meaning of a Fractional Exponent. If a^ is to obey the 
multiplication law (§ 115), then a* • a* • a* = a* = a*. 

... (a*)»=a«, or a* ==</?. 

This fact suggests the definition : in a ffuctional exponent, 
the denominator denotes the principal root (§ 117) of the power of 
the hose indicated by the numerator. In symbols, 

Thus: »* = v'i?; (-27)*= v^^^ =-8. 

EXEBCISE 64 

Express with radical signs and find the Talues of: 

1. 4i 4. 32*. 7. (-126)* 10. (af)*. 

2. 27*. 6. 81*. 8. 256*. 11. {y^K 

3. (-8)*. 6. 64*. 9. (-1000)*. 12. (^V- 

13. (-64 ay)*. 14. (32a«6»)i 16. (81 x^)* 

Express with radical signs: 

16. 2* 18. 5*. 20. 4aj*. 22. 2a6i 24. mM. 

17. 4* 19. (4ar)*. 21. SyK 23. (2a6)i 26. 8 a*6*. 

Express with fractional exponents : 

26. Vc?. 28. ■v/2a. 30. "v/m*. 32. 2-J/r?. 34. 3y\/5*. 

27. -v/?. 29. 2\/^ 31. -v^^. 33. Ay/f. 36. a^^^. 

120. Meaning of a Zero Exponent If a® is to obey the multi« 
plication law (§ 115), then a^ • a^ =^ a"»+® = a"». 

.•. fl^ssra^-S-a^ssl. 
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This partially suggests the definition : tJie zero power of any 
number, except zero, is 1, 

Thus: 60 = 1; x^ = i . (_66)o = l. 

121. Meaning of a Negative Exponent. If a""* is to obey the 
multiplication law (§ 115), then a"* • a"* = a""*"^"* = a^ = 1. 






This suggests the definition : at*" = - 
Thus: 



EXERCISE 65 
Express with positive exponents and find the values of: 

1. 3-^ 6. 3-1. 2-*. 9. 64.4-1 13. 64-*. 

2. 2-«. 6. 5^.4-2. 10. 16-i. 14. (-125)-J- 

3. 3-3. 7. 9.6-2. 11, (-27)-*. 15. (-32)-*. 

4. 7°. 8. 100.6-2. 12. 81-i. 
Write with positive exponents : 

16. a^h-^, 18. 2a-\ 20. 3a-25<. 

17. (2 a)-'. 19. (3a)-2&^ 21. 2-Wn-*. 

22. 4a-%-«. 23. (2a)».(36)-^ 



122. Negative Exponents in Fractions, 
Example 1 






r^ 1 ~aj3 1" 0^ 

This example makes it clear that a factor may be trans* 
ferred from one term of a fraction to the other provided the 
sign of its exponent be changed. 
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Example 2. S^^ = «^. 
Examples. ^ = 3 cfflKT^cH. 

EXERCISE 66 

"Write with positive exponents : 



. ar*z 


3. ^ . 

2y-* 


6. 




7. 


8ote-» 


2. 2«. 
6-» 


4. ^ . 
5.(2y)- 


6. 


2c-'d* 


8. 


5a*b-i 
6c-*d» 


Write whhoat any denominator : 








-^ 




13. 




16. 


8a*e>» 
2(r«di 


»■§• 


12. "»< 


14. 




16. 


4a?mt 
26»n-* 



IltsTORicAL Note. In the note foUowing g 14, credit is given to 
Herigone for having grasped the idea of an exponent, and for introducing 
a rather good notation. As early as 1484, another French mathematieian, 
Chuquei, had had some idea of an exponent and had written expiessioiis 
involving a form of negative exponent and also the zero exponent. His 
ideas, however, did not spread far. Other attempts to introdnee general 
exponents were made between that time and the time of Newton. To 
Newton must be given the credit for having finally fixed the present form 
of writing the various kinds of exponents. 

123. The Ftmdameatal LawB for Any RatiiMud Exponent. 

The symbol a^ has been defined now (§§ 114, 119, 120, 121) 
for all rational (§ 112) values of n. The five fundamental laws 
whieh have been proved for positive int^ral exponents (§ 115) 
apply also for other rational exponents. Thi5 £aet will be 
assumed without proof in this text. 



EXPONENTS 14T 

EXERCISE 67 
Law I 

A 1 7-5+0+1 2| 

1. Express Law I in words. 

2. Multiply each of the following numbers : 

by: (a) r'; (&) r-«; (c) «»; (d) r«a»; (e) r"**-*. 

3. Multiply each of the following numbers : 

«*; »*; y*; »M; ^> 

by: (a) a;*; (b) «*; (c) y»; (d) x^i. 

4. Multiply each of the following numbers : 

by: (a) m; (6) mi; (c) n"^; (d) m"V. 

Multiply : 

6. ai + ahi + bihyai-b^. 
C 2a-i-7-3aby4a-* + 6. 

7. «"* + 2 a?-* + 4 ar* + 8 by a-*-2. 

8. aj* + irV+yHy»*-«V+y*- 

Find: 

9. (a-iH-6J)(a"*-6*). 12. (a?* - 6) (cc * -h 13). 

10. (a:~*-y"*)*. 13. (r*-**)*. 

11. (7- -«-)«. 14. (a* + 7 6-^)(a«-8 6-i). 



148 ALGEBRA 

Law II 

Example, m^ -¥■ m^ = m^*"^"*^ =s mH 
16. Express Law II in words. 

16. Divide each of the following numbers: 

by: (a) <«; (6) r*; (c) «*; (d) K 

17. Divide each of the following numbers: 

by: (a) cd; (6) c-«d-\ 

18. Divide a"* -f a"' + a"^ by a"*. 

19. Divide 4 «-« + 6 a?-* + 12 a?-* by 2 ar«. 

20. Divide a* + a* + a* 4- a by a^. 

21. Divide a'+ 6* by a* + 6^. 

22. Divide a — 1 by a* -f 1. 

23. Dividea — 4a« + 6ai — 4aJ + l by a* — 2ai + L 

Law III 
Example. (a?"i)* = aj"^ ' * = a"*. 

24. Indicate and find the values of the following numbers: 

(a^)- (2r'2),. (/5)». (,.-i)n. (^.4)n. 

when n is: (a) 2; (6) -3; (c) ^; (d) -i; (e) -f. 
Laws IV and V 
Example 1. {or^y^y^ = x'^' " V ~* = ^"^» 
Example 2. ^^^ =^'=^=r»A- 
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25. Express Law IV in words. 

26. Express Law V in words. 

27. Indicate and find the values of : 

{a'b-^Yl (m-«pi)-; {x-iy-i)--, (r^O^ 
when n is: (a) 2; (b) -4; (c) i; (d) -i. 

Find the values of: 

28. (-8)1 

Solution : (- 8)* = [(- 8)*P = [v^^2 = (- 2)2 = 4. 

29. 25^. 32. 81 J. 36. (4 a^i 38. (-32)?. 

30. 9l 33. 49*. 36. (243aj*)i 39. (64flC«^^^)^„ 

31. 8*. 34. (-27)*. 37. (16 m*)*. 40. (-125)*. 

41. (-64a«6«)l 43. (256 ic*^*. 

42. (-128m^l 44. 16"". 

45. Simplify 1^"X1^ 



|1.2S 



10' 
Solution : lO^-^ x 10» _ jqijh.2_l» __ ^^qjjb^ 

46. Multiply each of the following numbers : 

1017«; 102.a; 108.47. JO'-*'. 10»-«; 

by (a) 10; (6) 100; (c) 10^. 

47. Examine the results of 46 (a) and (b). What is the 
effect upon the exponent of a power of 10 when the power is 
multiplied by 10 ? by 100 ? 

48. Replace the word "multiply" in Example 46 by 
"divide" and solve the resulting exercises. 

Simplify : 



XIV. RADICALS 

124. A Radical is a root of a number indicated by a radieal 
sign; as, V5, -\/a, -y/x + l. 

If the indicated root can be obtained, the radical is a rational 
number; if it cannot be obtained, it is an irrational number 
(cf. § 112). 

125. The index (§ 117) det^mines the Order of the radical. 
Thus, \/x4- 1 is a radical of the third order. 

126. An introduction to radicals of the second order (square 
roots) has been given in Chapter VII. In § 69, a means of 
simplifying radical expressions in order to find th«ir approxi- 
mate values is illustrated. Some methods of simplifying more 
complicated radical expressions will be given in this chapter. 
These methods, like the one in § 69, lead to more economical 
and often to more accurate methods of finding the approximate 
arithmetical values of the expressions. 

It will be of interest also to find that radicals, like integers 
and fractions, can be added, subtracted, divided, etc. 

127. Radicals of the second order will be emphasized. 
Where the final expression involves only square roots of arith- 
metical numbers^ the approximate arithmetical value should he 
found as in the examples solved in the text. 

128. Two principles are used frequently in this chapter: 

{A) {y/xy=^x (§ 117). Thus, (V2)» = 2. From this it 
follows that V^= 2. Similarly v^3^ = 3. 

(JB) ■v^= VS . -v/5. Thus, -v/TTsT = v^ . ^9. 

160 
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This prtmciple may be expressed: the nth rod of the product 
of two numbers is equal to the product of the nth roots of the 
number9, 

REDUCnOK OF A RADICAL TO ITS SIMPLEST FORM 

129. Reducing A Radical to A Sadkal flf Lever Oxdo. 

Example 1. \/i25=: ■v^=(S«)*=5»=:6i=VF. 
••. \^125=V5 = 2.23+ 

.*• Uie Binth root of 64 may be found by obtaining the cube 
root of 4. In the chapter on logarithms, a method for deter- 
mining a higher root of any number will be given. 

EXERCISE 68 
Eeduoe to radicals of lower order; see § 127 : 

1. \/25. 7. -y/lS. 13. ^64. 19, -^125 sff. 

2. y/m. 8. -v^. 14. y/l.- 20. y/S2^. 

3. y/S. 9. K^. 16. >^216. 21. -v/au;^ 

4. -v^ 10. >^49. le, \^io5: 22. K/Sl?^. 
6. -v^. 11. v^ 17. ^^243. 23. -^27^^. 
e. -s/SiS. 12. y/9. 18. </l2U^. 24. ^^256aV. 

130. Removing a Factor from the Radicand. 



Example 1. V75 = V55T3=rV^- V3 = 6. V3. 

... V75 = 6(1.732+)=: 8.66+. (See also § 65.) 

Examples ^^96 o«6^c« « v^32 aN^'^c' . </WW 

^2aVG'>/ZW. 
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Role. — To simplify a radical by removing factors from tiie radi 
cand: 

1. Resolve the radicand into two factors, the second of which 
contains no factor which is a perfect power of degree corresponding 
to the order of the radical. 

2. Find the required root of the first factor ; multiply it by the 
indicated root of the second factor. 

EXERCISE 69 
Simplify by removing factors from the radicand ; see § 127 : 

1. V52. 6. V98. 9. Vl25. 13. '\/4J0c?. 

2. V90. 6. V96. 10. V99fl?. 14. \/54w. 

3. V80. 7. Vil2. 11. V60^. 16. -s/STds?. 

4. V63. 8. Vi08. 12. V200mV. 16. -v^lOSa*. 

17. -\/12Sxy\ 19. -Vl^. 21. a/STSV. 

18. ■v^ll25mV. 20. </64^^. 22. •y/24Sny. 

23. ■v'128xY. 26. V27a%=r36a^5q:i2^. 

24. ^I28»V. 27. V5a^ + 30ar^-|-45a:. 

25. V(a2-462;(a-26). 28. V(a^-a;-6)(a*-|-2a?-15). 

VX \28 »/03 2 



30. Vpl. 32. xt^^. 34. .«fM. 36. xt^Z 
\27m« \l6a* \S2c^ \6la^ 



31. «/i£\ 33. xf^. 35. V/^. 37. </~^ . 

\125 A/Sla* A'ic^i/^'^ ^'128mV* 

131. Changing a Fractional to an Integral Radicand. 

Review § 66 and Exercise 27. The method of § 66 applies 
to radicals of higher order. 

8/27 s/ 3«»2a ^ 3 .,.-_• 

Example. ^_ = ^^^-^— = - V2a». 
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Role. — To changre a fractional to an integral radicand : 

1. Multiply both numerator and denominator of the fraction 
by such a number as will make the denominator a perfect power 
of degree corresponding to the order of the radicaL 

2. Simplify the resulting radical as in § 180. 

EXERCISE 70 
Express with integral radicands; see § 127: 

'•\3 ^•\20ir«- '"-Vie?- ^^•V27- 



-•# 



16 y« 

-4 »-\f "•# -\S; 

e.JX. IS. ^M so. ,#5. 27. x|i±5- 
>I12« » 9 VSo" Vo-6 

132. To Introduce the Coefficient of a Radical under the Radical 
Sign. 

Example. 2a-\/S^=z-V(2a)^ - -^^ 
Rule. — To introduce a factor under the radical sign : . 
1. Raise the factor to the power denoted by the index. 
d. Multiply the radicand by the result of step 1. 
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EXERCISE 71 

Introduce under the radical sign the coefficients of: 

1. 5V2. 4. 5v^, 7. 4 a^/S^. 10. a^y/^. 

2. 8V3. 5. 2^/5, 8. Tx^VEl?. 11. Sm^V2m. 

3.4^5. 6. 3>/2. ^.Sab-^/F^^ 12. 2a</f^. 

• 

13. (l + aH/:; • ^^* r\/ , ' 

^ ^^1-fa a-h6^a-6 

- (.-i)x£?i7i ... fefvr^=^- 

133. Similar radicals are radicals which, in their simplest 
form, do not differ at all or differ only in their coefficients ; 
thus, 2\/air* and S-\/a3^ are similar radicals. 

134. Addition and Subtraction of Radicals. Review § 69 and 
Exercise 28. The methods of § 69 apply to radicals of a 
higher order. 

Example. ^J- \/2i-f-\/64 = v^- -v^8T3 + -v/27T2 
= }^2 - 2^ + 3\/2 = 3i\/2 -2\/3. 

Rule. — To add or subtract radicals : 

1. Reduce them to thdr simplest form. 

9. Combine similar radicals (tee § 6e) and indicate the addi- 
tion or subtraction of those which are dissimilar. 

EXERCISE 72 

Simplify the following expressions ; see § 127: 

1. V98~V32. 4. -v^+^/ie. 7. Sj^--M^ 

2. 2v/80-f Visa 5. -^l92m- v^3m". 8. ^C^-^. 

3. 3V24- ViSa 6. ■v^27^+^/2r^. 9. ^5^+ ^^^^2. 
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11. a?vl60» + VS53^-V54a5-.a.V2¥3. 



12. Vl+VV- 

13. V^+Vf. 


IT. ■^ + <|. 


16. V|+Va-V|. 


is.</^+^. 


- <ll^^s' 


-€-^- 


„ /a + 6 ^jT- 


^f- 2« ./-,-^ 



135. Reduction of Radicals of Different Orders to Equivalent 
Radicals of the Same Order. 

Example. Reduce V2, -y/S, and -s/B to equivalent radicals 
of the same order. Determine which is the greatest number. 

Solution : 1. By § 119, V2 = (2)^ = 2* = v^ ='v^. 

4. •*. \^ is the greatest number. 

Rule. — To reduce radicals to equivalent radicals of the same 
order: 

1. Express the racQcals with fractional exponents. 

8. Reduce the exponents to a common denominator. 

8. Rewrite die i^suhing^ expressions with radical d^ns. 
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EXERCISE 73 

Reduce to equivalent radicals of the same order: 
X. V5 and -v^S. 6, VS^, "v/y^, and \^i». 

2. V2 and </3. 7. •v/2^, \/2T, and -v^ec. 

3. -v^^ and -v^^. 8. ^2, -s/S, and vl3. 

4. V2 and \/i^. 9. \/r=^ and ^1-f a. 
6. -^4 and -v/B. 10. -v^oTS and -v^o^. 

Arrange in order of magnitude : 

11. -J^and^. 14. V3and->/l5. 

12. -v^andVS. 16. V3, -v^S, and <^. 

13. ^vlO and "v^. 16. Vu, V6, and -s/lTS. 

MULTIPLICATION OF RADICALS 
136. Multiplication of Radicals of the Second Order. 

Example. 2 V^ • V6=2V3T6==:2V3^=s2 -3^/2=6^/2 
.-. 2 V3 . V6 = 6 V2 = 6 (1.414+) = 8.484+ 

EXERCISE 74 
Find the products ; see § 127 : 

1. V2.V10. 4. V5.Vi5. 7. 2V6-3V5. 

2. V3.V12. 5. 2V3.V2i. 8. (3V3/. 

3. V7.V14. 6. 3V20.ViO. 9. (5V2y. 

10. (2V7)l 13. VaTl-V»=^ 

11. 5V6^.2V3^. 14. (V«^^ 



12. 3V3m*.2V15m. 15. (SVx-\-2y, 
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16. Multiply2V3 + 3V2by3V3-V5. 
Solutioh: 2\/5 + 3V2 

18 + 9V6 

-2V6-6 
18 + 7V5-6 = 12 + 7>/5. 
/. (2V8 + 8V2)(8V5 ->/2)= 12 + 7(2.44)= 12 + 17.08 = 29.08. 

Eind the following products : 

17. (5-V3)(5+V3). 24. (V2-7)(V2 + 7). 

18. (2a^Vb)(2a+^/b). 25. (2 V3 + 6)(2 V3 - 5). 

19. (V3 + 7)(V3-8). 26. (Va-VB)(VaH-V6). 



20. (2 + 3V3)(6-V3). 27. (Voj-fl + l)*. 



21. (V2-4)(3V2-.6). 28. (V^3:3-4)«. 

22. (4 + V5)l 29. (Vx'-Vx+ly. 



23. (2-.3V7)". 80. (V» + l--V»--l/. 

137. MttltipUcation of Radicals of Any Order. 
Example 1. </4^. 4^^^= \/32^=:2aj\/i. 

Example 2. ^/2^•■^/Ic?=^V(2d^'V(4:^ 

= ^2» . a» . 4» . a* = •v^2» . 2* . a* 
= 2a\/2a. 

Role. ~ To multiply monomial radicals : 

1. Reduce the radicals, if necessary, to equivalent radicals of the 
same order. (§135.) 

2. Multiply tog;ether the radicands obtahied in step 1 for the radi- 
cand of the product ; place it under the common root. (§ 188, Q.) 

8. Simplify the result of step 8 as in §§ ISO and 181. 
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Find the products: 

1. </i-</2. 8. VS'.^^ 

2. 2^3.^5/18. 9. W'-^. 
a. 5-^91? . -5^51?. 10. Vm.-^5?. 
4. ■(/9.</27. 11. ^.-t/g: 

8. -^'S-s/lS. 12. vio.'v'i: 

6. -M6P.^i2^. 18. -C/g^-vIsS: 

7. 6</5y.-J/^ 14. -i/r:? . -(/fe. 

DIVISIOir OF BABICALS 
138. I>lvteloii of MofiomiAl Radicals of the S«me Order. 

Example 1. V6-». V5=^=.Va .-. V6-^ V2=1.732^. 

ExAMPr. 2. V12.V15=^ = V!= \§ = ^- 

... Vi^^Vlg = 2(2.236^)^4472:^3Q^^^ 
5 5 

Examples. 4^+<^=.^=^-^»|</13^, 

Rule. — To divide monomial radicals of the same order. 

1. Divide theradicand of the dividend by the r^icand of the 
divisor, and write the result under the common radical sign. 

2. Simplify the result as in §§ ISO and 181. 
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EXERCISE 76 
Perform the indicated divisions; see § 127: 

1. V8^V2. 9. 4cVi2^-i.V5r3. 

2. Vl4-«-V7. 10. -v^-i-VJ. 

3. V12m-«-V4wi. 11. llV^-i-Vfy. 

4. 6V15-I-2V6. 12. V5-I-V2. 

5. 2a\/72-»-aViS. 13. VIO-1-V6. 
e. V2-».Vi. 14. Vi2 + V7. 

7. 15V^-»-6VS6. 15. V53-I.V15. 

8. 6y/lS?~8+2Ve?i. 16. (8Vl2-6V3)-|.2VS 

17. (16V^+25V6a)+5V2^ 

18. (V8 + 2ViO)-hV3: 

19. (3Vi5-4Vi8)+V6. 

20. •^/lM^</5. 25. 2a\/i2i^-|.a\^6fl^. 

21. </63+^. 26. Saby/x^-^ai^. 

22. •v/26?+\/39?. 27- 6m«n\/a6^-4-2mn\^. 

23. •v^l92m*-i--v^3«?. 28. V5r««"-».VA. 

24. -^125a^b^-h\/25^. 29. Va^-«-V^. 

139. Diyision of Monomial Radicals of Any Order. 

Example 1. A = 1^== J/l^ ^. 
^ ^4 \4 
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Rule. — To divide one radical by aaofcher : 

1. Reduce the radicals^ if necessary, to equivalent radicals (A 
the same order. 

2. Divide the radiodid of the dividend by the railcaad of the 
divisor for the radicand of the quotient and write the result under 
the common radical sign. Simplify the result. 

EXERCISE 77 
Find the quotients : 

1. 2-^V2. 4. 5^</2E. 7. V3-5.<^. 

2. 3-H-v^. 5. a-^Va. 8. -v^-*-^. 

3. 3-*-^^. 6. V2-i--v/2. 9. V8«-f-\/32x; 

10. v^l27-J-V2^ 13. ^v^^-v/f. 

11. </|-*.V|. 14. ^v^-5--v/l25. 

12. •v/81a^^\/9»J/. 15. -V^^-h-s/J^. 

140. Division by a Binomial Quadratic Surd. 

Example 1, 

1 ^ (2~V3) ^ 2~V3 ^ 2--VI ^ 

2+^/3 (2 + V5)(2-V3) 4-3 1 

... l^(2+V3) = 2-1.732+=.267+ 

Note. 2 + Va is multiplied by 2 — Vs, thus giving the product of the sum 
and the difference of two jinmbers. The prodnet is the difference of their 
squares. 2 + Vs and 2— Vs are called Conjugate Surds. 

In general, the product of two conjugate surd expressions is 

a rational number, for (a-f V6)(a— V6) equals a^ —(Vby 

Rule. — To divide a number by a binomial quadratic surd: 

1. Multiply both dividend and divisor by the conjugate surd of 
the divisor, and simplify the result. 
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Example 2. 

3V2 + 1 ^ (3V2+1)(2V2 + 1) ^ 12+5V2+1 
2V2-I (2V2-1)(2V2 + 1) 8-1 

, 3 V2 + 1 ^ 13 4- 5(1.414+) ^ 20.07+ ^ g gg^. 
*' 2V2-1 7 7 ■ ■ 

'NoTS. Since in this metbcMl of dlTision the original fraetien Js chan^red 
into an eqaiyalent fraction with a rational (§ 242) denominator, the process is 
referred to as " Rationalizing the Danominator." 

KXKKCISE 78 

Perform tlie indLcated divisions; see § 127: 

-1 y S-V2 

V3-4 ' 4 + V2 

§_. g Va + 5 , 

3+2V6 ■ Va-ft' 

10. """ ^j: . i«. 



3+V6 


»< 


1 


r 
6. 


V6-2 . 




4 


A 


3-VS 




V5-V5 




V6+V2 




2V2 + 3 




3V2+2 




5V2+6 





11. ^_^ ' 14. 






12. ^^^^4-^^-^- 16. 



3V2-6 vTTi-fVi^^ 

141. Involution and Evolntion of Radicals is accomplished 
in the case of monomials by the use of exponents. 

Example 1. (</l2)»=(12i)»=:12t = 12i = Vi2 = 2V3. 
.-. ('\/l2y = 2 (1.732+) = 3.464+. 

Example 2. <^(-V^n?)^ \(2T a?)hi=.^(3xy\^'^(Sx)i. 
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EXERCISE 79 
Simplify the following expressions; see § 127: 
1. (</5)\ 6. (2a^/. 11. {Vsir=^y. 

2. (-v^)*. 7. (y/iTy. 12. C^mwy. 

3. (-WSS)'. 8. (^/50^y. 13. -v/CVSS). 

4. (-y/ey. 9. (^y. ' 14. V(^/^). 

5. (^i6)». 10. (5m\/96^«)«. 15. V(\^25). 

16. -v^C^/SS^. 19. •v/(-v/2^. 

17. V(\/i9). 20. \/(</97?). 

18. \^(ViO). 21. V(V^?^^6^T9). 

142. Square Roots of a Binomial Quadratic Surd. It is possible 
to find the square roots of some binomial surds by inspection. 

(V5-V3/ = 2-2V6 + 3 = 5 -2V6. 

Notice that the square of the binomial sard is a binomial ; that 5 is 
the 6um of the two radicands 2 and 3 and that the radicand 6 is the 
product of the radicands of the given binomial. This example suggests 
the 

Rule. — To find the square root of a binomial surd (§ 67) : 

1. Reduce the surd term so that its coefficient is 2. 

2. Separate the rational term into two numbers whose product 
shall be the radicand obtained in step 1. 

8. Extract the square roots of the two numbers of step 2 and 
connect them by the sign of the surd term (§ 15, c). 

Example. Find the square roots of 22 — 3V32. 



Solution: 1. V22 - 3V32 = V22 - V9 • 8 • 4 = V22 - 2\/72. 
2. 22 = 18 + 4 and 18x4 = 72. 



a .-. V22-3\/32=±(Vi8-Vi)r=±(8\^-2). (§59). 
Cbbck : (3v^- 2)2 = 18 - 12 V2 + 4 = 22 - 3 Vi6T2 = 22 - 8 VS3. 
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EXERCISE 80 
Find the square roots of : 

1. II + 2V28. 4. 8-V60. 7. 9 -3 VS. 

2. 17-2V72. 5. 6+V32. 8. 8 + 4VS. 
8. 11-2V30. 6. 6-\/20. 9. 20-6ViL 

XMAGINARY NUMBERS 

143. An introduction to imaginary numbers was given in 
Chapter VIII. Review, if necessary, paragraphs 82 to S5 
inclusive, 

144. Powers of the Imaginary Unit i 



By § 82, i is V^^ therefore i^ = -1. (§ 117.) 
i^ = t«.»-«(^l)i:=:-.t. 

♦« = »4.t = l.t = i. 

Thus, the first four positive integral powers of i are <, —1, 
^ i, and 1 ; and for higher powers, these numbers recur in the 
same order. Find, for example, i^, f, and i". 

145. Multiplication of Imaginary Numbera. 
Example 1. 

V^=2 . Viis =={V2 . ^V3==i«V6==(-l) . V6 =r-.V5. 
Note that each number is expressed in terms of the unit if 
and that the fact that i* = — 1 is used. 

Example 2. Find the product (2 — V^l) (5 + V^^). 
SoLUTiOKi (2 ->/ir8)(6 +>/^) = (2 - <V8)(6 + iy/B). 
2-fV3 

10-6<V8 

+ 2iV3-<«.8 



10-8<V8-.(-l)8 = 18-8<\/l 
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EXEBCISS 81 

lind the products : 

1. V^^-v'^. 8. aV^-cV^ 

2. V33 . V- 12. 9. mV^-nV^. 
8. V— 6 • V— 3. 10, V—a • — V— 6. 

4. V^-V^=^. 11. (2+V=l)-(2-V^^)- 

5. V^9c? . V- 16 a». 12. (3+V^(3-V^. 

6. 2^/'^'3^/'^. is. (7+V'^)(7 + 2V^=^). 

7. 5V^=^-4V^=^. 14. (9-V=^)(ll+V=r3). 

15. (-.i+V^i:3)(-i-V^::3). le. (4-v^r5)«. 

17. (a? + V^)(aj-V^). 19. }J(-1-V^){1 

18. }^(-i+v:r3)}«. 20. jK-i-V^=3){^ 



146. IMvisimi ef Imagiiiaiy Haaben. 

n/=T2^iV12^V12 
V^^S iV3 V3 



Example 1. ^^ = LVg = ^=Vi = 2. 



Example 2. 

10 10 10. tV^ 10»V5 



V^l2 tV2 %'W2'^/2 -2 

Examples. _i==_2 2(1^ iV3) ^ 

l + V^Ta I + jVS (l + tV3)(l-iV3) 

^ 2(1 - t V3) ^ 2(1 - 1 V3) ^ 1 - >: V3 
l-i2.3 1 + 3 2 

Note. As in division of real radicals, rationalize the divisor, by multiply* 
ing by the conjugate imaginarj/. Thus, to rationalize 3— V^, multiply it 
by3+V^; theproduct wmbe32-(V=^)«, or9-(-5), which is 14. 



13. 



5-h4V-6 
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SXERdSE 82 
Find the quotients : 

1. V-25-j-V^=^. 10. V-40fl?+V— 5a? 

2. >/z:32-?-V^:8. 

^ , 11. — ? 

3. V42-*-V^^. 1-V^ 

12. Lt>^. 

6. V— a6-!-V-6c. ' 1 — V^oC 
— a- 

7. 2V^=T5-hV^^ *"" 5-4V^^ 

8. 12V^^18-f.4V^^. , 

, ,_ 14. I-^^^. 

147. Application of Radicals. In Chapters VIII and X> 
irrational (§ 124) roots were found for quadratic equations. 
Checking by substitution in such cases was not recommended 
at that time. 

Example. Solve the equation a?* + a? — 1 = 0. 

Solution: 1. By the formula (§78), ^- ~1 rfcVT+T 

2 

^ 2 ''^^ 2 

Check : Does /~l+\/6\2 ^ / -1+V5 \ _ ^ ^ ^j ^ 

Does l-2\/6 + 5 --j^Wg -__^, 

4 "^ 2 "^ 

Does l-.8<^ + 6- 2+4K%~4 _Q. ^^ 
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EXERCISE 83 

1. Check the second root r, above by substitution. 
Solve and check the following equations : 

2. a?-aj — 1 = 0. 5. a? + a + l = 0. 

3. iB*-2»-2 = 0. 6. aj» + l = 0. (See §96.) 

4. 3^-3y + l=0. 7. a»-8 = 0. 

8. In a higher cx)urse in mathematics (trigonometry) certain 
six numbers occur, five of them bearing the following indicated 
relations to the sixth; calling the numbers 8, c, t, S, C, T: 

(a) c=Vr^r?. (c) -S=— L=. (e) 2'=^^^- 

Vl — r * 

If «5=-_, find c, t, S, C, and Tin simplest radical form. 
V2 

9. If «=s^-, find c, *, 5, C, and Tin simplest radical form- 

10. When factoring expressions in Chapters II and IX, 
only factors involving rational numbers were permitted. Fac- 
tor the following expressions, using irrational or imaginary 
numbers, if necessary ; 

(a) aj»-2. (d) a? + 2.. (g) 5aj«-9. 

(b) a^^B. (e) «« + 4 (A) 2a?^5. 

(c) aJ» + 9. (/) 3a:>-4. (%) aa?^h. 

IRRATIONAL EQUATIONS 

148. An Irrational Equation is one in which the unknown 
number appears under a radical sign or with a fractional 
exponent. 
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149 It is agreed that the radical sign or fractional ex- 
ponent shall denote the principal root (§ 117) ; thus the square 
root shall always denote the positive root 

150. The following examples illustrate the methods of solu- 
tion of irrational equations. 

Example 1. Solve the equation a? — 1 — V«* — 6 = 0. 

Solution: 1. Transposing, ^ — 1 =s Va^ — 6. 
2. Squaring both members, ae^ — 2x + l=a^ — 6. 
8. /. -2«=— 6, ora5 = 8. 

Check: Does 3-1 =>/Sair6? Does2=Vi? Yes. (See§149.> 

Note. When a single radical occurs in an equation, transpose the terms 
until the radical is on one side by itself and the remaining terms are on the 
other side. Then, if the radical is a square root, square both members of the 
equation ; if it is a cube root, cube both members. 

Example 2. Solve the equation a?— l + Va;" — 5 = 0. 



Solution : 1. Transposing, Vx'-* — 6 = 1 — as. 

2. Squaring both members, a;2 _ 5 _ aj^ — 2 as + 1. 

8. .'. 2« = 6, or a? = 8. 

Check: Does8-l+VP^^ = 0? Doe8 2+\/J=0? No. (§149.) 

Therefore 8 is not a root of the equation. Recall that in solving an 
equation a number is sought which will satisfy the equation. The equa- 
tion may, however, impose an impossible relation upon some numbers, as 
in this case, and then it is impossible to find a solution. 

What is the explanation of the solution x = S? If the original equa- 
tion is compared with the equation of Example 1, it is noticed that the 
only difference is in the sign of the radical ; also that in step 2, after 
squaring both members in both examples, the resulting equation is the 
same. In each example, if the equation of step 1 has a root, that number 
is a root of the equation of step 2 ; but, since the equation of step 2 is the 
same in each solution, it cannot be asserted in advance whether its root 
or roots are roots of the equation of Example 1 or of Example 2. When 
finally the solution x = 3 is obtained, the question arises, is 3 a root of 
the equation in Example 1 or in Example 2 ? The root as = 3 satisfies the 
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eqaatkn of £zBmple 1 ; it does not Bstisfy the equation cf Example 2 
It is customary to say that, in Example 2, the eatr^netms root S ia iniro 
duced by the method of solution. 

ThiB example makes clear the necessity of checking the solutions ox 
equations. 



Example 3. Solve the equation Va?— 2+V2a5-|-5 = 3. 
Solution : 1. Transposing, Vx — 2= 3— V2 ac + o. 



2. Squaring, « - 2 = 9 — 6V2T+T+ 2a; + 6. 

8. .-. 6V2 X + o»= X -\- 16. 

4. Squaring, 86(2 x + 5) = aJ2 + 32 a; + 256. 

5. .-.a^- 40a; + 76=0. .-. a; = 2, or88. (§110.) 

Check: Does V:2-2+V2.2-f5=3? Does Vo + \/9 = 3 ? Yes. 
Does V38^^ + V2 . 38 + 6 = 3 ? Does VSo + Vgl = 8 ? No. (See 
§ 149.) 

Therefore as = 2 is the only solution of this equation. 

No te 1. I t w ill be f oand that the extraneous root 38 will satisfy the equa- 
tion V2 a; + 5 — Va; -2- 3. 

Note 2. When there are two radicals in an eqnation, arrange the terms so 
that one radical appears alone in one member of the equation. 

EXERCISE 84 
Solve and check the following equations : 



1. V3aj-5-2 = 0. ^ V^Tr6 + V¥= 



, : -^ V3r4-1+V37 . 

4. Vy-Vy-12 = 2. 



r 
V3r4-1-V3r 



11. 



■y/x + a -f Vag — a __2 



6. Vrr4 + vT=3. ' VSTa-Vaj-a 

6. </8a^-12a^ + l = 2a:. ,^ V2^33 V4^:=^ 

12. — = — • 

7. V?Tn + V?T6 = 5. V3x-h2 Vto+1 

. ,— , 2 13. Vl0 + a;-Vl0-ic = 2. 

8. Vm-f Vm + 4 = — — • 

Vw 14. V6 + 10a — 3a*=2a— a 
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16. VcT2 + V3c + 4 = 2. 17. ■v^aj8+8ic24.i6a;-l=aj+3. 
16. V«rin!+V3«^ + 3 = 4. 18. Vy + 3- V3^+8 = - v^. 

19. V^3vfs+T = aj-l. 

V5 — a? 

21. _^_ Villus 

V^-f2 Vi ^ 

Solre for x: 

22. vaJ — 12a6 = — — • 

tt. Va-f« — Va— x=Vi. 

24. V(aJ-2 6)(a: + 8 6)=« + 4&- 

25. V3aj + 2a — V4a?— 6a = V2a. 

26. Solve the equation t = ttv/-: 
(ai *orl; (5) f or gr. 

27. SoJv3 the equation V^V2g8z 
(a)forgrj (2>)for«. 

/ /IT- 2 a 

Wa + x 

29. VaJ— a+ V2a;+3a= VSo^ 

30. V(a+2 6)0; — 2 a6 =F a? — 4 6. 



XV. LOGARITHl^ 



15L Logaiithms are exponents. 

Every positive number may be expressed, exactly or approxi- 
mately, as a gpwer of 10. The exponent corresponding to a 
number so expressed is called its Logarithm to the Base 10. 

Thus, 10* s 100 ; therefore 2 is the logwithm of 100 to the base 10. 
Hits is ^nitten : logulOO = 2, or more briefly log 100 = 2. 

Similarly log^SS is read « logarithm of 36 to the base 10." 

152. Much difficult computation may be simplified by the 
use of logarithms. To make this fact clear, the approximate 
values of some powers of 10 itrill be computed and some ex- 
amples will be solved. 

1. 10»=1; lO'-lO; 10»=100; 10»=ilOOO. 



8. 10^= 10*= ■v^= 3.1623. 

10" = 10» X 10^ = 10 X 3.1623 = 31.623, 
10" = 10* X 10"= 10 X 31.623= 316.23. 

8. 10*=(10^*= V3.1623 » 1.7782. 

lO"-" = 10> X 10«= 10 X 1.7782 = 17.782. 
10^=10»xl0»*= 10x17.782=177.82. 

4. 10-"= (10")*=V3i:^ = 6.6234. 

10»-»= 10 X 10-»=10 X 6.6234 = 56.234 
10«-" = 10 X 10»»=10 X 56.234=662.34. 
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1.0000 = IQf^ 

1.7782 = 10»^» 

3.1623 = 10"* 

6.6234 = 10»« 

10.0000 = 10>"> 

17.7820 = lO*-*' 

31.6230 = 10"» 

66.2340 = 10»-» 

100.0000 =10«» 

177.8200=10"* 

316.2300 = 10** 

562.3400 = 10*-» 

1000.0000 = 10»* 
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Example 1. Find 3.1623 x 17.782. 





Cbbox: 


8.1623 
17.782 


SOLUTION! 1. 8.1623 X 17.782 




63246 


2. = 10-w X 10i-» = 101.W. 




262984 


8. .-. 3.1623 X 17.782 = 56.234. 




221361 


This is approximately correct. 




221361 
81623 




66.232+ 


Example 2. Find 1000 -4- 56.234 








Check: 

66.2345 


17.78 




1 1000.00000 


Solution : 1. 1000 h- 66.234 




662 34 
437 660 
393 638 
44 0220 
89 3638 


2. =108+10L7ff=10»-i.w = 10iJ». 




8. .-. 1000 + 66.234 = 17.782. 




The solution is correct 








4 66820 






4 49872 



Example 3. Find (5.6234)« x 316.23 -4- 177.82. 

Solution: 1. (6.6234)2x816.23-1-177.82 

2. =(10W)«xl02J»-f.l02^ 

3. = 101-«>+«^-2-28 = IQl-W, 

4. .-. (6.6234)2 X 316.23 h- 177.82 = 66.234. 

This example also may be checked by ordinary compntatic>n. 



153. From the examples of § 152 it is clear that a more 
complete list of exponents (logarithms) and ability to use 
them must be of great advantage, for in each case the solution 
by exponents is the simpler. The following paragraphs teach 
the methods of using logarithms. 

154. Logarithms of numbers to the base 10 are called 
Common Logarithms, and form, coUectiyely, the Common System 
of Logaritluns. 
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155. If a ntuuber is not an exact power of 10, its logaiitlim 
can be given only approximately ; a four-place logarithm* ia 
one given correct to four decimal places. 

Thus the logarithm of 13 is 1.1189 ; i.e. 13 s 10U», appitniinately. 

The integral part of the logarithm is called the Chaiacteiiatic 
and the decimal part, the Mantissa. 

The characteristic of log 13 is 1 and the mantissa is .1139. 

Note 1. The plural of mantissa is mantissm. 

KoTB 2. A nc^i^tiYe nnmher does not have a logarithm. 

156. The Characteristic of the Logiftkm of a Mnniber Gteater 
than 1. It is known that 3.53 = Kh""", or log 3.53 = .5478. 

Multiplying both members of 3.53 = 10^^ by 10, 

35.3 = 10"« X 10^ = lO^-"™, or log 35.3 = 1.6478. 

Similarly, 353 = 10^ X 10^^ = IV^, or log 353 = 2.5478. 

The numbers 3.53, 35.3, and 353 have the same significant 
figures; they differ only in the location of the decimal point. 
Their logarithms differ only in the characteristics. These two 
facts indicate a connection between the location of the decimal 
point and the characteristic. 

8c63 has one figare to the left of the decimal point ; its logarithm has 
as characteristic 1 less than 1, or 0. 

85.8 has two figures to the left of the decimal pomt ; its logarithm has 
as characteristic 1 less than S, or 1. 

853 has ttiee figures to the left of the decimal point; its logarithm has 
as characteristic 1 less than 3, or 2. 

Rule. — The characteristic of the common logarithm of a number 
greater tiian 1 is one leaa than the number ol siguficaiit figurea to 
the left of the dedmal point. 

Thus, the characteristic of log 367.83 is 2 ; of log 70300.6 la i. 
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EXERCISE 86 

What are the characteristics of the logarithms of: 
1. 365. 4. 7. 7. 6.35. 10. 300506.7. 

a. 2000. 6, 16.1. 8. 60907.03. 11. 300.50d. 

3. 50698. 6. 123.05. 9. 500.005. 12. 1000000. 

Tell the number of significant figures preceding the decimal 
point when the characteristic of the logarithm is : 

13. 4. 14. 2. 15. 0. 16. 1. 17. 3. 18. 5. 

157. The C h aracter i stic of the Logarithin of a If imtber less than 1. 

Dividing both members of 3.53 = 10^^ (§ 156) by 10, 

.353 = 10-«™ -^ 10^ = 10-^^8-^. .-. log .353 = .5478 - 1. 

Dividing both members of .353 =x 10-^'^S by 10, 
.0353 = 10-«7«-i -5-101 = 10-«^«-2. .-. log .0353 = .5478 - 2. 

Similarly, .00353 = lO-**^*. .-. log .00353 = .5478 - 3. 

Between the decimal point and the first significant figure of: 

.353 there are no zeros ; the characteristic of log .353 is — 1. 

.0353 there is one zero ; the characteristic of log .0353 is —2. 

.00353 there are two zeros ; the characteristic of log .00353 is 
-3. 

Rule. — The cfaaracteristic of the common logarithm of a number 
less than 1 is negathre ; nnmencally it is one more than the nnmber 
of zeros between the decimal point and the first significant figore. 

Thus, the characteristic of log .0045 is — 3 ; of log .00027, is — 4. 

EXERCISE 86 
"What are the characteristics of the logarithms of : 

1. .05. 3. .00064. 5. .00007. 7. .3. 

2. .0032. 4. .0586. ft. .08375. 8. .33759. 

Tell the number of zeros preceding the first significant figure 
when the characteristic of the logarithm is : 

9. — 3. 10. —1. U. —5. 12. —2. 18. — ^ 
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158. Method of Writing a Negative Characteristic. In § 157 
log .353 = .5478 - 1. ActuaUy, therefore, log .353 is - .4522, a 
negative number. For many reasons, however, the positive 
mantissa and the negative characteristic are retained. 

.5478 — 1 is written : 9.5478 — 10. Numerically the two ex- 
pressions have equal value. Note that 9 — 10 = — 1. 

The process in general is to decide upon the characteristic 
by the rule in § 157 ; then, if it is — 1, write it 9 — 10 ; if — 2, 
write it 8 — 10; etc. 

Thus, log .02 is 8010 - 2, or 8.8010 - 10. 

Note. The negative characteristic is often written thus: log .02:^2.9010; 
again, log .353 » li^78. The minus sign is written over the characteristic to 
indicate that it alone is negative, the mantissa being positive. 

EXERCISE 87 

1-12. Tell how each of the characteristics of the examples 
of Exercise 86 should be written. 

159. Mantissa of a Logarithm. From §§ 156 and 157 : 

log 3.53 = .5478 ; log .353 = 9.5478 - 10 ; 
log 35.3 = 1.5478; log .00353 = 7.5478 - 10. 

The numbers 3.53, 35.3, .353, and .00353 have the same 
significant figures. Their common logarithms have the same 
mantisssB. This is an example of the 

Rule. — The common logarithms of all numbers having the 
same significant figures have the same mantissas. 

Thus, the logarithms of 2506, 2.606, 250.6, etc., all have the same 
mantissse. 

160. A Table of Logarithms consists of the mantissae of the 
logarithms of certain numbers. The characteristics of the 
logarithms may be determined by the rules given in §§ 156 
and 157. The table given on pages 176 and 177 gives the 
mantissae of all integers from 100 to 999 inclusive, calculated 



LOGARITHMS 175 

to four decimal places. The decimal point is omitted. Such 
a table is called a four-place table. While a five or six place 
table would be more accurate, this table is sufficiently ac- 
curate for all ordinary purposes. 

161. To find the Logarithm of a Number of Three Significant 
Figures. 

Example 1. Find the logarithm of 16.8. 

Solution : 1. In the column headed **No." find 16. On the hori- 
zontal line opposite 16, pass over to the column headed by the figure 8. 
The mantissa .2263 found there, is the required mantissa. 

2. The characteristic is 1, by the rule in § 156. 

8. .•.iogl6.8 is 1.2253. 

Rule. — To find the logarithm of a number of three figures : 

1. Look in the column headed ^' No." for the first two figures of 
the given number. The mantissa will be found on the horizontal 
line opposite these two figures and in the column headed by the 
third figure of the given number. 

2. Prefix the characteristic according to §§ 166 and 157. 

Example 2. Tind log .304. 

Solution : 1. Opposite 80 in the column headed by 4 is the mantissa 
.4829. The characteristic is - 1 or 9 - 10. (§§ 167 and 158.) 
2. /.log .304 = 9.4829 -10. 

Note. The logarithm of a number of one or two significant figures may 
be found by using the column headed 0. Thus the mantissa of log 8.3 is the 
same as the mantissa of log 8.30; of log 9, the same as of log 900. 



Find the logarithms of 

1. 235. 6. 72. 

2. 769. 6. 8. 
8. 843. 7. 3.2. 
4. 90a 8. 620. 
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9. 66.2. 


13. 


.00465. 


10. 7.83. 


14. 


8690. 


11. .924. 


15. 


24700. 


12. .0326. 


16. 


60.7. 



176 
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Vo. 





1 


2 


3 


4 


6 


6 


7 


8 


9 


zo 


0000 


0043 


0086 


0128 


0170 


0212 


0253 


0294 


0334 


0374 


zz 


0414 


0453 


0492 


0531 
0899 


0569 


0607 


0645 


0682 


0719 


0755 


za 


0792 


0828 


0864 


0934 


0969 


1004 


1038 


1072 


1 106 


13 


"39 


"73 


1206 


1239 


1584 


1303 


1335 


1367 


1399 


1430 


14 


1461 


1492 


1523 


1553 


1614 


1644 


1673 


1703 


1732 


15 


1 761 


1790 


1818 


1847 


1875 


1903 


1931 


1959 


1987 


2014 


i6 


2041 


2068 


2095 


2122 


2148 


2175 


2201 


2227 


2253 


2279 


17 


2304 


2330 


2355 


2380 


2405 
2648 


2430 


2455 


2480 


2504 


2529 


i8 


l\U 


2577 
2810 


2601 


2625 
2856 


2672 


2695 


2718 


2742 


2765 


19 


2833 


2878 


2900 


2923 


2945 


2967 


2989 


20 


3010 


3032 


3054 


3075 


3096 


3118 


3139 


3160 


3181 


3201 


2Z 


3222 


3243 


3263 


3284 


3304 


3324 


3345 


3365 


3385 


3404 


22 


3424 


3444 


3464 


3483 


3502 


3522 


3541 


3560 


3579 


3598 


23 


3617 


3636 


3655 
3838 


3674 


3692 


37" 


3729 


3747 


3766 


3784 


M 


3802 


3820 


3856 


3874 


3892 


3909 


3927 


3945 


3962 


25 


3979 


3997 


4014 


403J 


4048 


4065 


4082 


4099 


4116 


4133 
4298 


26 


4150 


4166 


4183 


4200 


4216 


4232 


4249 


4265 


4281 


27 


4314 


4330 


4346 


4362 


4378 


4393 


4409 


4425 


4440 


4456 


28 


4472 


4487 


4502 
4654 


4518 


4533 


4548 


4564 


4579 


4594 


4609 


29 


4624 


4639 


4669 




4698 


4713 


4728 


4742 


4757 


30 


4771 


4786 


4800 


4814 


4829 


4843 


4857 


4871 


4886 


4900 


31 


4914 


4928 


4942 


4955 


4969 


4983 


4997 


5011 


5024 


5038 


3a 


5051 


5065 
5198 


5079 


5092 


5105 


5119 


5132 


5145 


5159 


5172 


33 


5185 


5211 


5224 


5237 


5250 


5263 


5276 


5289 


5302 


34 


5315 


5328 


5340 


5353 


5366 


5378 


5391 


5403 


54x6 


5428 


35 


5441 


5453 


5465 


5478 


5490 


5502 


55H 


5527 


5539 


5551 


36 


l^l 


5694 


5587 


5599 


561 1 


5623 


5635 


5647 


5658 


5899 


37 


5705 
5821 


5717 
5832 


5729 


5740 


im 


5763 

IS 


5775 


38 


5798 


5809 


5843 


5855 


5888 


39 


591 1 


5922 


5933 


5944 


5955 


5966 


5977 


5999 


6010 


40 


602Z* 


6031 


6042 


tiU 


6064 


^g 


6085 


6096 


6107 


6117 


4Z 


6128 


6138 


6149 


6170 


6191 


6201 


6212 


6222 


4a 


6232 


6243 


6253 


6263 


6274 


6284 


6294 


6304 


6314 


6325 


43 


6335 


6345 


6355 


6365 


6375 


6385 


6395 


6405 


6415 


6425 


44 


6435 


6444 


6454 


6464 


6474 


6484 


6493 


6503 


6513 


6522 


45 


6532 


6542 


6551 


6561 


6571 


6580 


6590 


6599 


6609 


6618 


46 


6628 


6637 


6646 


6656 


6665 
6758 


6675 


6684 


6693 


6702 


6712 
6803 


47 


6721 
6812 


tm 


6739 
6830 


6749 


6767 
6857 


6^66 


6785 


6794 


48 


6839 


6848 


6875 


6884 


6893 


49 


6902 


691 1 


.6920 


6928 


6937 


6946 


6955 


6964 


6972 


6981 


50 


6990 


6998 


7007 


7016 


7024 


703s 


7042 


7050 


7059 


7067 


5X 


7076 


7084 


7093 


7101 


7110 


7118 


7126 


7135 
7218 


7143 


7152 


5* 


7160 


7168 


7177 


7185 


7193 


7202 


7210 


7226 


7235 
7316 


53 


7243 


7251 


7259 


7267 
7348 


7275 
7356 


7284 


7292 


7300 


7308 


54 


7324 


7332 


7340 


7364 


7372 


7380 


7388 


7396. 


Ho. 





1 


2 1 3 


4 


6 


6 


7 


8 


9 
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Vo. O 



55 
56 
57 
58 
S9 

60 
61 
6a 
63 
«4 

C5 
66 

67 
68 

69 

70 

73 
74 

75 

76 

77 
7« 
79 

80 
8z 
8a 

83 
84 

85 
86 

87 
88 

89 

90 
91 
ga 

93 
94 

95 
96 
97 
98 
99 

Vo. 



7404 
7482 

7559 
7634 
7709 

7782 
7853 
7924 

ni 

8ia9 
8261 

Sail 

8451 
8513 

8692 

?Z51 



8865 
8921 
8976 

9031 
9085 
9138 
9191 

9^3 

9294 
9345 
9395 
9445 
9494 

954a 

P^ 

9685 
9731 

9777 
9823 
9868 
991a 
9956 



7412 
7490 
7566 
7642 
7716 

7789 
7860 

7931 
8000 
8069 

8136 
8ao2 
8267 
8331 
8395 

8457 
8519 

2179 
8639 
8698 

un 

8871 
8927 
898a 

9036 
9090 



9143 
9196 
9248 

9299 

9350 
9400 
9450 
9499 

9547 
9595 
9643 
9689 
9736 

9782 
9827 
9872 

9917 
9961 



7419 
7497 
7574 
7649 

7723 

7868 

7938 
8007 

8075 

8142. 

8ao9 

8401 
8463 

8704 

876a 
8820 
8876 
8932 
8987 
9042 
9096 
9149 
9201 
9253 

9304 

9355 
9405 

9455 
9504 

9000 



9647 
9694 
9741 

9786 
9832 

9877 
9921 

9965 



8 

7427 

7505 
7582 

7657 
7731 

7803 
7875 
7945 
8014 
808a 

8149 
8215 
8280 

8344 
8407 

8470 
8531 
8591 
8651 
8710 

8768 
8825 
8882 
8938 
8993 

9047 
9101 

!^ 

9200 
9258 

9309 
9360 
9410 
9460 
9509 

9557 
9605 
9652 
9699 
9745 

V^ll 

9881 
9926 
9969 



3 



7435 
75i3 

7738 

7810 
7882 

7952 
8021 
8089 

8x56 
8222 
8287 
8351 
8414 

8476 
8537 

S^5Z 
87x6 

" 4 

7 
894' 



9053 

9x00 

9159 
9212 

9263 

9315 
9365 

9415 
9465 

9513 
9562 
9609 



9657 
9703 
9750 

9795 
9841 
9886 
9930 
9974 



7443 
7520 
7597 
767a 

7745 
78x8 
7889 

[95! 



8096 



8x6a 

8228 
8293 
8357 
8420 

848a 

8543 
8603 
8663 
8722 

5Z79 

8893 
8949 
9004 



9058 
9112 
9165 
92x7 
9269 

9320 

9370 
9420 
9469 
95x8 

9566 
9614 
966K 
9708 
9754 
9800 

9845 
9890 

9934 
9978 



6 

745J 
7528 
7604 
7679 
7752 

7825 
7896 
2966 

8035 
8ioa 

8169 
8235 
8299 

IS 

8488 



8549 
8609 

8669 
8727 

8842 

8899 
8954 
9009 

9063 
9II7 
9170 

9222 

9274 
9325 

9375 
9425 
9474 
9523 

9571 
96x9 
9666 
97»3 
9759 

9805 
9850 
9894 
9939 
9983 



745? 
7536 
7612 
76S6 
7760 

7832 
7903 
7973 
8041 
8109 

8176 
8241 
8306 
8370 
8432 

8494 

8675 
8733 

«Z9i 



8904 
8960 
9015 

9069 



9x22 

9175 
9227 

9279 

9330 
9380 
9430 
9479 
9528 

9576 
9624 
9671 

9717 
9763 

9809 
9854 
9899 
9943 
9987 



8 

7466 

7543 
7619 

7694 
7767 

7839 
7910 
7980 
8048 
8116 

8182 
8248 
83x2 
8376 
8439 
8500 
8561 
8621 
8681 
8739 

® 

8910 
8965 
9020 

9074 
9x28 
9x80 
9232 
9284 

9335 
9385 
9435 
9484 

9533 

9581 
9628 
9675 
9722 
9768 

9814 
9859 
9903 

9948 

9991 



9 

7474 

755* 

7627 

7701 
7774 
7846 

79' 7 
7987 
8055 
812a 

8189 

8a54 

838a 
84*5 
8506 



8686 
8745 
8803 
8859 
8915 
8971 
9025 

9079 

im 

923'* 



9340 
9390 
9440 
9489 
9538 

9586 

9633 
9680 

9727 
9773 
98x8 
9863 
9908 
9952 
9996 

"0" 
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162. To find the Logarithm of a Number of More than Three 
Significant Figures. 

Example 1. Find log 327.6. 

Solution: 1. From the table : log 827 =2.51451 _.^ 

l4827.6= ? ^'!«^",^ 

log 328 =2.6159j — ""^*- 

2. Since 827.5 is between 327 and 328, its logarithm must be between 
their logarithms. An increase of one unit in the number (from 827 to 
328) produces an increase of .0014 in the mantissa. It is assumed there- 
fore that an increase of .5 in the number (from 327 to 327.5) produces an 
increase of .5 of .0014, or of .0007, in the mantissa. 

3. .-. log 327.5 = 2.5145 + .5 X .0014 

= 2.6145 + .0007 =2.5152. 

This result is obtained in practice as follows. The difference between 
any mantissa and the next higher mantissa as written in the table (neglects 
ing the decimal point) is called the tabular difference. The tabular dif- 
ference for this example is 14(5159-5145). .5 of the tabular difference is 
7. Adding this to 5145 gives 5152, the required mantissa of log 327.5. 

Similarly to find log 827.25, the tabular difference is 14. .25 x 14=3.5. 
Hence the mantissa of log 327.25 is 5145 + 3.5 or 5148.5. .-. log 327.25 
= 2.5149. 

Note 1. The process of determing a mantissa which Is between two 
mantissas of the table is caUed Interpolation. 

Note 2. The assumption made in step 2 is not warranted by the facts. 
Nevertheless, for ordinary purposes, the results obtained in this manner are 
sufficiently correct. This is the common method of interpolating. 

Note 3. When interpolating, it is customary to cut down all decimals so 
that the mantissa will again be a four-place decimal. Thus 3.5 is called 4. 
3.4 would be called 3. 

Rule. — To find the logarithm of a number of more than tliree 
significant figures : 

1. Find the mantissa for the first three figures, and the tabular 
difference for that mantissa. 

2. Multiply the tabular difference by the remaining figures of 
the given number, preceded by a decimal point. 

3. Add the result of step 2 to the mantissa obtained in step \ 

4. Prefix the proper characteristic by §§ 156 and 157. 
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Example 2. Find log 34652. 
Solutiok: 1. Mantissa of log 346 = 5391. 
Mantissa of log 347 = 6403. 

2. Tabnlar difference s 12. .62 x 12 = 6.24 s 6. 

3. .-. Mantissa for log 84662 = 6391 + 6 = 6397. 

4. .'.log 34.662 = 1.6397. 

Example 3. Find log .021608. 
Solution: 1. Mantissa of log 216 = 3324. 
Mantissa of log 216 = 3345. 
2. Tabular difference = 21. .08 x 21 = 1.68 = 2. 
8. . •. mantissa of log 21608 = 3324 + 2 = 3326. 
4. .-. log .021608 ss .3326 - 2, or 8.3326 - 10. 

EXERCISE 89 
Find the tabular difference for the mantissse: 

1. 3222. 8. 6690. 5. 8982. 7. 7076. 9. 4728. 

J8. 4166. 4. 7364. 6. 6340. 8. 8692. 10. 7435. 
Find the logarithms of: 



11. 325.6. 

12. 263.1. 

13. 786.3. 

14. 492.2. 

15. 703.4. 



16. 32.16. 

17. 1.608. 

18. 7.961. 

19. .8462. 

20. .05376. 



21. 327.11. 

22. 243.26. 

23. 62.721. 

24. 803.76. 
26. 6.2634. 



26. 3.1416. 

27. 1.0463. 

28. .22736. 

29. .063467. 
80. .004062. 



163. To tod the Number Corresponding to a Given Logarithm. 

Example 1. Find the number whose logarithm is 1.6571. 

Solution : 1. Find the mantissa 6671 in the table. 

2. In the column headed ** No/' on the line with 6571 is 45. These 
are the first two figures of the number. At the head of the column con- 
taining 6671 is 4, the third figure of the number. Hence the numbei 
sought has the figures 464. 
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8. The characteristic being 1, the niunl)er miurt have two figures to 
the left of the decimal point (§ 156.) 
.-. the number is 45.4. 

Rule. — To find the nuinber correftpondiiig to a giyea logaritlun 
when the mantissa appears in the table : 

1. Find the three figures corresponding to this mantissa, as in 
the example. 

2. Place the decimal point according to the rules in §§ 156 and 
157. 

EXERCISE 90 

Find the numbers whose logarithms are : 

1. 2.6138. 4. 2.9642. 7. 1.7404. 10. 9.8000-10. 

2. 1.3365. 6. 3.9289. 8. 4.7024. 11. 8.5378-10. 

3. 3.6972. 6. 0.8162. 9. 0.8893. 12. 7.4133-10. 

Example 2. Find the number whose logarithm is 1.3934. 
Solution : 1. The mantissa 3934 does not appear in the table. 
The next less mantissa is 3927, and the next greater is 8945. 
The corresponding numbers are 247 and 248. That is : 
mantissa of log 247 = 8927 1 Diff. | Tabular 
mantissa of logx = 3934 J = 7. difference 
mantissa of log 248 = 3945 J = 18. 

2. Since an increase of 18 in the mantissa produces an increase of 1 
in the number, it is assumed that an increase of 7 in the mantissa must 
produce an increase of ^j or .38 in the number. Hence the number has 
the figures 247.38. 

8. Since the characteristic is 1, the number must be 24.738. 

Rule.— To find the nnmber corresponding to a given logarithm 
when the mantissa does not appear in the table : 

1. Find in the table the next less mantissa. Find the correspond- 
ing number of three figures, and the tabular difference. 

8. Subtract the next less mantissa from the given mantissa and 
divide the remainder by the tabular difference. 
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8. Annex the quotient to the number of three figures obtained in 
step 1. 

4 Place the decimal point according to the rules in §§ 158 and 
157. 

EXERCISE 91 
Find the numbers whose logarithms axe : 

1. 1.8079. 6. 0.8744. 11. 2.5369. 

2. 3.3565. 7. 9.9108-10. 12. 9.7022-10. 
8. 2.6639. 8. 8.8077-10. 13. 2.4644. 

4. 0.7043. 9. 7.5862-10. 14. 3.1634. 

5. 2.6524. 10. 8.2998-10. 15. 2.9310. 

PROPERTIES OF LOGARITHMS 

164. The preceding discussion relates entirely to the Com- 
mon System of Logarithms. (§ 154.) Certain properties of 
logarithms to any base will be considered now. 

Note. The base may be any positiye number different from 1. 

165. Just as logio3.053 = .4847 means that 10*^ = 3.053, 
80 log«-y=a; means that N=a'. 

Log. iVis read " the logarithm of -^to the base ou^ 

166. Logarithm of a Product. 
Assume that a* = Jlf ] . . , f a? = log. Jlf, 



'"' = ^1; then p = ^og.^» 
Qy^NV ly = log„JV: 



and 

Also a* . a'^MN, or a'-^^^MK .-. log„ MN^x+y. (§ 165; 
Therefore log. MN=^ log. M+ log. N. 

Rule. — In any system, the logarithm of a product is equal to the 
sum of the logarithms of its factors. 

Example 1. Given log 2=: .3010, and log 3 = .4771, find 
log 72- 



182 



ALGEBRA 



SoLUTioif : 1. log72 = log2 • 2 • 2 . 8 • 8. 
2. = log2 +log2 + log2 + log8 + logS, 

8. ••• log 72 a 8 log 2 + 2 log 8 = 3(.8010) + 2(.4771) 
s .9080 + .0542 =: 1.8672. 
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Given log 2 = .3010, log 3 = .4771, and log 7 = .8461. Find 
the following logarithms as in Example 1 ; check the solutions 
by finding the same logarithms in the table : 

1. log 21. 4. log 126. 7. log 324. 

2. log 42. 6. log 128. 8. log 378. 

3. log 36. 6. log 252. 9. log 168. 
10. Find by logarithms the value of 35.2 x 2.35 x 6.43. 



Solution : 1. Let v = 85.2 x 2.35 x 6.48. 
2. . •. log V = log 35.2 4- log 2.35 + log 6.43. 
8. .-. log« = 2.7258. 
4. .-. 17 = 531.87. (§168.) 



log35.2 = 1.5465 

log 2.35 = 0.3711 

log6.43 = 0.8082 

2.7258 



Find by logarithms the values of : 

11. 32.5x27.8. 14. 34.55x29.9. 17. 3.142x6039. 

12. 2.49x65.7. 16. 678.1x37. 18. 641.2x1.523. 

13. .289x365. 16. 1.732x580. 19. 43.65x865.25. 
20. Find by logarithms the value of .0631 X 7.208 x .61272. 

Solution : 1. logv = log .0681 + log 7.206 + log .51272. 

log .0631= 8.8000-10 
log 7.208= 0.8578 
log .51272 = 9.7009 ~ 10 

19.3677 - 20 = 9.8677 - 10 
(§168.) 



8. .Mogr = 9.8677 -10. 



KoTB. If the sum of the logarithms is a negative number, the result 
ahould be written so that the negative part of the characteristic is — 10. 
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Find by logarithms the values of: 

21. .0235x3.14 24. 84.75 x .00368. 

22. .5638 X. 0246. 26. .0273 x .00569 x .684. 

23. .7783x6.282 26. .2908 X .0305 x .0062L 



167. Logarithm of a Quotient. 

Assume that 
and 



"^^^l- then |«' = ^^^a^, 



Also, a*-»-a» = -af-»-^, op a*-» = -W -j- -WI 

.-. log. (M-h JV) = a? — y. 
Therefore, log. (JIf ^ N) = log. M- log. N: 

Rule. — Li any system, the logarithm of the quotient of two num- 
bers is equal to the logarithm of the dividend minus the logarithm 
of the divisor. 

Example 1. Given log 2 = .3010 and log 3 = .4771, find 
log|. 

Solution: 1. log J = log 8 -log 2 = .4771 - .8010 = .1761. 

Example 2. Find log |. 

2.2.2 



Solution : 1. log | = log • 



3.8 



2. =(log2 4-log2 + log2)-(log8 + log8). 

3. =8 (.3010)- 2 (.4771) = .9080 - .9642. 

4. .-. log 4 = 9.9488 -10. 



.0030 = 10.9030-10 
.9542 = .9642 

9.9488 - 10 



NoTB 1. To find the logarithm of a fraction, add the logarithms of the 
factors of the numerator, and from the result subtract the sum of the loga- 
rithms of the factors of the denominator. 

NoTB 2. To subtract a greater logarithm from a less, or to subtract a 
negative logarithm from a positive, increase the characteristic of the minuend 
by 10, writing— 10 after the mantissa to compensate. Thus, in this example, 
.9542 is greater than .9030 ; therefore, .9030 is written 10.9030 — 10, after which 
the subtraction is performed. 
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EXERCISE 93 
Given log 2 ». 3010, log 3 = .4771, and log 7 ». 8451, find; 

1, logf 8. logf B. logff. 7. logf 

2. logi^. 4. log J/. 6. log^. 8. logfi-. 

Find by logarithms the values of : 



9. 


255 -J- 48. 


12. 


630.6 -f- 402. 16. 2866 -*- 1.045. 


10. 


376-4-83. 


13. 


300.26-^3.14. 16. 7.836-J-23.76. 


11. 


299-!- 99. 


14. 


230.66-.- 1.06. 17. 9.462-1-86.64. 


18. 


3.14 X 25 




„ .0036x2.36. 



366 .0084 

23.6 X 1.05 23 287.6 x .096 

3786 ' * 3.1416 

„„ 2 4.75 X .0058 „. 26.6 X .738 x .0835 

1.41 265 X 432 

„, 16.08 X 256 -_ 1.405 x 207 x .00392 

21, • 25. -■■■ ■ ■ ■ • 

17 608 X .6354 

168. The Logarithm of a Power of a Numher. 

Assume that a* = M\ then x = log^ M. 

Also, (a*y = M^, or a^ = M^. .-. logM'=px. 
Therefore, log M^^p log. Jf. 

Rule. —In any system, the logarithm of any power of a number 
is equal to the logarithm of the number multiplied by the exponent 
indicating the power. 

Example 1. Given log 7 = .8451, find log 1\ 
Solution : log 7^ = 6 log 7 =s 6 X .8451 = 4.2256. 

Example 2. Find by logarithms 1.04". 
Solution : 1. log 1.04" = 10 log 1.04 = 10 x .0170 = .1700. 

2. The number whose logarithm is .1700 is 1.479. (§ 16.>) 

3. .-. 1.04W == 1.479. 
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EzAMFiJi 3. Find by logarithms y/SSS. 

SoLUTioir : 1. log v^66 slog 866i = } log 806. 

2. /. log ^365 = } X 2.6628 s a8541. 

8. The number whose logarithm k 0.8641 ]8 7.146L (§103) 

4. /. v^S65 = 7.146. 

When finding a cube root, the logarithm of the radicand is 
divided by 3 ; when finding a square root, the logarithm of the 
radicand is divided by 2. This suggests the 

Role. — In any system, the logarithm of a toot of a number is 
the logarithm of the radicand dhrided by the inder of the root 

Example 4. Find by logarithms \^.0369. 

Solution : 1. log VM^ ss^ } log .0659 s \ (S.6661 - 10). 

2. /. log y^MISzz \ (88.6661 - 40). (See note.) 

8. .% log v^.0369 = 9.6387 -10. 

4. The number whose logarithm is 9.6887 - 10 is .4353. (§ 162) 

6. .% \^C0369 = .4862. 

KoTB. To divide a negative logarithm, write It in such form that the 
negative part of the characteristic may be divided exactly by the divisor, and 
give — 10 as quotient. 

Thus 8J»61 - 10 is changed to 38.5661-40 since the divisor is 4. If the 
divisor were 3, it would be changed to 28J(551 — 30. 

EXERCISE 94 
Given log 2 = .3010, log 3 = .4771, and log 7 = .8461 ; find : 

1. log 3^ 3. log 7\ 6. log (21)i. 7. log v^. 

2. log2». 4. log27«. 6. log\/7. 8. log -v^U. 

Find by logarithms the values of the following: 
9. 236^. 13. 3.1416x18*. 17. V^^. 



10. 2.045«. 14. 7.795*. 18. V25 x 19.6 x 17.a 

11. -v/Og. 15. 12«. 19. ^x->/5. 

12. •v^9:863. 16. I X 3.1416 X5». 20. (||J^)». 
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21. The volume of a right circular Cylinder is given by the 
formula V^vB^H. 

Find the volume (by logarithms); 
(a) if jB== 10.6 and -Er= 26.6, 
(6) if jB=8.2and-Er=33.1. 

22. The volume of a sphere is given by the formula 7"= f ir-K*. 
Find the volume : 

(a) if 2?=:12; (6) if2? = 6.2. 

23. The interest on P dollars at r % for t years is given by 

the formula J=^. Find J: 
100 

(a) if P=$766, T=^6i and ^=8 6.6 years. 

(6) if P» $ 1250, r » 4.5, and e s 8 years and 3 months. 

24. The amount to which P dollars will accumulate at r% 
compound interest in n years is given by the formula. 



'-'(i+ife)' 



Find^: 



(a) ifP=$250,r=4, andn=slO. 
(6) ifP=$75,r = 3.5,andn=:15. 

26. A cylindrical cistern has for its diameter 6 feet Find 
the number of barrels of water this cistern has in it when the 
water is 9 feet deep. (One cubic foot of water is about 7^ 
gallons ; one barrel contains 31^ gallons.) 

Historical Kotx. Logarithms were introdaced by John Kapler (15B0- 
1617), a Scotch gentleman who studied mathematics and science as a pastime. 
The Napier logarithms were not the common logarithms. Briggs (1066-1631) , 
an English mathematician, computed the first table of Common Logarithms. 



XVI. PROGRESSIONS 

ARITHMETIO FBOGRESSIOK 

169. An Arithmetic Progression (A. P.) is a sequence of 
numbers, called termSf each of which after the first is derived 
from the preceding by adding to it a fixed number, called the 
Common Difference. 

Thus, 1, 3, 6, 7, ••• is an A. P. Each term is derived from the preced- 
ing by adding 2. The next two terms are 9 and 11. 2 is the common 
difference. 

Again, 0, 6, 3, ••• is an A. P. The common difference is — 3. The 
next two terms are and — 3. 

Note. The common difference may be found by subtracting any term 
from the one f oUowing it. 

EXERCISE 96 

Determine which of the following are arithmetic progres- 
sions; determine the common difference and the next two 
terms of the arithmetic progressions : 

1. 4, 7, 10, 13, •••. 6. 5 m, 7.5 m, 10 to, •••• 

2. 1, 3, 7, 9, 15, —. 7. 4|?, 1.5j5, — j), •••. 

3. 10, 7, 4, 1, .... 8. 1.06, 1.12, 1.18, .... 

4. 25, 20, 15, 10, .... 9. a + 6, a + 26, a + 36, .... 
6. 2^, 3i, 4, 4f, .... 10. 6r+6s,6r+4s,7r+2^.... 
Write the first five terms of the A. P. in which : 



the first term is 

the common difference is 


11 


12 


18 


14 


1ft 


16 
6 


25 
-8 


7.5 
3.6 


X 

-4 


a 
d 
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170. The nth Term of an Arithmetic ProgteMion. It is possi- 
ble to determine a paxticular term of an arithmetic progression 
without finding all of the preceding terms. 

Given the first term a, the difference d, and the number of 
the term n, of an arithmetic progression^ find the nth term Z, 

The progression is a, a+d, a + 2df a + 3d, •••• The coeffi- 
cient of d in each term is 1 less than the number of the term. 
Thus, the 10th term would be a + 9d. Therefore the coefiQ.- 
cient of d in the nth term must be (n — 1). 

.-. /=sa+(n-i)d 

ExAHPLB. Find the 10th term of 8, B, 2, •••• 

Solution: 1. as=8; d=— 8; n = 10; 1 = f 

2. I = a+(n-l)<l. .•.l = 8+(10-l)(-8) = 8-27«-10l 

EXERCISE 96 
Find: 

1. The 12th term of 3, 9, 15, ••• ; also the 20th. 

2. The 15th term of 16, 12, 8, ••• ; also the 25th. 

3. The 13th term of -- 7, — 12, — 17, ... ; also the 3l8t. 

4. The 16th term of 2, 2^, 3, — ; also the 51st. 

6. The 11th term of 1.05, 1.10, 1.15, ... ; also the 26th. 

6. What term of the progression 5, 8, 11, ••. is 86 ? 
SoLUTiov : 1. a=:6;ds:S;{ = 86; find n. 

2. Z = a+(fi-l)<J. .•.86 = 6+(n-l)8. 

8. Solving for n, n = 28. .*. 86 is the 28th term. 

7. What term of the progression 8, 5, 2, ••• is — 70? 

8. What term of the progression ^, {, |, ... is 20^? 

9. What term of the progression —75, —67, —59, •.. is 
197? 

10. What term of the progression 1, 1.05, 1.10, ... is 2 ? 
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11. If the first term of an A. P. is 15^ and the 11th term is 
35, what is the common difference ? 

Hint: 86 = 16 + (U - l)d. 

Find the common difference: 

12. If the first term is 5 and the 22d term is 173. 

13. If the first term is — 20 and the 33d term is — 4 

14. If the first term is 325 and the 31st term is 25. 

16. Find the 10th term of the arithmetic progression whose 
first term is 7 and whose 16th term is 97, 

16. A man is paying for a lot on the installment plan. 
His payments the first three months are $10.00, $10.05, and 
$10.10. What will his 20th and 25th payments be ? 

171. The terms of an arithmetic progression between any 
two other terms are called the Arithmetic Means of those two 
terms. 

Thus, the three arithmetic means of 2 and 14 are 6, 8, 11, since 2, 6, 
8, 11, 14 form an arithmetic progression. 

A single arithmetic mean of two numbers is particularly im- 
portant. It is called The Arithmetic Mean of the numbers. 

When two numbers are gi^n, any specified number of 
arithmetic means may be inserted between them. 

f 

Example. Insert five arithmetic means between 13 and 
-11. 

Solution : 1. There results an arithmetic progression of 7 terms, in 
Vflucha = 13, Z=— 11, andn = 7. Find d. 

2. f = a4-(»-l)d. .•.-ll = 13 + 6(?,or(f=-4. 

8. The progression is : 13, 9, 6, 1, - 3, — 7, — 11. 

Chbok s There is an A. P. with five terms between 13 and — 11. 
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EXERCISE 97 

1. Insert three arithmetic means between 3 and 19. 

2. Insert four arithmetic means between — 10 and 20. 

3. Insert nine arithmetic means between 3 and 28. 

4. Insert five arithmetic means between ^ and 5. 

6. Insert five arithmetic means between — f and —6. 

6. Find the arithmetic mean of 7 and 15. 

7. Find the arithmetic mean of V2 and Vl8. 

8. Find the arithmetic mean of a + 7 and a — ?• 

9. Find the arithmetic mean of a and b. From the result, 
make a rule for finding the arithmetic mean of any two 
numbers. 

NoTB. The arithmetic mean of two numbers Is commonly called their 
average. 

10. Find the common difference if two arithmetic means are 
inserted between r and 8. 

11. Find the common difference if k arithmetic means are 
inserted between m and p, 

172. The Sum of the First n Terms of an Arithmetic Pro- 
gression. 

Given the first term a, the nth term I, and the number of 
terms n; find the sum of the t«rms S. 

Solution: 1. i8'=a+ («+<?) + (a+2 d) +... +(Z-2(?) + (Z-(f)+^ (1) 

2. Writing the terms in reverse order, 

^=2+(2-d) + (Z-2d)+...+(a + 2d) + (a + d)+a. (2) 

8. Adding the equations (1) and (2), term for term, 

2/9 = (a+0 + (a+0 + («+0+-+(«+0 + («+0+(«+0. (3) 
4. There were n terms in the right member of (1) ; from each, there 
results a sum (a + in (3). 

.-. 25 = n(a + Z), or S = |(a + /)- (4) 
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£. In § 288, • as a +(n — 1)(2 ; substituting this value of I in (4), 

8=z^{a+(a + (^n'' l)d)}, or S = ?{2 a + (h - l)d}, (6) 

Example 1. Find the sum of the first 15 terms of the 
arithmetic progression, of which the first term is 5 and the 
15th term is 45. 

Solution : 1. a = 6 ; Z = 45 ; n = 16. 

2. iS' = 2(a + Z). .•./9 = J^(6 + 45)=16.26 = 876. 
2 

Example 2. Find the sum of the first 12 terms of the pro* 
gression 8, 5, 2, •••• 

Solution : 1. a =s 8 ; d =— 3 ; n = 12. 

2. iS'=5(2a+(n-l)(?}. /. /S' = 6{16 + 11- (-8)}=6{16-88}. 
2 

.-. i8^=:6(-17) = -102. 

EXERCISE 98 
Find the sum of: 

1. 12 terms of 3, 9, 15, .... 

2. 15 terms of — 7, —12, — 17, .... 

3. 16 terms of - 69, - 62, -55, .... 

4. 10 terms of $1.06, $1.12, $1.18, .... 

Find the sum of the terms of an arithmetic progression if: 
6. The number is 12, the first is 5, and the last is 50. 

6. The number is 31, the first is 40, and the last is 0. 

7. The number is 18, the first is — 18, and the last is 22. 

8. The number is 8, the first is — f , and the last is -^ 

9. Find the sum of the numbers 1, 2, 3, •.., 100. 

10. Find the sum of the even numbers from 2 to 100. 

11. Find the sum of the odd numbers from 1 to 99. 
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12. Find the Bum of all even iotegersi begimiing inAi 2 and 
ending with 250. 

13. If a boy earns $360 during his first year of work, and 
is given an increase of $ 50 per year for each succeeding year, 
what is his salary during his 10th year, and how nnich has he 
earned altogether during the 10 years ? 

14. If at the beginning of each of 10 years a man invests 
$100 at 6% simple interest, to what does the principal and 
interest amount at the end of the 10th year ? 

16. How many poles will there be in a pile of telegraph 
poles if there are 25 in the first layer, 24 in the second, etc., 
and 1 in the last ? 

16. A man has a debt of $3000, upon which he is paying 
6fo interest. At the end of each year he plans to pay $300 
and the interest on the debt which has accrued during the 
year. How much interest will he have paid when he has 
freed himself of the debt ? 

17. A man is paying for a $300 piano at the rate of $10 
per month with interest at 6%. Each month he pays the total 
interest which has accrued on that month^s payment How much 
money, including principal and interest, will he have paid 
when he has freed himself from the debt ? 

18. It has been learned that, if a marble, placed in a groove 
on an inclined plane, passes over a distance D in one second, 
then in the second second it will pass over the distance 3 Z), in 
the third, over the distance 5 D, etc. Over what distance will 
it pass in the 10th second ? in the ^th second. 

19. Through what total distance does it pass in S Beconds ? 
in 10 seconds ? int seconds ? 
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Ml Experiment has shown that aa object will tah diiring 
successive seconds the following distanees : 

1st second, 16.08 ft. ; 3d second, 80.40 ft. ; 

2d second, 48.24 ft. ; 4th second, 112.56 ft. 

Find the distance through which the object will fall during 
the 7th second ; the rth second. 

21. Find the total distance through which the object falls in 
5 seconds ; in t seconds. 

22. Substitute g for 32.16 in the final result of Example 21 
and simplify the result. 

173. In an arithmetic progression, there are five elements, 
a, d, I, 91, S. Two VMkpendent formulsB connect these ele- 
ments, the f (xrmula for the sum and the formula for the term I, 
Hence if any three of the elements are known, the other two 
may be found. 

NoTB. Remembeff tkat the fonnala lor the sum is given in two ways. 

Example 1. Given a = — |, ns20, 5^ = — |; find d and L 
Solution: 1. S=^^(^a +1). .-. ~| = lo/-|+Z^ ; whenceZ=|. 
2. Z = a + (n - l)<f. .-. } =s- i +(19) • d; whence d = J^ 

Example 2. Given a = 7, (f = 4, /S=5403; find n and?. 

Solution :1. 5 = -{2a-f-(»- 1)<?}. .-. 403 = ^{U + (n - 1) • 4}. 
2 2 

5L .-. 8(» = fi{4n + 10}j 4»2+l»fi-806 = 0; 2ii? + 5n-408 = 0. 



4 4 4 4 

Since n is the number of terms, n must be 13. 
3, J=cH.(»-l)A .•.1 = 7 + 12.4=66. 

Note. A negative or a fractional value of n is inapplicable, and must be 
rejected together with aU other values depending upon it. 
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Example 3. The sixth term of an arithmetic progression 
is 10 and the 16th term is 40. Find the 10th term. 

SOLUTI027 : 1. By the formula I zsa+{n-^ l)d i 
a + 6d=10. 
a+16d=40. 

2. Solving the system of equations in step 1, d = 3 and a = -^ & 

3. The 10th term : Z=— 5 + 9-3 =. 5 +27 = 22. 

EXERCISE 99 

1. Given d = 5, Z=71, n = 15; find a and S^. 

2. Given a = — 9, n = 23, Z=57; find d and S^. 

3. Given a = J, 1 = ^-, xS = ^^^] find d and n. 

4. Given a =|, Z= — 3^, d = — ^; find n and 5^. 
6. Given d = ^, » = 17, /S =s 17 ; find a and l. 

6. Given a = |, n = 15, /S=:A^; find d and Z. 

7. Given a = — f, l — -^^, aS = -91; find d and w. 

8. Given a = J25., d = — |, /S^=:i|^; find » and t 

9. Given a, ?, and n ; derive a formula for d. 

10. Given a, d, and ?; derive a formula for n, 

11. Given a, n, and /S ; derive a formula for I, 

12. Given d, n, and S ; derive a formula for a. 

13. Given d, I, and n ; derive formulae for a and S. 

14. The 8th term of an arithmetic progression is 10, and the 
14th term is — 14. Find the 23d term. 

15. The 7th term of an arithmetic progression is — |, the 
16th term is -J, and the last term is ■^-. Find the number of terms. 

16. The sum of the 2d and 6th terms of an arithmetic pro- 
gression is — f , and the sum of the 5th and 9th terms is — 10. 
Find the first term. 

17. Find four numbers in arithmetic progression such that 
the sum of the first two shall be 12, and the sum of the last 
two - 20. 



PROGRESSIONS 195 

18. Find five numbers in arithmetic progression such that 
the sum of the second, third, and fifth shall be 10, and the 
product of the first and fourth — 36. 

19. Find three numbers in arithmetic progression such that 
the sum of their squares is 347, and one half the third number 
exceeds the sum of the first and second by 4^. 

20. Find three integers in arithmetic progression such that 
their sum shall be 12, and their product — 260. 

GEOBIETRIO FBOGBESSION 

174. A Geometric Progression (G. P.) is a sequence of num- 
bers, called terms, each of which, after the first, is derived by 
multiplying the preceding term by a fixed number called the 
Ratio. 

Thus, 2, 6, 18, 64, ••• is a geometric progreBsion.. Each term is ob- 
tained by multiplying the preceding term by 8. The ratio is S. 

Again, 16, - 6, + t« — {« ••• is a G. P. The ratio is — f The next 
two terms are + A and — ^. 

Note. The ratio may be found by diylding any term by the one preced- 
ing it. 

EXERCISE 100 

Determine which of the following are geometric progres- 
sions ; determine the ratio and also the next two terms of the 
geometric progressions : 

1. 4, 8, 16, 32, .... 6. Sx,6o^, 12aj», ... 

2. 200, 60, 25, 10, .... 7. 2, -4, ~ 8, 16, - 32, 



8. (l+r),(H-r)», (l+r)«,. 
4. -2, -H6, -18, -H64, .... ^- ^^ -»' — s' •- 



3. 81,27,9, 



^_ 5m 5m -^ 10 2 2 
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Write the first five terms of the G. P. in whicih: 





11 


IS 


It 


14 


u 


The first term is : 
The ftttio is : 


-5 
-2 


loe 
i 


2 




a 

r 



175. The nth Term ef a Geometric Progreesion. It is possible 
to determine a particular term of a geometric progression 
without finding all of the preceding terms. 

Given the first term «, the ratio r, and the number of terms 
w, of a geometric progression, determine the nth term I 

The progression is a, ar, ar^, ar^^ •••. 

The exponent of r in each term is 1 less than the number of 
the term. Hence the 10th term would be ai*. Therefore the 
exponent of r in the nth term must be (» — 1). 

Example. What is the 7th term of 9, 3, 1, ... ? 
Soi^UTiOK :1. a = 9;r = J;n = 7;/=? 

\ZI 3» 3* 81 
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1. Find the 6th term of 1, 3, 9, .-s 

2. Find the 7th term of 6, 4, |, .... 

3. Eind the 5th term of — 2, 10, — 60, •••. 

4. Find the 9th term of 3, f, |, ... 

6. Find the 10th term of — f, + 5, - 10^ ••u 

6. Find the 8th term of ^^ ^, ^, .... 
6l lo o 

7- Indicate the 11th term of 1, (1 + r), (1 + r)«, ..^ 
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8. Indicate the 15th. term of 1, i, \, ^, •••*, also the A:th 
term. 

9. Indicate the 13th term of m, ^, ^', ^, ... ; also the 
(n + l)th term. 

10. What term of the progression 3, 6, 12, 24, .- is 384 ? 

11. What term of the progression 5, 10, 20, — is 160 ? 

12. What term of the progression 18, 6, 2, ... is ^? 

13. If the first term of a geometric progression is 5, and 
the 6th term is -^y, what is the ratio? 

Find the ratio of the geometric progression if: 

14. The first term is y^^ and the 5thL term is |« 

15. The first term is |, and the 7th term 24. 

176. The terms of a geometric progression between any two 
other terms are called the Geometric Means of those two terms. 

Thus, the three geometric means of 2 and 162 are 6, 18, and 54, since 
2, 6, 18, 54, 162, form a geometric progression. 

A single geometric mean of two numbers is particularly 
important. It is called The Geometric Mean of the numbers. 

When two numbers are given, any specified number of geo- 
metric means may be inserted between them. 

Example. Insert three geometric means between 9 and ^. 

Solution : 1. There results a geometric progression of 6 terms, in 
which a = 9, i = ^^, and n = 5. Find r. 

8. The progression is : 9, 6, 4, }, ^ or 9, — 6, 4, - J, ^. 
Check : There is a G. P. with three terms between 9 and -^. 
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EXERCISE 102 

1. Insert 4 geometric means between 3 and 729. 

2. Insert 5 geometric means between 2 and 128. 
8. Insert 2 geometric means between ^ and S. 
4. Find the geometric mean of 8 and 32. 

6. Find the geometric mean of 3 t and -r^—* 

e. Find the geometric mean between 2 x and 8 of* 

7. Find the geometric mean between — and — • 

X m 

8. Find the geometric mean between a and b. 

9. Insert 3 geometric means between 3 and 12. 
10. Insert 2 geometric means between a and b. 

177. The Sum of the First n Terms of a Geometric Progression. 

Given the first term a, the ratio r, and the number of terms 
n, of a geometric progression, find the sum of the terms JS, 
Solution : 1. S ^ a + ar -\- ar^ + -• + ar^'^ + ar^'K (1) 

2. Multiplying both members of (1) by r, 

rS=zar-\-at^ + ar^ -\- ••• + ar^-^ -h ar^. (2) 

3. Subtracting equation (2) from equation (1), 

S—rS^a- ar\ or 8{\ — r)^a^ at** (8) 

4. ... S = ^^. (4) 
6. Since { = ar»-\ then rl = ar*. Substituting rl for ar^ in equation 

Example. Find the sum of the first 6 terms of 2, 6, 18 •••. 
Solution: 1. a = 2, r = 3, n = 6. Find S. 
« a_ a-ar^ . o_ 2 - 2 ■ 8» _ 2~ 1458 _ - 1466 _ -gp 
1-8*' 1-8 -2 -2~ 
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EXERCISE 103 
Find the sum of the first : 

1. Eight terms of the progression 6, 10, 20, —. 

2. Six terms of the progression 24, 12, 6, •••. 

3. Seven terms of the progression 5, — 15, + 46, —,> 

4. Seven terras of the progression -j^, — ^, J, •••. 
6. Five terms of the progression —2, 10, —50, •••. 

6. Fifteen terms of the progression 3 m, 3 m\ 3 m*, •••. 

7. Ten terms of the progression 1, m*, m\ m\ •••. 

8. Find the sum of 15 terms of 1, (1 4- r), (1 + r)*, .... 

9. Find the sum of the first 10 powers of 2. 

10. Find the sum of the first 10 powers of 3. 

11. Each year a man saves half as much again as he saved 
the preceding year. If he saved $ 128 the first year, to what 
sum will his savings amount at the end of seven years ? 

12. Find the sum of the terms from the 11th to the 15th 
inclusive in the progression -^^^ \j i> •••• 

13. A father agrees to give his son 5 ^ on his fifth birthday, 
10^ on his sixth, and each year up to the 21st inclusive to 
double the gift of the preceding year. How much will he 
have given him altogether after his 21st birthday ? 

178. Infinite Geometric Prog^ression. By an infinite geo- 
metric progression is meant one the number of whose terms 
increases indefinitely. If the ratio is greater than one, the 
terms become larger and larger. For example, the progression 
3, 6, 12, 24, •••. If S^ represents the sum of the first n terms 
of a progression, then, when r is greater than 1, S^ increases in- 
definitely as n increases indefinitely. 

Thus, in the progression 3, 6, 12, —, as n increases indefinitely, 
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S^ increases indefinitely. Hence the sum of an infinite num- 
ber of terms of the progression must be an indefinitely large 
number. 

When the numerical value of the ratio is less than 1^ the 
progression has special interest 

Example 1. Consider the progression 5, |, 1^ •••• 

Solution : 1. The ratio r is J. 

2. 



When 
nis: 


is: 


c a — rl 
is: 


4 


5a)« = iV 


1-i ■ 1-t 


10 


Kiy=TThj 


5 i-T7tTTt = 5 ,4„ 
1-i 1-i 



3. Clearly, as n increases, I decreases ; also the term rl of Sn decreases. 
If n increases indefinitely, I will become approximately zero, the term rl 
will become approximately zero, and Sn will become approximately 

6 ^5^15 

Consider now any geometric progression in which r is less 
than 1 in absolute value (§ 21). The sum of the first n terms 



is: 



>».= 



a — ar^ 



l~r 



Now as n increases indefinitely, r» decreases indefinitely, 
becoming approximately zero. Hence the terra a • r" becomes 
approximately zero, a, apd 1 — r remain the same. . 

.-. Sn becomes approximately "" or • 

Hence, the sum of an infinite number of terms of a geo- 
metric progression in which r is numerically less than 1, is 

given by the formula S = • 

1 — r 
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Example. Find the sum to infinity of the progression 

Solution : 1. a = 4 ; r = — j. 

2. Since r is numerically less than I, S= --^ — • 

EXERCISE 104 
Find the sums to infinity of: 

2 4 

2. l,i,i,.... ^ ^ 

3. 16, 4, 1, .... ^* "^ W' 100' ••" 

5. 1, .1, .01, ^1, .-.. 10. I, -.^, +^, .•.. 

11. Find the value of the repeating decimal .8181 .... 
Solution: 1. .8181 ... = jVjy + ^^ft^ + etc. .... 

2. This is a G. P. in which a = ^^ ; r = j^j. The value of the 
decimal if an infinite number of decimal places is considered is given by 
the formula 

i8^=^-£-j; (§296). 

. ff^ 1^ ^81 V 100^81^ 9 
1-^ 100 99 99 11 

Find the values of the following repeating decimals : 

12. .3333.... 14. .5333.... 16. .212121.... 

13. .7777—. 16. .6444—. 17. .151516—. 



XVn. THE BINOMIAL THEOREM 

179. The Binomial Theorem is a formula for determlDing by 
inspection the expansion of any power of a binomiaLi 

By actual multiplication : 

(a'\-xy^a*'\'2aX'\^Qf. (1) 

(a + a?)» = a^+3a*i»+3aa? + a?. (2) 

(a + a?)* = a* + 4a*aj + 6aV + 4aaj»+aJ*, (3) 

Rule.— To expand any power of a Unomlal, like (a + x)*: 

1. The exponent of a in the lirat term is n and decreases by 1 in 
each succeedins^ term until it becomes 1. The last term does not 
contain a. 

8. The first term does not contain x. The exponent of x in the 
second term is 1 and increases by 1 in each succeeding term until it 
is n in tlie last term. 

8. The coefficient of tlie first term is 1 ; of the second is n. 

4. If tlie coefficient of any term be multiplied by the exponent of 
a in tliat term, and the product be divided by the number of the 
term, the quotient is tlie coeflklent of tlie next term. 

NoTB 1. The number of terms is n + 1* 

Note 2. The coefficients of terms "equidistant from the ends ** are the 
same ; for example, the second and the next to the last. 

Example 1. Expand (a + x)K 

Solution : 1. The exponents of a are 6, 4, 8, 2, 1. The exponents of 
x^ starting with 1 in the second term, are 1, 2, 8, 4, and 6. Writing the 
terms without the coefficients gives : 

2. The coefficient of the first term is 1, and of the second term Is 6 
(Rule 3). Multiplying 6, the coefficient of the second term, by 4, the 

202 



THE BINOMIAL THEOREM 203 

ezponeDt of a in the second term, and dividing by 2, the number of the 
term, gives 10, the coefficient of the third term ; and so on. 
Filling in the coefficients in this manner gives : 

(a + «)» = a» + 6a*x + 10a«x« + 10 a^x" + 5 oie* + x». 
Example 2. Expand /'2-^V 
Solution : 1. In this example, a is 2 and a; is [ ~ ^ ] • 

+ 15.2«.(-|)V6.2.(-|)%(-|y 

3. =64 -6. 82.^+15.16.2!!- 20. 8.— +16.4.^ 

3 9 27 81 

248 729 

4. =64-64m+-m«- — m«+-m4--m« + — . 

NoTB 1. When the second term of the binomial is negative, the terms of 
the expansion are alternately positive and negative. 

NoTB 2. When the terms of the binomial are complicated monomials, 
place each in parentheses, and afterwards simplify as in steps 3 and 4. 

EXERCISE 105 
Expand the following: 

1. (x + y)\ 6. (a«-.6«)*. 11. (a-^)'. 

2. (m-.«)». 7. (2a + iy. 12. (i + xy. 

3. (c + 1)*. 8. (a-3b)\ 13. (2m«-l)«. 

4. (r-'2y. 9. (l + x^\ 14. (a^ + h^\ 
6. (m + ny. 10. (l-a?)». 16. (3 + a:^». 

Find the first three terms of: 

16. (a-3)«. 18. (a-|y« 20. (aj«4-3,t/»)» 

17. (rn? + 2n)^. 19. (o^-^hY. 21. (m--4n'5^. 
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23. C--aT- «C. (a-^ + O*- ^7. '(V2-V3)« 

28. Write the first 4 terms of (a -ha)". 

180. The rtft •t Gcoftcil Tarm oi (a + x)". Following the 
rules of § 297, 



(a + a?)* = a» + « • a«-^a? + ^^^J=_l} . a-- V 

1 • ^ 



n(n^l)(.-2)^.^^ 

1.2.3 u ^ -r . 

Note the fourth term. The exponent of a? is 1 less than the 
number of the term ; the exponent of a is n minus the expo- 
nent of a;; the last' factor of the denominator equals the expo- 
nent of 0? ; in the numerator there are as many factors as there 
are factors in the denominator. Hence, 

Sale. — la tbe rtk tem of (a + ')" : 

1. The exponent of X is r-1. 

2. The exponent of a is n — the exponent of x, i.e., n — r + 1. 

8. The denominator of the coefficient is 1 .2*8 •.. (r— l), the 
last factor being the same as the exponent of x 

4. The nnmerator of the eoefficiait is n(n — 1) -.• etc., imtil there 
are as many factors as in the denominator. 

.-.Thertbtermis "^^ 7 ^l Z (r -I i^)^ ^^ ' °""^' ' ^'' 

Example. Find the 8th term of (3 a* — b)^. 

2. Solution : 1. (8 a* - 6)ii = {(3 a*) + (- b)}^K 

In the 8th term, the exponent of (— &) will be 7 (Bole 1); tbo ex.- 
poiKut of (3 o^) will be 11 — 7, or 4 ; the last factor of the denominator 
will be 7, and there will be 7 factors in the numerator starting with 
11 . 10, etc. 
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3 

8. .-. The 8th term is ^I'f'^'f'J'f'/ ' (8 a*)*(-.&)^ 

or 330(81 a2) ( _ 57) - _ 26730 a^ftT. 

NoTB. If the second term of the binomial is negative, it should be in- 
closed, sign and all, in parentheses, before applying the rules. Also, if either 
cerm has an exponent or coefficient other than 1, the term should be inclosed 
in parentheses before applying the rules. 

EXERCISE 106 

Find the : 

1. 4tli term of (a + xy. 8. 5tli term of (2 a^ - 3)^^. 

2. 9th term of (m — nyK 9. 6th term of {aT^y'^y^. 

3. 5th term of (gr + 2)^ 



10. 7th term 



«*(?-;• 



4. 10th term of (g - a^y^ 

5. Sthtermof K-n«)- ^^ 4th term of f^-^T. 

6. ethtermof (a^H- 3 ar^/l V2/ ^J 

7. 7thtermof (c-J)« 12. 8th term of (oj-^ - 2 t/iy^. 

181. The Binomial Formula has not been proved in this 
chapter; it has been written down from observation of the 
results in certain special cases. The formula has been ap- 
plied only for positive integral values of n. 

The proof of the formula for positive integral exponents will 
be found in § 219. 

In more advanced courses in mathematics, the formula is 
proved to be correct (with certain limitations) not only far 
positive integral values of n but also for negative and frac- 
tional values. 

Historical Note. The binomial theorem was formulated by Newton. 



XVm. RATIO, PROPORTION, AND VARIATION 

182. The Ratio of one number to another is the quotient of 
the first divided by the second. 

Thus, the ratio of a to & is ~; it is also written a : h. The 

o 

numerator is called the Antecedent and the denominator is 

called the Consequent 

All ratios are fractions and are subject to the usual rules for 

operations with fractions. 

183. The ratio of two concrete quantities may be found if 
they are of the same kind and are measured in terms of the 
same unit. 

Thns, the ratio of 8 lb. to 2 lb. is | ; and the ratio of 8501b. to 2 tons la 
^ftftfir or f^, 

EXERCISE 107 
Express the following ratios and simplify them: 

1. 3 to 9. 3. 5 a? to 2 a?. 5. | to ^. 7. 25 to 375. 

2. 12 to 2. 4. eaHol5a\ 6. tV to J. 8. a«-^toa«-6». 

9. A line 15 inches long is divided into two parts which 
have the ratio 2 : 3. Find the parts. 
Solution: 1. Let » = the short part 
2. Then 15 — a; = the long part. 

«• •^- idrA 

Complete the solution. 

10. Divide a line 63 inches long into two parts whose ratio 

is 3: 4. 
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11. Divide 36 into two piorts «ucli that the rttio of the 
greater diminished hy 4 to the less increased by 3 shall be 3 : 2. 

12. The ratio of the height of atnee to the length of its shadow 
on the ground is 17 : 20. Find the height of the tree if the 
length of the shadow is 110 feet. 

13. Divide 99 into three parts which are as 2 : 8 : 4. 
Hint : Let the parts be 2 a;, 3 x, and 4 x. 

14. Divide a farm oonsislnxig of 720 aores into parts which 
are as 3 : 5. 

15. Divide $1000 into 3 parts which are as 5 : 3 : 2. 

184. A Proportion is a statement that two ratios are equal. 
The statement that the ratio oi a to 5 is equal to the ratio of 
c to d is written either 

a c X J 

— = — , ora:^ = e:u. 
b d 

This proportion is read " a is to 6 as c is to d^' 

Thus 3, 0, 6 and 16 form a proportioia sinoe { = ^ 

HisTOBicAL Note. Leibnitz, 1649-1716, was instrumental in estab- 
lishing the use of tiie form mib = c:d» 

185. The first and fourth terms of a proportion are called 
the Esctremes^ and the second and third the Means. 

In the proportion a:h = cidy a and d are the extremes, and. 
b and c are the means ; a and c are the antecedents, and b and 
d are the consequents. 

EXERCISE 108 

Find the value of the literal number in the first six of the 
following exercises and of x in the remaining ones : 

^- -3" = 2 



. X 5 

' 3 27* 


16 5 


a. 2=A. 

« 10 


.93 
*• 24-i" 
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7. 


a X 
b c 


8. 


a X 
2b 3c 



9. 


8X 


r 

ss — • 

t 


10. 


m 


— J? 



11. 


a^-x 


a 


X 


T 


12. 


a 


_n 


*Mt» 


a— m 


X 



np nx 

186. A Mean Proportioiial between two numbers a and b is 
the number x in the proportion a:x=s x:b. 

A mean proportional between 2 and 3 is a; in : - = ^- 

X o 

.\3fis:6; x=±VQ. 

Thus, there are two mean proportionals between any numbers. Generw 
ally the positive one is osed. 

187. The Third Proportional to two numbers a and b is the 
number x in the proportion aib^^bix, 

o o 

Thus, the third proportional to 2 and 3 is x in ; ^ = -; 

3 X 
.*. 2 X = and x = 4.5. 

188. The Fourth Proportional to three numbers a, &, and c is 

the number x in the proportion a:b=scix. 

Thus, the fourth proportional to 2, 8, and 4 is the number « In : | = - 

3 XI 
/. 2 X = 12 and a; s= 6. 

KoTB. The nambers mast be placed in the proportion in the order in which 
they are given, as in the illustrative examples. 



EXERCISE 109 
Find the fourth proportional to: 

1. 2, 5, and 4. 4. 35, 20, and 14 

2. 5, 4, and 2. 5. 6 a, 2 b, and c. 
8. 7, 3, and 14. 6. x, y^ and xy. 

Find the mean proportionals between : 

7. 18 and 50. 9. 2 a and a. 

8. 2|andf 10. 12 m^ and 3 mn*. 
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11. --—and — ■ — -— — . 12. a' — w^and — ■ — ^^^ « 

a+4 a + 2 ^ x-^-y 

13-16. Find the third proportional to the numbers in ex- 
amples 7, 8, 9, and 10. 

17. rind the third proportional to a* — 9 and a — 3. 

18. Find the third proportional to 10 x and 3 y. 
Id. Find the fourth proportional to : 

2x^ — 2y* a^~y^ , ax ^ by -{- ay ^ bx 
a + b ' a^^b'' ^^ a^ + xy+f 
20. Find the mean proportionals between : 

ax — ay —bx + by , a^ — t^ 

— -s— ; — s — and 7 f-5. 

si^ + xy + y (a — 6/ 

PROPERTIES OP PROPORTIONS 

189. In a proportion, the product of the means is equal to the 
product of the extremes. 

This property of a proportion is proved as follows : 

If ? — : ^ J then ad = be, by clearing of fractions. 
b a 

Example. Since j = f , 2 . 9 should equal 8 • 6. Does it ? 

190. If the product of two numbers is equal to the product of 
two other numbers, one pair may be made the means and the other 
the extremes of a proportion, 

li mn =z xy, then ^ = 2^. 

X n 

Prove this by dividing both members of the given equation 

by nx. 

Prove that the following proportions also are true : 

(a) ^ = 5 (divide by «2,). (6)5 = ^- («) ^= J' 

y n my x m 

Example 1. Since 3 . 8 = 6 . 4, f should equal f . Does it ? 
Example 2. Write three other proportions which should be true ac- 
cording to the property given in this paragraph. 
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UL In (my p^portion, the tenm are inproporHon In^ Alter- 
nstiim; that is, the Jb'st term is to the third as the second is to the 
fourths 

K- = -, prove - = -• 

Suggestion. Use f 189 and then divide botii memBexB of the eqoation 
by cd. 

Example. Since } = i^, tbon | ahonld equal ^, Dmm it ? 

192. In am.f proportion, the terms are in proportion by Inver- 
sion; thaJt is, the second term is to thejirst as the fourth is to the 
third. 

^£ a c ^,^„^ h d 

o d a c 

Suggestion. Uae $> 189, and then divida bath membws of the equation 
by dc. 

Exunra. Since f = A, then j shocQd equal ^. Poea it f 



193. In anp pjpoportion, the terms are in proportion by i 
aition ; that is, the sum cf the first two terms is to the second oa 
the sum of the last two terms is to the fourth. 

If - = -, prove -j-=^- 

SuGQBanoN. Add 1 to both membeis of the gluten A<|nii±iftn, 

EzAMPLB. Since |=:i-, thenl±^slioiiidaqpiaI^-!^. Boeait? 
6 12' 6 ^ 12 

194. In any proportion, the terms are in proportion, by Difi- 
sion ; that is, the difference of the first two terms is to the second, 
as tJie difference of the last two is to the fourth. 

rt a c ^„^„« a — & c — d 

If -=-, prove -T-=-dr* 

Suggestion. Sabtract 1 ^rom both membeia oi the aqaatfoxL 

XxAXFLB. ffinee^=M,tiiettH|1^8hoaldeqnal^^^^ Itbeaitf 
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Its. In mvypropatfumj the tertM are in propartwn liy Caaqx)- 
•itimi «ai DMiioa; tftot ie, ibe mini €f the fsn/t two ienrm 4m to 
their difference as the sum of the kut two terms is to ikeir 
differenoe. 

TO a c €c4-&c4-cl 

b 4 « — 6 c— d 

Paoor. L Since ? = 4i <ih«tt ^^^^'^ = ^-^- (Composition) 

Off 6 a 

2. Since ? = ^, then ^LJl-5 = «^ . (Division) 

a b d 

3. Divide the members of the equation in step 1 bf those of tbe equa' 
donin8tep2, g + b a-b ^c + d e-d 

b b d d 

a — 6 c — o 

Example. Since ^ = ^, then, i^JL? should equal i5-±| • Does it ? 
2 8 10-2 16 -S 

196. /n a series of equal ratios^ the sum of the antecedents is to 
'Hie sum of the consequents cm any antecedent is to its consequent 

h d f ^^ 2,+^+/+ etc. h 

Pboov. 1. Let V s the eammon value of the equal ratios f , «f « ^, eto« 

d J 

2. Then since ? = v, a = &v. 

h 

£ = r, c = dv. 
d 

J = «. «=^. 

8. Then (a + c + «)= ^ + *?+/« = «(& +d+f). 

HisTOBioAL Note. All of these properties of a proportion were known 
V) Euclid, 300 b.c. 



212 ALGEBRA 

197. There are several other properties of a proportion 
which follow directly from properties of an equation or of a 
fraction. 

(a) If - = - then — = — • Raise both membeis to the third 

6 d' ft« d* power. 

(b's If ? — ^ then ^ — -^ Extract the cube root of both 

^ fd' ^ -i/d' members. 

a c ma na Multiply numerator and denomi- 

(c) I* T = ■;» then — - = — • nator of the first ratio by m, and 



b d mb nd 



C<D If - = -, then^ = 5*5. .« 

V«; " j^ ^' "*"" ^^ ^^ equation by ^ 



of the second by n. 

Multiply both members of the 



n 



198. In the preceding paragraphs, some of the simple prop- 
erties of a proportion have been given. There are many others 
which may be derived by means of these simple properties. 

Example. If 2 = £, prove |«±|| = |«:l4^. 

Pboof. 1. Since ^ = ^, then |^ = |^. (§ 197, d) 

b d ob od 
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1. Write by inversion : 

/ V 3 16 /,x 2 m /*\ <* * 

(«> 4 = 20- (*> 6 = 7' ("> 6 = y- 

2. Write these same three proportions by alternation. 

3. Write these same three proportions by composition. 

4. Write these same three proportions by division. 
6. Write the proportion (c) in Example 1 : 

(a) by inversion and the result by composition; 
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(6) by alternation and the result by division ; 

(c) by composition and the result by alternation ; 

(d) by division and the result by inversion. 

6. If — = - , prove that — - — = - • 

n y ^ x + y y 

7. If r^«, prove that ^±I = ^il2. 

8 b r a 

8. If 2 = f, prove that ?^ = ^. 

b d c— d d 

9. If -s=— , prove that — 4 — = — z — • 

u t M* r 

10. If -=— , prove that =» ■• 

d b d 



EXERCISE 111 
Proportion in Oeometry 

1. In a triangle in which DE is parallel to BC, m : r as n : a 

To test this truth : (a) measure m, n, r, and A 

9; (b) find the value of the ratio m:r and of 
n : « ; (c) compare these two ratios. 

This truth may be tested in any triangle. It 
may be expressed thus: the upper segment on 
one side is to tlie lower segment on tJ^at side as 
the upper segment on the other is to the lower 
segment on the other. 

2. Write the proportion — = - by alternation. Express 
the resulting proportion in words as in Example 1. 

3. Write the proportion of Example 1 by composition and 
express it in words. 

4. Write the proportion of Example 1 by inversion and 
express it in words. 

6. UAD== 7, DB = 4, and AE=:S, find EC. 




c 



2U 
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& It AB^12, AD =:^&,9ad AC =^14^ SmIAE. 

Hint. Let AE = x, and CE =14 — x. 

7. If AD = DB, how does AE compare with EC? 

8. If AD = 20, DB = 8, and AC= 30, find AE aad JS:a 

. Sw If two perpciidiealar liaes ^(7 ana 
DE are drawn from one side of an angle 
to the other, then BC: AC=^DS: AE. 

Test this statement by measuring the lines 
in tiie fignce and fiading th« yalofi of t^ ratios. 

10. Draw any other perpendicular, as XT". Find the ratio 
of XFto ^Fand compare the ratio with those found in 
Example 9. What do you conclude 
about all ratios obtained by dividing 
the length of the perpendicular by the 
distance from A to the foot af the per- 
pendicular (like AY)? 

11. Using the fact stated in Ex- ^l 
ample 9, tell how to find the height » — 
of the tree in the figure, if the 
height of the rod and the lengths on the shadows of tlie 

tree and the rod are as indicated. 

12. Suppose that EF and AC are 
perpendicular to OC in the adjoining 
figure. Suppose that EF= 10 feet, 
OF=:12 feet, OC=150 feet, and 
jBC7 = 20 feet Dekesmine AB. 



13. Suppose that CD and AB are 
perpendicular to AE in Hhe adjoining 
figure; that AX=z5^ feet, 72 = 8 
feet, AE = 750 feet, CB=^25 feeti» 
aad Ci>»dO feet EindXF. 




72 
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1901 Some q<iHMrii1l» dun^v os imj aoct ajse called Vukbit 
Quantities. 

Thus, the distance between a moving train and its destinatiaa varies^ -^ 
that is, it decreases ; the age of an indiridual' varOes from moment to 
momsmt, — that ia„ it Innraaam. 

200. A quantity which is fixed in any given problem is called 
a Constant. 

Thus, if a wor&man receives a fixed" sum per day, the total wages dhe 
him changes from day to day if he wotIeb and remamamipaidL Biadady 
wagB is a constant ; hH total wages is a variable. 

3&L A. chaagfi or Yaiiation in one quantity usually produces 
a variation in one or more other quantities. Such variables 
are called Restated Tariables. Tor each value of one variable 
there is a corresponding^ value of the other variable, or variables^ 

Thua^. if tJia sida of a aquaat ia Increased^ thQ pesimatsir and the area of 
the square are also increased. 

202. Variation is the study of some of the laws connecting 
lehfited ¥ariaUe& Instead of the qjuaatities themselves^ their 
mesflurea im texms of certskiiL units of measure are used. 

Thus, distance is expressed as a number of miles^ rods, or other units 
of length ; weight is expressed as a number of nnits of weight ; area Sa 
expressed as a number of units of area. 



SQOl Om qaaotiky ^vwrlaa dtacttj aa another whauc the latio 
of any valise of the eD« ta the eorreapcoiding' vabie o£ tha Qthex 
is constant. 

Thus, the ratio of the perimeter of a square to the side of tiie-sqciare ia 
always 4, because the parioBeter ia- 4 timea tiie- I««g^ oi the ode ; there- 
fore the perimeter varies directly as the side of the square. 

2Mb, 3]iei^]iikii,ci^iftread<^Tar]B&aA''f thua^Aocft^iaita^ 
" a varies as 6." 
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li xccy, then - = m, where m is a constant, expresses the 

relation between any two corresponding Talues of x and y. 
(See § 203.) 

Since - = m, then a? = my. 

y 

Either equation may be used to express direct variation. 

205. One quantity is said to vary inversely as another when 
the product of any value of the one and the corresponding 
value of the other is constant. 

Thus, the time and rate of a train going a distance d are connected by 
the equation rt^d. If the distance remains fixed, then the time varies 
inversely as the rate ; for example, if the rate is doubled, the time is halved. 

If X varies inversely as y, then xy=im, where m is a con- 
stant, expresses the relation between them. 

m 
If xy = m, then also x=^—. Either equation may be used 

to express inverse variation. 



5. One quantity is said to vary jointly as two others 
when it varies directly as their product. If x varies jointly 

as y and z, then — = m, where m is a constant^ expresses the 

relation between the variables. 

Thus, the wages of a workman varies jointly as the amount he receives 
per day and the number of days he works ; for, letting W equal his total 
wages, to his daily pay, and n the number of days he works, then W=nw, 
Here m = 1. 

Again, the formula for the area of a triangle is 
A=lab. 

This shows that the area of a triangle varies jointly as the base and 
altitude. (Here m = }.) 
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207. One quantity may vary directly as a second and inversely 
as a third. Let x vary directly as y and inversely as z ; then 

a?= — 
z 

expresses the relation between the variables. Notice that this 
combines the equation for direct variation of y and inverse 
• variation of z. 

208. Variation of more complicated related variables needs 
to be expressed sometimes. 

Example 1. xcct^ may be written x = my^. 

Example 2. a^oct^ may be written a^ = m^. 

Example 3. The volume of a circular cylinder varies jointly 
as the altitude and as the square of the radius* This may be 
expressed : v oc ar^, or v = kar^. 

Example 4 a varies directly as q, and inversely as cP* 

This may be expressed: a=-^« 

EXERCISE 112 

Express the fdUowing relations both by means of the symbol oo 
and by an equation: 

1. The area of a rectangle varies jointly as^ the base and 

altitude. 

2. The area of a circle varies as the square of the diameter. 

3. The volume of a rectangular prism- varies jointly as the 
length, width, and height. 

4. The distance a body falls from a x)Osition of rest varies 
as the square of the number of seconds in which it falls. 

6. The interest varies jointly as the principal, the rate,. and 
the time. 



Ewpmm tte>Wr«giiiy nefatoM ^y 

6. The nd^ of b train Tsrias inversefy as fh6 thne^ if ffae 
distance is constant. 

7. The rate of gain varies inversely as the capital invested, 
a the i»til gam is-eoMtenL 

8. l%e *w«ight t)f tnn isbjefl; vbove tiie vmfiKce cf iSke earth 
varies inversely as the square of the distance from the eenter 
of the earth. 

9. The per capita cost of instmctioB for pufnls in a school 
room varies directly as the salary of the teacher and inversely 
as the number of the jrapils. 

10. The volume of a eircnlar tsont TarieB joinHy tta 'Bie alti- 
tude and the aqnan of tke cadiiifl. 

11. If t varies jdtnQj as x axid y, and eqtnls f irhen jr » | 
and a? = f , find z when y = J and »= f . 

Secuuoir. 1. AeoQrdi]igtetlifi«eDiitioiiB«=fi«Ey. 

2. .•.? = «.?. f,orni=?, rinee«s=| wfaaass^aadjfsf 

S. .*.]? = } xy, substitating ] for m. 

4. .'•«;=:} •!• } = -^, TviieBS = ffiBid|f=j. 

IffoiB. la Boclh prnbltim, ftMt Aid Hm <wfi wIimHi, jw In giepIL 

12. Ity ccx and is equal to 40 when x = 5, what is its value 
when«^^? 

13. li yoca? and is equal to 40 when a? = 4, what is the 
equataiaa for y in teims of ic ? 

14. If J? varia izrveiBely as y and la eqnal te | wImbi ^« f , 
what is the value of y when a? is f ? 

15. K (5.0 + 8) ic (^ y —1) and ic »« when 3r»— S, what is 
the vake«f when y = 7? 

16. Xhe difltanoe faUen by & bcMly, from a paaitMm of rest, 
varies as the square of the nuu^ber of seconds in which the 
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body falls. If it falls 256 feet in 4 seconds, how far will it 
fall in 6 seconds ? 

17. The intoreat <»l a sun of money variea jointly as the 
rate of interest and the pnacipaL If the interest is $375 
when the rate is 5% and the principal is $3000^ what is the 
interest when the rate ]& 6»% and the principal ia $2560 ? 

19. The priaeipal varies diarawtly as the interest and isrerselj 
as the rate. If the prineipal,. $4000, produces- $250 interest 
at 4%, whai principal must be invested for the same time to 
yield $500 at 5% ? 

19. The number of tiles required to coTer a given azea 
varies inversely as the length and width of the tile. If it takes 
270 tiles 2, inches by 5 inches in size to cover a certain area, 
how many tile 3 inches by 6 inches will be required for tbe 
sameacea? 

20. The number of posts required for a fence varies inversely 
as the distance between them. If ft takes 80 pests when 
they are placed 12 fiset apart, how many will be required 
when thej are placed 15 feet apart? 



XIX. GRAPHICAL REPRESENTATION OF COMPLEX 

NUMBERS 



Representation of Real Numbers. Mark any point, O, 

on a straight line X'X by the number 0, and any other point, 

,^ — ^^ 17, to the right of by the nuni- 

/"" "^s^ ber +1. Let OCT be considered 

/' \ the unit lengEh. 

x' « /« T 2 ^ ■ 1 ^1 X Any real positive number, +a, 

-3-a-2 -I +1 +2ta*3 j^ represented by the point A, 

a units to the right of 0, and any real negative number, — a, 

by the point A', a units to the left of 0. 

210. The representation of —a (the point A') may be 
located by turning the representation of +a (the point A) 
about the point as center, through two right angles in the 
direction opposite to the motion of the hands of a clock. 

— a = (+a)x(— 1), hence the multiplier —1 may be re- 
garded an operator which turns the representation of -f a 
through two right angles in the counte^'-dockwise direction, 
about point as center. 

211. Graphical Representation of Pure Imaginaries. By 
definition (§ 82), t x i = — 1. Since multiplication of + a by 
— 1 turns the representation of 

+ a through two right angles in ^•if' 

the counter-clockwise direction, 
i may be regarded an operator 
which turns the representation j^i_ 
of +a through one right angle 
in the counter-clockwise direc- 
tion. This suggests represent- 
ing + ai by the point B, a units 
above on YT. 

220 
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In general^ pure imaginaries sjre represented by points on 
the line TY^, ai is represented by the point a units above 0, 
and — ai by the point a units below 0. FF' is called the 
axis of pure imaginaries. 

212. Graphical Repre- 
sentation of Complez Num- 
bers. To represent a+W: 

Let A represent the 
number a, and B the 
number bi. Draw AC 
equal and parallel to OB. 
Then it is agreed to con- 
sider point C the repre- 
sentation of a+bi. Thus 
D represents — 4 — 3 1. 

EXERCISE 113 

Kepresent on a diagram the numbers : 

1. 2 + 1. 3. -4 + 2t. 6. -3 + 2i. 7. 2,5 + i. 

2. 2-3t. 4. -3-2t. 6. 3-&i. 8. 4-2.5t. 
9. Kepresent a + H and — (a + hi). 

213. Graphical Represen- 
tation of Addition of Complez 
Numbers. 

(a) To represent graphi- 
cally the sum of a + bi and 
c + di. 

Let M represent a + 6* 
and ^, c + di. 

Construct OM and OJV, 
and then construct the par- 
allelogram OMPNf thus 
locating point P. 
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EXERCISE 116 

1-8. Represent graphically the result of subtracting the 
second number from the first number in Examples 1-8 of 
Exercise 114. 

215. It is posBible to repreBent graphically other operations 
with complex numbers, but such topics are beyond the scope 
of this text. 



XX. EQUATIONS IN THE QUADRATIC FORM 

216. An equation is in the quadratic form : 

1. if it has three terms ; 

2. if two of the terms contain the unknown number ; 

3. if the exponent of the unknown number in one of these 
two terms is twice its exponent in the other. 

Note. The unknown number may be an algebraic expression. 

Example 1. Solve the equation 16 a?"^ — 22 a?"* — 3 = 0- 

Solution : 1. Let y = x* and therefore y* = x~^. 
2. Hence the equation becomes 16 y^ — 22 2^ — S = 0. 
8. .-. (8y + l)(2y--8) = 0. 

4. .-. |f=-J, ory = i; 
that is X* = — J, or x* x J. 

5. From a?"* = - J, a;"^ =V(^). 



If the principal cube root (§ 117) of — ) is taken, x = ^ = — = lo. 

(— }) A 
There are also two imaginary roots, obtained by taking the fourth powers 
of the two imaginary cube roots of ( — }) . (§ 06.) 

6. From «~* = |, ac"* = v^. 

.•.«-i = (^)S i = (^)*, ora5 = ^ = (^)*. 

X again has one real value and two imaginary values. 

Altogether there are 6 roots for the equation ; the principal roots are 

16 and (v^)*. 

224 
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EXERCISE 116 

Solve the equations : 

1. a?* -29 a:* = -100. 6. 2«-«-35a-* + 48 = 0. 

2. 27a^ + 46ar»-16 = 0. T. 6^-2=:llV^. 

3. 16a^-33a^-243 = 0. 8. a:* + 33 aj* = - 32. 

4. 161a^ + 5 + 32ai<^ = 0. 9. aj* - 10 aj* + 9 = 0. 
6. 3aj-2 + 14aj-i = 5. 10. 2aj + 3Va = 27. 

217. An equation may sometimes be solved with reference 
to an expression, by regarding the expression as the unknown 
number. 

Example 1. Solve the equation 



iB2- 6 aj + SVar*- 6 aj + 20 = 46. 

Solution: 1. Let y = y/x^ — 6 a; + 20, 

and therefore y^ = x^ - 6x + 20. 

2. The equation becomes 

y2 4- 5 y = 06, or y2 + 6 y - 66 = 0. 
8. .-. (y + ll)(y — 6) = 0, or y = - 11 and y = 6. 



4. When y = 6, Vx^ - 6 a: + 20 = 6. 

.-. a;2 _ a; + 20 = 36, a^ .. q a; — 16 = 0. 
.-. (a; - 8)(a; 4- 2) = 0, or x = 8 and a: = - 2. 



5. When y =- 11, Va2 - a; h- 20 =- 11. 

.-. a;2-6a + 20= 121, or x'^-Ox-lOl =0. 

. J. _ 6 i: V36 4- 404 _ 6 J: \/440 ^ 6 J: 2 VITO _^ ^/jjg 
2 2 2 



Note. If y, or Vx^ — 6 a; + 20, is restricted to the principal root, 
these last two values are not admissible. 
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117 



Solve the following equations : 
1. (2a*-3a?)«-8(2a^-3a:)=9. 
(Hint: Lety = 2x3-3x0 



2. 5aj + 12-h5V5a: + 12 = — 4. 



<Lety=V6x+12.) 

^ ?^-3 , 2« _ 17 



4. 3iB* + aj + 6V3iB* + a:-f6 = 30. 
• 2d-6 cP-\-2 6 * 



6. ic«H-7vV--4^^f-li=4a?-23. 



7. V m^ - 3 m - 3 = m« - 3 m - 23. 

^8-5^ + 1 t«-2^ + 2 ^ 8 
' f^2t-\-2 <«-5^ + l 3* 



9. 2r*H-4rH-Vr*-f2r-3 = 9. 



10. c* + l+Vc*-»c + 37 = »(c-fl2). 

11. 25(a; + l)-^- 15(0? + !)"* = -2. 



\ y V + 3 



XXI. THE BINOMIAL THEOREM (Continued) 

"IM. The Binomial Theorem was formulated in general 
farm {&a positiye inte^^ expaneids), in § 179, after special 
cases of the geoeral theorem were exhibited. The theorem 
was not pooled; it wae acri^v^d At b^ Hib process of pure 
induction. 

219. Proof of the Binomial Theorem for Positive Integral 
Powers. AsEume, as in paragraph 179, that 

1*2 l«iB*0 

Multiply 'both members of (1) hy a+x. Then 

1*2 l*2*o 

1 1*2 

2 1 • 2 o 

= a-H-i+ (w+l)tf-x+ ("t^) • * (r>-i»«+ (''+\) • * • t"-^) a>-«»«4- .... 

l.J l*J*o 

It will be observed that the expansion on the right is in 
accordance with Idie rules of % 179. This proves that if the 
rules of § 179 are assumed for any particular positive integer, 
n, they hold true, also, for the next groater integer, n -f 1. 

227 
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2. Substitute (— 3 x^) for x, and (- 1) te «. 

The exponent of (— 8 x"») is 7 — 1 or 6. 
The exponent of a is — J — 6 or — -»^. 
The denominator of the coefficient isl*2*8*4«5*6. 
ThQ numerator of the coefficient is (-i)(— i — I)*** until there are 
six factors. 

Hence the seventh term is : 

.1.2.3.4.5.6 ^ -"• '' 

38 9 



EXERCISE 118 

Find the first four terms of : , 
1. (a-fa?)i 5 



/1 

^' (^+^)"'- 6. (ai + 2b)i. 

4. \/a"=r&. ^ 1 



rind the 
9. 6th term of (a + x)K 13. 9th term of (a-a)'*. 



10. 5th term of (a — &)"K 14. 11th term of V(m -f w)^ 

11. 7th term of (1 -f a;)-'. 15. 7th term of (a'^-'2 6>)-* 

12. 8th term of (1 - x)K 16. 8th term of i-— . 

221. Extraction of Roota. The Binomial Theorem may some- 
times be used to find the approximate root of a number which 
is not a perfect power of the same degree as the index of the 
root. 

Example. Find v^25 approximately to five decimal places. 
Solution : 1. The nearest perfect cube to 25 is 27. 
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= (38)*+i(3»)~*(-2)-l(3»)-*(-2)HA(3»)"*(.-2)*. 



3.32 9.36 81. 39 
= 3 - .07407 - .00183 - .00008 ... = 2.92402. 

Rule. — Separate the given number into two parts, the first of 
which is the nairest perfect power of the same degree as the 
required root, and expand the result by the Binomial Theorem. 

EXERCISE 119 

Find the approximate valuer of the following to five decimal 
places : 

1. Vrf. 2. V5i. 3. \/60. 4. \/l4. 6. </84. 6. "v^. 



ZXIL PERICDTATIONS ABJ> COMMHATIONS 

222'. The letters a and h may be arranged thus : ah or ha. 

The letters a, h, and c may be arxanged two at a time thus ; 
ii5, ha, aCf ca, he, and ch. 

The different orders in which 'things can be arranged are 
called t^eiT Permutations. 

223. General Principle. If a certain thing can be done in m 
different ways, and, after it is done, if a second thing can be 
done in n different ways, then the two things can be done in 
order in mn different ways. 

Example 1. One may go from a certain city to another by two dif- 
ferent railroads, and cao go from the second city to a l^ivd by any one of 
three different railroads. Hence one can go from the first to the third 
city by 2 X 3 or 6 different route*. 

(Having made the first part of the trip in one of the two ways, the 
trip can be completed in any one of three ways, making three different 
complete routes ; similarly for the second way of making the first part of 
the trip. Thi» makes altogether the six different complete routes.) 

224. The Permutations of n Different Things Two at a Time. 

Consider the n letters a, 6, c, •••. These are to be used to fill 
two places, b, first place and a second plac&; as cct, where c 
occupies the first place and a the second place. 

The first place can be filled by any one of the n letters; 
hence, in n different ways. Then, having filled the first place, 
the second plaee can be filled by any one of the remaining 
(n — 1) letters; hence,. in (r^—l) different ways. 

Hence, the two places can be filled ia w(« — 1) different 
waySy. aceording to the princi^ of paragca^ 223. 

225. The Permutations of n Bffliereiit Thingrs r at a Time. 
Consid^ again the n letterst a,. &,. c,. •••. These are to be used 
to fill r diffwent plaee& 

231 
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The first place can be filled by any one of the n letters; 
hence^ in n different ways. 

The second place can then be filled by any one of the re- 
maining (n — 1) letters ; hence, in (ji — 1) different ways. 

Similarly the third place can be filled in (n — 2) different 
ways. 

Finally the rth place can be filled in n — (r — 1) or (n— r+1) 
different ways. 

Then, according to the general principle of paragraph 223, 
the whole number of the permutations of the n letters taken 
r at a time is: 

n{n - l)(n - 2)(n - 3) ... (n - r + 1). 

The number of permutations of n things taken r at a time is 
denoted by fj^r* Hence, 

^P,=:n(M-l)(n-2)(n-3)...(n~r + l). 

Note. The product consists of factors starting with the number n 
and decreasing by 1 each time until the number of factors is r. 

Example. How many numbers of three figures each can be 
made by using the nine digits 1, 2, 3, 4, 6, 6, 7, 8, 9, if no digit 
is used twice in the same number ? 

Solution : Each arrangement of the nine digits three at a time will be 
a different number. Hence, the whole number of numbers which can be 
formed is oPj, or 9 • 8 • 7 ; that is, 504. 

226. Clearly ^P„ = n(n - l)(n - 2)(n - 3) ... (n - w -f 1), for 
r = n. 

Hence „P„ = n(n - l)(n - 2)(n - 3) ... 3 • 2 • 1. 

The product 1 • 2 • 3 ••. (n — l)(n) is denoted by the symbol 
n I, and is called "factoricd n." 

Hence the number of permutations of 7i different things 
taken n at a time is n factorial. 

Example. The permutations a, b^ and c taken all at a time is 3 • 2 • 1 
or 6. The permutations are abc, acb, bac, bca, cab, and cba. 
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EXERCISE 120 

1. How many permutations can be formed with 14 letters, 
taken 4 at a time ? 

2. In how many different orders can the letters of the word 
triangle be.written, taken altogether ? 

3. A certain play has five parts, to be taken by a company 
consisting of 12 persons. In how many different ways can 
they be assigned ? 

4. How many different numbers of 4 different figures each 
can be formed from the digits 1, 2, 3, 4, 5, 6, 7, 8, 9 if no digit 
occurs twice in the same number ? 

6. Solve the example formed by adding to the statement of 
Example 4 the words " and if each number is to begin with 1." 

6. How many different numbers of 6 different figures can 
be formed from the digits 1, 2, 3, 4, 5, 6, 7, 8, 9, if each num- 
ber is to begin with 2 and is to end with 9 ? 

7. How many of the numbers found in Example 6 have the 
digit 5 as one of their digits ? 

8. How many even numbers of five different figures each 
can be formed from the digits 4, 5, 6, 7, 8 ? 

9. How many different words of 8 letters each can be 
formed from the letters of the word ploughed, if the third 
letter must be o, the fourth u, and the seventh e ? 

10. In how many ways can a teacher arrange 6 boys in the 
6 front seats of a class room ? 

227. The Permutations of n Things taken all at a Time if the 
Things are not all Different 

Special Case. Consider the distinguishable permutations of 
a, a, and b, taken all at a time. They are aab, aJba, baa. If 
now the two a's are replaced by Oi and aj respectively, the 
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distingaisbable permuttttiiau mm-: Oiajb, a^ib, afiaf, cujxii, 
bOjOaf ^^^ ba/ii. From each of the original permutatiDiis^ two 
new permutations are obtained. The result is Qie same as the 
permutations of 3 letters^ all taken together. 

Genercd Oase. Let there be n letters, of whkih p are ^s, q 
are &'s, and r are c's, the reet 3»ing all d(i#Breirt« Iiet JT %e 
the number of di&rent f)e]inutatiQsi6 of these letters taken 
all together. 

Suppose that, in any particular permutation xaf the » lettercs, 
the p a's are replaced by p new letters all different, and differ- 
ing also from the remaining letters. Then by permufing these 
p letters in all possible ways, without changing the positions 
of the remaining letters, p ! permutations are formed from the 
origisal partioular permirtation. (§ 226.) 

If this is done in the caee of each ^ the Naa^jol penmnta- 
tionsy the whole number of permutations will be Nx^L 

Again, if, in any one of these N xp ! permutAticnfi, the q &'s 
are replaced by q letters all di&ring from (each other and dif- 
fering also from all of the remaining letters, then by permut- 
ing the q b's in all possible ways, wrthotft dianging the order 
of the remaining letters, q ! permutations are formed from the 
original permutaition. If this is done in the icaee «f eadL of 
the Nxpl permutations, the whole nnmbfir of pecmntatLQiis 
resulting is ^Xi>! X g!. 

In like manner, if, in each of the J!^xplxql permutations 
the r c's are replaced by r new letters, all different and differ- 
ing from the remaining n letters, then, by permuting them in 
all possible wiuys, r ! new permutations ure formed frem -each. 
The total number of permutations is JTxi?! Kg! X r1. 

The original n letters have now been replaced by n letters 
all different. The resulting permutations are the permutatiGns 
of n different letters w at a time ; this is n1. 

Hence JTxp! x g! x rl^nl, 

^r ^=—, -, ;• 

p\ xql xr\ 
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ExAMPLB. Hew many permtrtations can be made from the 
letters in the word Tennesseef taken all together? 

Solution : 1. There are 4 e^s, 2 n^s, 2 a's, aad 1 1. 

2. .-. iV= — ^ — ^l«2.3»4.5«6.7.8.9_g^^2.9 = 3780. 
41212^1 1.2'. 3.4. 1.2. 1.2 
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1. In how many different orders ean the letters of the word 
denomination be written ? 

2. There are 4 white billiard balls exactlj alike, and 3 red 
balls, also alike. In how many dif^rent orders can they be 
arranged ? 

9, In h®w many different orders can the letters of the word 
independence be written ? 

4. How many different signals can be made with 7 flags, of 
which 2 are blue, 3 red, and 2 white, if all are hoisted for each 
signal ? 

5. How many different numbers of 8 digits ca:n be formed 
from the di^ita 4^ 4,. 3, 3, 3, 2,. 2, 1 ? 

228. The Combinations of things are the different collections 
which can be formed from them without regard to the order 
in which they are placed. 

Thus, the combinations of the letters a*, d, c, taken two at a time, are 
a&, be, ca ; for though ab and ba aoe difierent permutations, they form 
the same combination. 

The number of combinations of n different things taken r at a time is 
uauaEy cBsnoted by the ajcmliol „Or. 



i. The number of combinations of n different tbifiga tftkuii /» 
at a time. 

The number of permutations of n different things taken r at 
a time is ^^^ _ ^^^^ _ 2) ... (n - r + 1) (§ 225). 
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But, by § 226, each combination of r different things may 
ha^e r! permutations. 

Hence, the number of combinations of n different things taken 
r at a time equals the number of permutations divided by r!. 

That is, ^c,^ ^*{n-l){n-2)...(n-T-^l) ^ ^3^ 

r V 

230. Multiply both terms of the fraction (3) by the product 
of fche natural numbers from 1 to n — r inclusive ; then 

n _ ^(^ — 1) »«» (n — r 4- 1) ■ (n — r) •"2 « 1 _ n! 
" '"" r!xl-2...(n-r) ~r\{n^r)\' 

which is another form of the result. 

« 

231. The number of combinations of n different things taken /• 
at a time equals the number of combinations taken /i — r at a time. 

For, for every selection of r things out of n, we leave a selec- 
tion of n — r things. 

The theorem may also be proved by substituting n — r for r, in the 
result of § 230. 

Example 1. How many different combinations can be 
formed with 16 letters, taking 12 at a time ? 

Solution : By § 231, the number of combinations of 16 different things, 
taken 12 at a time, equals the number of combinations of 16 different 
things, taken 4 at a time. 

Putting n = 16, r = 4, in (3), § 229, 

^ _ 16.15.14.13 _,oo^ 
"^*- 1.2.3.4 -^^^^- 

Example 2. How many different words, each consisting of 
4 consonants and 2 vowels, can be formed from 8 consonants 
and 4 vowels ? 

The number of combinations of the 8 consonants, taken 4 at a time, is 

8_I44,or70. 

1 .2.3.4 
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The number of combinations of the 4 vowels, taken 2 at a time, is 

172' ^"^^^ 
Any one of the 70 sets of consonants may be associated with any one 
of the 6 sets of vowels ; hence, there are in all 70 x 6, or 420 sets, each 
containing 4 consonants and 2 vowels. 

. But each set of 6 letters may have 6 1, or 720 different permutations 
(§ 226). 

Therefore, the whole number of different words is 

420 X 720, or 802400. 

EXERCISE 122 

1. How many combinations can be formed from 15 things^ 
taken 5 at a time ? 

2. How many combinations can be formed from 17 things, 
taken 11 at a time ? 

3. How many different committees, of 8 persons each, can 
be selected from 14 persons ? 

4. There are 5 points in a plane, no 3 being in the same 
straight line. How many straight lines are determined by 
them? 

6. How many different words, each having 5 consonants 
and 1 vowel, can be formed from 13 consonants and 4 vowels ? 

EXERCISE 123 
MiaceUaneous Examples 

1. There are 11 points in a plane, no 3 in the same straight 
line. How many different quadrilaterals can be formed, hav- 
ing 4 of the points for vertices ? 

2. From a pack of 52 cards, how many different hands 
of 6 cards each can be dealt ? 

3. How many different numbers of 7 figures each can be 
formed from the digits 1, 2, 3, 4, 5, 6, 7, 8, 9, if the first, 
fourth, and last digits must be odd numbers ? 
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4. Out of 10 soldiers and 15 Bailors, how many dilEeFent 
parties can be forqied, each consisting of 3 soldiers and 3 
sailors ? 

6. Out of 3 capitals, 6 consonants, and 4 vowels, how many 
different words of 6 letters each can be formed, each beginning 
with a capital, and haring 3 conson&Dts and 2 vowels ? 

6. How many points of intersection are determined by 6 
straight lines if no 3 of the lines pass through the same point, 
and if no 2 are parallel ? 

7. How many different words of 8 letters each can be 
formed from 8 letters, if 4 of the letters cannot be separated ? 

8. In how many ways can a committee of 2 teachers and 
3 students be selected from 5 teachers and 10 students ? 

9. In how many different ways may 10 students be seated 
in 15 seats ? (Leave result in factored form.) 

10. How many games will be played in a haseball league 
of 8 teams if each team plays 10 games with each of Ute otiier 
teams ? 

11. How many signals can be made with 1 red, 1 white, 
and 1 blue flag, using them either 1 at a time, 2 at a time, 
or all together, if the order in which the flags are shown con- 
stitutes a part of the signal ? 

12. In how many different ways can a captain of a baseball 
team arrange his batting list of 9 men if he wishes certain 
3 men to bat in the order 1, 4, and 7 ? 

13. How many different multiplication facts are involved 
in the multiplication table from 1x1 up to 9 X "9, if (for 
example) 5x4 and 4 x 5 are eonsidered one fact f 
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232. The symbol 



3 4 

2 7 



is called a determinant Its value 



is defined to be 3 • 7 — 2 • 4, which equals 21 — 8, or 13. 
a c 



In general 

b d 

and is defined thus 



is called a Determinant of the Second Order 



a c 
b d 



= ad — &c. 



The numbers a, 6, c, and d are called the elements of the de- 
terminant. 
•Clearly, any dLfferenoe such as rs^mn may be axranged as 

r n 
a determinant : thus rs — mn = 

Example 1. 



2 -5 
4 +3 



m s 
= 2.8-4(-5) = 6H-20 = l 



Example 2. 26-15-2 


18-3 


.6 = 


2 
3 


5 
18 
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rind the values of: 










6 5 
4 2 


. 3. 


4 -2 
6 9 


. 6. 


-5 3 

2 6 


• 


7. 


2 m —pi 
2n r\ 




5 3 

2 -7 


• 4. 


3 -4 
-2 7 


. S. 


3a 4 
2 c .1 


• 


8. 


3a 4(f ^ 
2c lie 


Express as determinants 


i: 






-9. Trm'-xy, i: 


L. 33-14. 


13. 


cd+i)g. 


1 


0. 2a! 


}-cd. 


li 


2. 6c- 


-Sd. 






14. 


3 mn + 2 rs. 



240 
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233. Detenninants make it possible to solve simultaneous 
linear equations by inspection. Solving the following pair of 
equations, 

ax + bysszc^ 

dx- 



j + &y = cl 



ce — bf J af—cd 
ae — od ^ ae^bd 



,x = 



c b 




a c 


f « 


andy = 


d f 
a b 


a b 


d e 




d e 



Notice that the two solutions may be expressed as the quo- 
tients of determinants whose terms are the coefficients of the 
equations. 

Rule. — To solve two simultaneous linear equations having two 
unknowns by detenninants : 

1. Arrange the equations in the form ? J fl' -H / = c- 

2. The value of jr is a fraction : 
:minant formed by the coefficients of x and /, 



[dx + eyr-t 



its denominator is the deter- 
a b 

d e 



its numera- 



tor is the determinant obtained by replacing the coefficients of jr in 
the denominator determinant by the corresponding absolute terms, 

c b 

f e 

3. The value of/ is a fraction with the same denominator as x ; 
its numerator is the determinant obtained by replacing the coeffi- 
•cients of / in the denominator determinant by the absolute terms. 
Iff c 

Example. Solve the pair of equations : ] _ ^ t, 

(^ 3 x + < y = 5. 
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Solution: x= - 



-16-6 

7 



2 -6 

3 7 



^ ^16 . 7~5(-6) ^ ■-112+25 _ -87 _ » 
. 2.7-3(-6) 14 + 16 29 





2 


-10 


y = 


3 


5 


2 


-6 




3 


7 



^ 10- 3C~ 10) _ 10+48 _ 58 ^ o 
2.7-3(-&) 14 + 15 29 ' 



Check: In (1) : Does 2(— 3)— 6(2) =— 16 ? Does - 6- 10 =-16? 
Yes. In (2) : Does 3(- 3) + 7(2) = 6 ? Does - 9 + 14 = 6 ? Yes. 
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Solve the following equations by determinants : 



e+5y = 2S. 


»+ y = U.^ 


7x-9y = 15. 


5x + Sy = -17. 



5. 



6. 



3. 



4. 



\3a;-5y = -4. 

I 8 m — 15^ = 18. 
|l2m+ 6v=:-ll. 



5jp-f 2r = -4. 
6j9 — 11 7' = — 45. 

f7r-3« = -18. 

|4r-55=-7. 

'3aj-4y = -ll. 
2 ^ =0. 



8. 



J ma? — wy = mn. 
\ m^x -+ ?i'y = m'n', 



234. Determinants are especially useful in solving simul- 
taneous linear equations with more than two unknowns. 

«! ciz CI3 

61 62 ^3 



is called a determinant of the third order. Its value is defined 
to be: 



242 
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Example. 



1 5 

4 7 

2 -3 



The adjoining diagcam aids in recalling this 
^alue. Take the product aihifis along the di- 
agonal and add .to it the two products formed 
by starting with oa and as respectively and fol- 
lowing the arrows which point in the direction 
of this diagonal ; tben subtract the product 
cibiO^ along the other diagonal, and also sub- 
tract ths two other products formed by starting 
with &i and ai respectively and following the 
arrows which point in the direction of this 
second diagonal. 



= 1.7.6-|-5.3.2 + 2(-3).4 

-2.7.2-4.5.6-1.3. (-3) 
= 42+30-24-28-120+9 
= -91. 



Find the values of : 



1. 



1 2 3 

2 12 

3 3 1 
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2 


4 


6 




3 


-2 


3 


3. 


1 


5 


4 





2 2 3 

-2 -4 -11 

5-6 2 



4. Solve the equations : 



3x+y — z=l^ 
x + Sy-z = 16. 
x+y-3z = -10. 



Solution : A rule similar to that of § 346 applies for linear equations 
with more than two unknowns^ Hence : 



14 


1 


-1 


16 


3 


-1 


-10 


1 


-3 


3 


1 


-I 


1 


3 


-1 


1 


1 


-3 



_ - 12g + 10 - 16 - 30 + 48 + 14 _ - 100 ^ 5 
-27-1-1+3+3+3 -20 
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y= 



s 


U 


-1 


1 


16 


-1 


1 


-10 


-3 


8 


1 


-1 


1 


3 


-1 


1 


1 


-3 



-120 . 
-20 ■ 



3 

1 
1 


1 U 
3 16 
1 -10 


-140 


3 

1 
1 


1 -1 
3 -1 
1 -8 


-20 



^=7. 



Check : The solotiaii cftieoks Tvben mibetituted in iSbe tlivee equations. 

Note. llieequartiaiiBiniutbeaEianged:flrstintheiorm ax-^-b^-^cz^d, 
llmstlie equation 2 k— 8« = 7 would be.writatan 2x + ^y — 32; = 7. 

Solve the following equations by determinants : 



4aj + 3y- 2=61. 
6x—5y— 2; = 11. 



7. 



5 a;— y+4z = - 
3x + 5y+ 6« = 
x+3y-Sz=- 


-6. 

-20. 

-27, 


4a-66-6c= 
a— b+ c=s- 
9a + c= 


22. 

- 6. 

22. 



9. 



19- 



f4«-Sy = l. 
4y-3«=-15. 
42-3aj = 10. 

2a?4-52/ + 32=-7. 
2^-4 2 = 2-3 0;. 
5aj-f-9y=64-7«. 



DETERMINANTS OF ANY ORDER 

235. If the numbers 1, 2, 3, 4, 5, ••• n are arranged in any- 
other order, each instance when a greater number precedes a 
less is called an iByeruon. . 

Thm, for the nimirberB 1, 2, 3, 4, 5, the arrangement 51482 ihas 7 inver- 
sions : 5 before 1, before 2, before 3, and before 4 ; 4 before 3, and before 
2 ; and 3 before 2. 

Oil aia ai3 •.• Oj, 

Oa as2 Offl ••• Oj, 



The symbol 



a„i an2 a„8 



, having n rows of 
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elements, each row consisting of n elements is a Determinant 
of the nth Order. 

NoTB 1. The first number of the subscript of an element denotes the 
row in which the element lies, and the second denotes the column. Thus, 
a3£, read ** a-three-five/' is in the third row and fifth column. 

237. Definition of the Value of a Determinant. 

1. Form all possible products of the elements of the deter- 
minant, such that each product shall have as factors one and 
only one element from each row, and one and only one from 
each column. 

2. Arrange the elements in each product so that the first 
subscripts are in the order 1, 2, 3, • • • n. 

3. Make the product positive or negative according as the 
number of inversions in the second subscripts is even or odd. 



Thus, 



On ait ois 

021 «22 <l28 
031 032 «83 



= ail«2208S — O11O23OS2 — 012021033 H- 012023^31 
+ O13O21O32 — O13O22O31. 



Note 1. This value agrees with that found as in § 234. 

NoTB 2. The elements lying in the diagonal joining the upper left 
hand element with the lower right hand element form the principal diag- 
onal. The product of these elements is always positive. 

238. Consider any term of a determinant of the fourth 
order, as ai^a2iOiia4^ The number of inversions in the second 
subscripts is 4, an even number. Consider any other arrange- 
ment of these factors ; as, 033042014021. The total number of in- 
versions among the first and the second subscripts is 8, again an 
even number. 

In general, if the number of inversions for any arrangement 
of the elements in a term of an expanded determinant is even, the 
number of inversions remains even for any other arrangement of 
the elements in that term; similarly, if the number of inversions 
is odd, it remains odd. 
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(a) As a consequence of this fact, the expansion of a deter- 
minant may have the elements of each product arranged so 
that the second subscripts are in the order, 1, 2, 3, •••, w, giving 
each product the plus or minus sign according as the number 
of inversions in the first subscripts is even or odd. 

Thus, 
ana22Ciiz — aii«23fl32 — 012021018 + €ii2fitn(iti + 013021032 — O13O22O31 
may be written 

O11O22O33 — 011032023 — O21O12O33 + 031012023 + 02i0320i3 — 031022013. 

Examination will show that the signs are correct. 

(b) A second immediate consequence is that the elements 
of each product may be arranged in any manner, provided the 
sign of each term is determined by the total number of inver- 
sions among both the first subscripts and the second subscripts 
of the term. 

PROPERTIES OF A DETERMINANT 

239. A determinant is not altered in value if its rows are 
changed to columns, and its columns to rows. 

Thus, it will be proved that 



On 


Ol2 


013 




On 021 


031 


021 


022 


023 


= 


Ol2 022 


032 


031 


032 


038 




Ol3 028 


083 



Pboof. The second subscripts of the first determinant are 
the same as the first subscripts of the second determinant. 
The number of rows and columns in each is the same. If 
the first determinant is expanded by the rule in § 237 and 
the second by the remark (a) in § 238, the results are the 
same. 

Thus, the determinants are respectively : 

O11O22O33 — 011028032 + O12O23O31 -- 012021033 + O13OS1O32 — ais022081 
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it of the elements in 



and 

These are eqpal except tern tiie 

terms. 

240. A detennmant is changed in sign if any two consecu- 
tive rows, or any two consecutive columns, are interchangedi. 

Thus, it will be proved that 



On 


an 


ais 




an 


ai2 


ais 


aji 


Cti2 


«23 


= - 


031 


032 


ass 


«31 


On 


aw 




an 


OiS 


a» 



PROOff. Conaidiei? any term of the fijrst deteanninant ; as, 
OinjOEsLOa* Tlifi sigii of this term in the first determinant i» 
minua, a& there is one inversion. 

Thia saone term occurs in. the expansion of the second de> 
terminant, as the term has one and only one element from each 
row and each column, and the rows and columns of the second 
determinant are the same, except for order, as those of the 
first determinant. In fact, this term is the prodilct of the ele- 
ments printed in black type. 

Oigaaaga, considered a term of the second determinant ex- 
panded according to the remark (b) of § 238, has the same 
inversions among its second subscripts (213) as when it is 
considered a term of the first determinant. Its first sub- 
scripts (123) show one inversion, namaly ^ before S, as the 
proper order of the rows in the second determinant is 132. 
Hence there is one more inversion among the subscripts in 
this case, making two, and hence the sign is plus. 

In a similar manner, it may be proved that every term of 
each of the determinants is also a term of the other determi- 
nant if the sign of the term is changed. This proves the the- 
orem stated. 

241. A determinant is changed in sign if any two rows, or 
any two columns, are interchanged. 
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Ob 


On 


ai» 




an 


Ott 


<^ 


=: — 


Oli 


OIA 


On 





TbyB^ i* wiH be profod tbat 

our as» Oto 
<>i!n Ote Att 
Oil Oift ois 

FBKMMr. To dian^fi the firali determinant into the second, 
interchange the first low aosd second row of the 'first ddtermi* 

On 0,1 Og 



nant, getting the determinant 



and then inter- 



Oil ai2 OiB 
Om. «ta «M 
ehaage tiie second rofw of this n&m determinant with the third 

Oji a22 Ct28 

row, getting Oji 032 a,, . Now interchange the first and 

a-ii ai2 flt'is 
second rows^ of the last determinant, and the desired determi- 

nant a^ 0,2 ajs is obtained. 
Oil ai2 (III 

All together three interchanges of consecutive rows have been 
made. Each causes a change in the sign of the determinant. 
The resulting determinant is the negative of the given deter- 
minant. 

A aimiliaar psoof maj be given for a determinant of any 
erder.. 

242. Cyclical Interchange of Rows or Columns. It will be 
proved that 






«12 



«1« 



«nl <KS ••• a»n 



= (- !)(--« 



«81 «3J 



a.. 



Ou 






Pboof» The first row has been made to occupy the position 
of the uth row. This may be accomplishea by interchanging 
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the first row with the second, then with the third, and so on 
up to the nth inclusive. This makes all together (n— 1) inter- 
changes of adjacent rows, and causes (n— 1) changes in sign of 
the determinant. Hence the fact stated above is true. 

243. If two rows, or two columns, of a determinant are 
identical, the value of the determinant is zero. 

Proof. Let D be the value of the original determinant hav- 
ing two rows identical. 

If these two rows are interchanged, the value of the result- 
'ing determinant is —D (§ 241). But the two determinants . 
are actually identical, since the rows that were interchanged 
are identical. 

Hence Z> = - 1>, or 2 1> = 0. Therefore I> = 0. 

244. If each element of one row, or of one column, is a bi- 
nomial, the determinant can be expressed as the sum of two 
determinants. 



Thus, it will be proved that 

&i+ci ai2 flia 
62+ C2 ^22 023 
&« + cz az2 O33 



61 


an 


ai8 




&2 


ati 


Giz 


+ 


hz 


032 


ass 





ci ai2 aiz 

C2 022 «28 
CS ^23 088 



Pboof. Each term of the first determinant is the product 
of a binomial from column one and a monomial from each of 
the other columns. 

Consider (&i+ 01)02203,. This equals 6ia22«a8-l-Cia22aM. The 
result is obviously the sum of the two corresponding terms of 
the other two determinants. 

In a similar manner, it may be proved that each term of the 
first determinant is the sum of the two corresponding terms of 
the other two determinants. Hence, the first determinant is 
the sum of the other two. 

Note. If any column, or any row, consists of the sum of n terms, 
then the determinant may be expressed as the sum of n determinants. 



DETERMINANTS 



249 



ai2 ai8 




an 


ai2 


ai8 


022 «2S 


= r 


021 


022 


^28 


a82 ciss 




asi 


a82 


088 



245. If all of the elements in one row, or in one column, 
are multiplied by the same number, the determinant is multi- 
plied by that number. 

Thus, it will be proved that 
anr 
a2ir 
anr 

Proof. Since each term of the expanded determinant on 
the left contains one and only one factor from the first column, 
each term must have one and only one factor r. Hence r is a 
common factor of the terms of the determinant. This proves 
the theorem. 

246. If all of the elements of one column, or of one row, of a 
determinant be multiplied by the same number, and either added 
to or subtracted from the corresponding elements of another 
column, or row, the value of the determinant is not changed. 

Thus, it will be proved that 



021+ tea 
a8i+A;a88 



an 

022 
^82 



013 
028 
088 



Oil 
021 
081 



012 
022 
082 



Ol8 
028 
088 



«12 <h3 




«ii «i2 au 




Jca,z 


O12 


022 «23 


= 


On 022 O23 


+ 


ka^ 


O22 


^82 a„ 




«31 032 (hz 




ka^ 


032 



Proof. 
Oii-f fcoi, 

021 + A;023 

Osi+ZcOja 

Oil O12 Oi3 
021 022 023 

031 032 033 

On O12 Oij 

~ 021 022 023 

«8l «82 088 

This clearly proves the theorem. 



Oi3 

O28 



+k 



13 



O12 Oi3 
O22 O23 
O32 Ojia 



+ A;.0. 



(§244) 



(§ 245) 



(§243) 



250 



ALGfiUUl 



f4T. MfauRv. if Ab -elBmeiits of the row mA of the cdhnnii 
ef a defcermixunit, in widcb my yattimibr eleTaqpt Haa, ore 
omitted from the determinant, the resulting dBteiamiinuit is 
called the Complementary Minor of that particular element. 



Thus, in 



an 






ai8 



^81 * (3S On 



is the convptementazy minor of a^. 



For brevity, the complementary minor of 022 is denoted by 
-4j2 ; ^ general, of a^^ by A^. 

NoxB. If the given determinant is of order n. tiie oomplftinftntaiy 
minor of one of its terms is of order ( a ~ 1) . 

248. The coefficient of an in the expansion of 



On Oia - <hn 



is A^i 



ue. 



O32 «w — '«ai. 



Proof. The absolute value of the terms ivhicli liave the 
element a^ as a factor are obtained by forming in all possible 
ways the products of a^ by the other elements of the deter- 
minant, subject only to the restriction that there shall be one 
and only one element from each row except the first, «nd one 
and only one element from each column except the finst. 
From this, it is evident that, except possibly for their jsigns, 
the coefficient of a^ may be obtained by forming all possible 
products of the following elements taken (n — 1) at a time, 

022 «28 - (hn 
032 Qm - (hn 



subject to the restriction that each product shall have one and 
only one element from each row and each column. 
The sign of any term of the original determinant containing 
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All, is determined bj the inversions o£ the remaining factors 
of the term^ if the term an appears as the first factor of the 
term* (§ 23?.) But this sign will be exactly the sign- of the 
corresponding term of the determinant A^, Hence the coeflBr 
cient of an is A^. 

349. Coefficient of Any £lemeiit of a Determinant The co* 

Oil Ou «1J 

efficient of a^ of the determinant 



021 

On 



«2f 






is(-l)^+M^ 



Proof. 1. By two interchanges of consecutiye rows, the 
last row of the given determinant may be made the first ; then 



(hi 



<hi 
<h2 



On 

Oa 
aaa 



= (-iy 



<hi 
(hi 



^82 

ai2 

«22 



(hi 



(§ 240) 



2. By interchanging the first two columns of the last deter- 
minant, the second column may be made the first; then, 



(hi 
a^i 
(ha. 



«12 
022 

032. 



(hz 

028 
^38 



= (-1)' 



032 
Oij 
«22 



(hi 

0,1 



«33 

(hs 
(hz 



(§ 240) 



3k HcDce the expansion of the first determinant may be ob- 
tained by considering the expansion of the second determinant 
of step 2. 

.'. the coefficient of o,, is (— 1)' 



4. But 



(§ 248) 



O21 O23 
is the minor A^ of the given determinant. 



(hi Ois 
O21 O23 

Note also that (— 1)' is the same as (— 1)'+*. 
{(— 1)8+2 is used as a matter of convenience in this case}. 
Then the coefficient of o,, = (— l)»+*^82- 
Note that the exponent of (— 1) is the sum of the subscripts 
of the element, 
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This fact is a special case of the general theorem: in a 
determinant of the «th order, the coeflBcient of a^y is (— 1)**+».4,^ 

Pboof. 1. By (i — 1) interchanges of adjacent rows, the 
tth row may be made the first row. 

2. Then the original determinant D = (— 1)*"^Z>', where Z/ 
is the new determinant obtained in step 1. (§ 240) 

3. By (j — 1) interchanges of adjacent columns, the jth 
column can be made the first. * 

4. Then D = (— ly-^-^^'^D", where I/' is the new determinant 



obtained in step 3. 



(§ 240) 



That is 



ail fli2 ' 

Gil Oii . 



a2n 



«nl ««2 . 



= (-. iy+j'2 



an 


an 


ai2 ' 


.. » .. 


• din 


aii 


an 


ai2 • 


.. • .. 


• ai» 


aof 


021 


022 . 


.. * .. 


. 02, 


• 


• 


« . 


1 • 
.. « .. 


. « 


««/ 


a«i 


a„2- 


.. * 


o«« 



Note. The ''s indicate the places formerly occupied by the ith row 
and jth column. 



5. .-. the coeflBcient of a,.,.= (-l)'+^-2 



Oil 


an 


• .. 


♦ 


... 


Oln 


021 


(hi 


... 


* 


... 


«2„ 


# 


* 


... 


* 


... 


* 


flnl 


an2 


... 


* 


... 


««n 



= (- 1)'+M,,. 
Note. (-l)«+i = (-l)»+/-2. 



250. A determinant of the fourth order may be written : 



Oil ai2 ai3 ai4 

^l ^22 ^23 ^24 

Oai 032 ajs 0^4 

«41 <*42 «43 <^U 



= «nAi + (- iy^'a,2A,2 + (- l)^+»a,3^i, 

4-(-l)^^K^4,4 
= an^n - ai2^i2 + a^zA^^ - a^^u (§ 249) 
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Notice that the elements of the first row are multiplied by 
their respective minors and that the products have alternately 
the signs + and — . 

Similar expansions may be given for determinants of any 
order. 

251. Evaluation of Determinants. The theorems proved in 
§§ 239 to 250 make it possible to shorten the process of 
evaluating a determinant, especially of order higher than the 
third. 

6 7 8 6 

^ T. 1 X 11 16 13 11 
Example 1. Evaluate ^ . ^4 20 23 * 

7 13 12 2 



Solution : 1. Subtracting the first row from the last, twice the first 
row from the second, and three times the first row from the third, the 
determinant becomes by § 246, 



6 7 


8 


6 




1 2 
1 3 


-3 
-4 


-1 
5 


= 2 


2 6 


4 


-4 





5 7 8 6 

12-8-1 

.13-4 6 

18 2-2 



, by § 246. 



2. Subtracting five times the second row from the firat, adding the 
second row to the third, and subtracting the second row from the fourth, 
the last determinant becomes 



0-8 28 11 
1 2-3-1 
6-74 
1 5-1 



-{ 



. -4ii — 1 -421 + ^1 — -441 



),. 
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1-8 28 11 

=:-2J2i=-2 5-7 4 

1 6-1 



The object of all these changes is to put the given determinant into 
such form that all but one of the elements in one column (or one row) 
are zero. 
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In the last 'detennniflait, *8iN>traot Ave 
second, and add the ibit otAnam to iUbe ilait. 



tBsfe tfliflt OfXtauDn iBoom the 
tDhen 



-5 



-3 23 11 
6-7 4 
1 6-1 



-3 88 « 
1 



=- 2(342 + M6) =- 1M6. 
Another method of solution is illustrated in 



Example 2. Evaluate 



2^ 



SoLrTiOK : 1. If x is set equal to y, two rows are identical, and 
thereloze the determinant vanishes. C§ 2^^) 

Hence (a; — y) is a factor of the determinant. (§ 94) 

2. Similarly (y — z) and z — x are factors. 

8. ic is a factor, since it is a factor of the first tow. (§ 246) 

Similarly y and z are factors. 

4. . • . the determinant = 'casyz (« — y) (y — «) (« — «) . 

The determinant is of the sixth degree in x, y, and z, (§ 18) 

The factors found give an expression of the sixth degree, provided c ia 
a constant. 

^. The leading term is xyV. This term will appear in the product of 
step 4, if c = 1. 

. •. the determinant = xyz(x — y) (y — z) (z — x). 



EXERCISE 127 
Evaluate the following : 



t. 



7 8 9 
28 35 40 
21 26 30 


8. 


25 23 
14 11 

21 17 


19 

9 

14 


6. 


Ill 
a^ y« a* 
a? 3/» 2* 


• 


9 IS 17 
11 15 1« 
17 21 25 


4. 


1 o «* 
1 * *» 
1 c» 


• 


«. 


b c *<4 
c o c4 


■ b 

-c 

■« 
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8. 



9. 



10. 



11. 



12. 



1 1 


1 


1 






6 11 


25 


7 






8 7 


1 


3 


• 




1 6 


6 


5 






3 1 


5 


2 






4 10 


14 


6 






8 9 


1 


4 


• 




6 16 


21 


9 






6 15 


11 


IC 


) 




6 16 


12 


i 


1 




7 14 


10 


11 


• 




3 18 


9 


li 


1 




2 3 


6 


9 






3 7 


8 : 


11 






6 10 


4 


2 


• 




8 4 


5 


10 






— o 


h 


c 





6 - 


-a 





c 


c 





— a 


& 





c 


& 


— a 


X X X X 






X y X X 






X X y X 






X X X y 









13. 



14. 



15. 



16. 



17. 



18. 



a a 


b a 








b b 


b a 






b a 


a a 


• 




b a 


b b 






1 


1 1 






1 


a» 6» 






1 a« 


c« 


• 




1 6» 


c« 






7 10 13 3 




14 19 27 6 




24 33 41 10 


• 


31 47 64 15 




5 


-3 -2 





4 


1 -6 


2 


-1 


4 3 


-5 





6 -4 


2 


m y 


n X 






X y 


n TO 






X n 


y TO 






m n 


y a; 






1 1 


1 1 






a b 


c d 






a' 6» 


c» cP 


• 




a» 6« 


& 


(P 







XXIV. SUPPLEMENTARY TOPICS 
CUBE ROOT 

252. Cube Root of a Polynomial. By the binomial formula 
(§ 179), (a+6)3=a3+3 a%+3 aV'-^hK Any polynomial which 
may be put in this form is a perfect cube. Its cube root may 
be found by inspection. 

Example. Find v8r8 + 36r2-h54r + 27. 

Soldtion: 1. 8 r3 4-36 r2+54r4-27= (2 r)8+3(2r)2. 3+3(2 r). 32+35. 

2. .% \/8 rs + 36 r2 + 64 r + 27 = 2 r + 3. 

Notice that ** a " is 2 r and " h " is 3. 

Note. K 6 is negative, the form is a^ — 3 a^b + 3 ab^ — b\ 

EXERCISE 128 

Find by inspection the cube roots of : 

1. 8a.-3 + 12a^ +-6.^ + 1. 4. 8 «« - 60 «* - 125 + 160 «*. 

2. l-12a + 48a^-64a3. ^ a3__a5 a6f^^. 

3. 27m« + l + 27m^ + 9m2. '8 4 6 27* 

253. The cube root, exact or approximate, of a polynomial 
may be found by a division process. 

The perfect cube polynomial a^ + 3 a-6 + 3 ab^ + 6' may be 
put in the form a^ +- & (3 a^ + 3 a6 + Jf), This expression sug- 
gests the 

Rule. — To find the cube root of a polynomial : 

1. Arrange the polynomial according to the powers of some 

letter (§ 4, /). 

256 
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2. Write ttte cAe nMt of tkt fint tern as the first term of tbs 
root. Cube the first term of the root and subtract it from the 



3. For Ike trial Urimt^ Ukt tkree times the s^aare of the fir«t 
term of the root. Divide the int term of the reaumitar (step 9) 
by the trial divisor. Write the q««tient as the next term of the 
root. 



4L Far tittOBHiiilefeedMeMr,aicl to the trial diviaor three tises 
the product of the aew term of the root by the jMort ebtaiaed previ- 
ously, and also the mpuae ef the sew term of the reot. 

i. MMktiftf the complete divisor by the new term of the reet 
and subtract the result from the remainder (step 2). 



6. Continue in this namer nstil the cube root or the desired 
number of terms has been obtained : (a) far the trial diviaor, take 
three times the square of the part of the root already found; 
Cb) divide the first term of the last remainder by the first term 
of the trial divisor for the new term of the root ; (c) form the 
complete divisor as in step 4 ; (d) auldyly and Mibtract as in 
steps. 

Example 1. Find -^S a^ - 36 nc^y -{- 54: x'f ^ 27 f. 



Solution: 1. a = v^8 aj* = 2 ac^. 
2. a^=zSQfi; subtract. 
8. Trial divisor : 3 a^ = 12 a^. 
6=:-36x*y-i-12«*=:-3y. ' 
Complete divisor ; 3 a^ = 12 ic* 

3a6 = -18a;2y 



2a;2~3y 



8a^-36a*y + 64a;V-27j^ 
S(xfi 



4. Multiply by - 3 y. Subtract. 



■ 36 a:*y-f. 64 aV- 27 y8 



-36a^y + 64ai8y8-27y» 
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Example 2. Find <^28aj»-54a?-f a^+3a?*-9aj»-27-6»». 



Solution; 1. a=\^=x*. 
2. cfi = sfi; subtract. 



««-2a;-S 






3. Trial divisor: 3 a2=3aj*. — 6a58^.3a4=r— 2« 
Complete divisor : 3 a* = 3 a:* 

3a6=-6x» 
62=4 «« 



-6«6+8x*+28x» 



Sa^ + 8a6 + 6' = 3aj*-6x8+4a;a 
4. Multiply by -2 X. Subtract. 
a Trial divisor: 3a2=3(a;2-2a;)2 = 3aj*-.12aj»4-12xa 
6=-93C*+3a:*=-3. 

3a6=3(aj2-2x)(-8) = -9aj2+i8a; 

6g= (-3)a + 9 

Complete divisor: 3x*-12x8+3x«+18x+9 

6. Multiply by —3. Subtract, 



-6x6+12 gi-sgs 



-9x*+86x8-9a«— 64X-2J 



-9x*-h36x«-9xa— 54X-21 
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Find the cube roots of: 

1. <? + Sc^d + SccP + cP. 

2. r'-SA + Srs^-s'. 

3. a« + 12a*6 + 48a26« + 64y. 

4. 27 m^ + 135 m^n + 225 mn^ + 125 n\ 

5. a^-6a^ + 9a;* + 4iB»-9«2 — 6a-l. 

6. 8a« + 36a* + 66a* + 63a8 + 33aH9a + l. 

7. 30y«+272/» + 12y-45y*-8-352/«4-27 3^. 

8. 9a«-36a + a« + 21a*-9a*-8-42a«. 

254. Cube Root of an Arithmetical Number. The cube root of 
1000 is 10; of 1,000,000 is 100; etc. Hence the cube root of 
a number between 1 and 1000 is between 1 and 10 ; the cube 
root of a number between 1000 and 1,000,000 is between 10 
5mdl00; etc 
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That is, the integral part of the cube root of a number of 
one, two, or three figures contains one figure ; of a number of 
four, five, or six figures, contains two figures ; and so on. 

Hence if the given number is divided into periods (§ 62) of 
three figures each, beginning with the units' figure, for each 
period in the number there will be one figure in the cube root. 

255. The first figure of the cube root of a number is found 
by inspection; the remaining figures are found in the same 
manner as the cube root of a polynomial. 

Example 1. Find the cube root of 167464 

Solution : 1. 157464 has two periods : 157 464. There are in the 
cube root tisro figures, a tens* and a units* figare. 60 + 4 

2. 12 6000 is the largest cube in 167000. 
a=v^l25000 = 60. Place 60 hi the root. 
Subtract. 

3. Trial divisor: 8 a^ = 8(50)3 = 7600 
& = 824 -4- 76 =: 4->'. Place 4 in the root. 

4. Complete divisor s 8<i& = 8. 60.4a 000 

&8=:4a=; 16 

5. Multiply by 4. 80^ + 8a5 + &8=r 8116 



157 464 
126000 



82 464 



82 464 



Rule. — To find the cube root of an arithmetical number : 

1. Separate the number into periods (§ 62) of three figures each. 

2. Find the greatest cube number in the left hand period ; write 
its cube root as the first figure of the root ; subtract the cube of the 
first root figure from the left hand period, and to the result annex 
the next period. 

3. Form the trial divisor by taking three times the square of 
the part of the root already found and annexing two zeros. 

4. Divide the remainder (step 2) by the trial divisor and annex 
the integral part of the quotient to the root already found. 

6. Form the complete divisor by adding to the trial divisor three 
times the product of the new root figure by the part of the root 
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alreadj fonnd, with one lero ameaed, and also the afuaie af fhe 
iMw root B^im. 

6. Multiply the complete divisor by the new root figure and 
Bubtract the product from the remainder. 

7. Contkiae ia thia manner natil the cube root or the deaked 

number of decimal places for the root has been obtained. 

NoTB 1. Note 1, p. 68, applies with equal force to the above rule. 
Note 2. If any root figure !s zero, annex two zeros to tbn trial dirisor 
and annex the next period to the remainder. 

Example 2. Find the cube root of 8144.86572& 
The solution may be arranged as f oUoiro : 

20.12 



8144.886728 
8 



120000 

600 

1 

120601 
12120300 

12060 
4 



144 866 



120 601 



12132364 



24 264728 



24 264 728 



Since 1200 is not contained in 144, the second root figure is. zero ; we 
then annex two iseros to the trial divisw 1200, and annex to the lemaindet 
the next period. 

EXERCISE 180 

Find the cube roots of the following numbers : 

1. 19683, 4. 25154.56. 7. 187149.248. 

2. 148877, 5. 857.375. 8. 444.194947. 

3. 59.31d. 6. 46.268279. 9. 788889.024 



SUPPLEMENTARY TOPICS 261 

DETACHED COEFFICIENTS 

4i5€. Detadied Coefficients. Solutions of examples in '^ long " 
multiplication and division may be abbreviated as in the fol- 
lowing examples- 

ExAMPLE 1. Multiply 3af' + 2ic-4by3a;-2. 

Solution: (a) Solution : (6) 

Sx —2 &x —2 

9x* + 0.x8 + 6x2-12a; 9 +0 +6-12 

-6a;3 -,0. a ;-2- 4x + S ^6 -0-4 -{-8 

9ic*-6a;3 +6a^'^ -i6a: + 8 9 -6 +6 -10 +8 

.•.Result=9a:*— 6a:3^.6x«-16a:+8. 

Note that in solution (h) only the coefficients are written 
in the partial and total products ; that the multiplier and 
multiplicand are arranged in the same order of powers of a?; 
that is supplied for the missing powers. 
Solution (6) is by " detached coefficients." 
Example 2. Divide 12 a« - 25 a - 3 by 2 a - 3. 





SoLUTioN : (a) 




Solution : (6) 




»a«+9a 4-1 




6+9+1 


2a- 


-3|12a»4-0.a«-25a-3 


2a- 


-3|12a4+ 0-2ya-3 




12o8-18a2 




12 -18 




18a2-26rt 




18 - 25 




18 a2 - 27 o 




18-27 




2ar-3 




2 -3 




2a- 3 




2 -3 



/. Result = 6 a« + 9 a + 1. 
Solution (6) is by " detached coefficients.^' 

EXERCISE 131 

Solve by detached coefficients : 

1-4. Examples 21-25 on page 12. 

6-10. Examples 16-20 on page 13. 

Note. The same device may be used to abbreviate addition and subtrac- 
tion exercises. 
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PROOFS OF THE RULES FOR THE DIVISIBILITY OF a^±bn 

267. In § 91, the rules for the divisibility of a" ± 5" were 
deteruiiiied by inspection. These rules may be proved by 
means of the factor theorem. 

Proof of I, 1. If b he substituted for a in a" — ?>", the 
result is ft** — 6", or 0. Then, by § 94, a** — 6** has a — 6 as a 
factor. 

Proof of I, 2. If — & be substituted for a in a" — 6", the 
result is (— by — b\ When n is even, (— by — ft" = 6" — 6» = 0. 
Then, by § 94, a" — &'* has a — ( — 6) or a + 6 as a factor, wheii 
n is even. 

Proof of I, 3. If b be substituted for a in a"-f-6", the 
result is ft^+fe**, or 2 6". This result is not zero unless b is 
zero. Then, by § 94, a" + 6" never has a — & as a factor. 

Proof of I, 4. If — 6 be substituted for a in a" + 6", the 
result is (- by + b\ When n is odd, (--6)'»-f-2>"= — ft'»+&"=0. 
Then, by § 94, a" + &"* has a — ( — 6) or a + & as a factor, when 
n is odd, 

258. The Highest Common Factor of Polynomials which can- 
not be Readily Factored. The rule in arithmetic for finding 
the H. C. P. of two numbers is : 

1. Divide the g^reater number by the less. 

2. If there is a remainder, divide the divisor by it. Continue 
thtts to make the remainder the divisor and the preceding divisor 
the dividend, until there is no remainder. 

3. The last divisor is the H. C. F. required. 
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Example. Find the H. C. F. of 169 and 646. 



169)546(3 
507 

39)169(4 
166 



, the H. C. F. of 169 and 646 is 13. 



13)39(3 
39 



A similar process serves for polynomials. 
Let A and B be two polynomials, the degree (§ 18) of ^4 
being equal to or greater than that of JB. 



Suppose that B is contained in -4 p times, 
with a remainder O; that C is contained in 
B q times, with a remainder D ; and that D 
is contained in C exactly r times. 



B) A{p 
pB 
C) B(q • 
20 

D) C(r 
rD 




Then 2> is a common factor of A and B, 
Proof. Since dividend = divisor x quotient + remainder : 

A=pB-{-C. (1) B=qC+D. (2) C^rD. 

Substitute the value of C in (2) ; then, 

B = qrD + D = D(qr + 1). (8) 

Substitute the values of B and C in (1) ; then, 

A=pDiqr + 1) + ri> = Dipqr +p + r). (4) 

From (3) and (4), i> is a common factor of A and B. 
Further, every common factor of A and 5 is a factor of D. 
Proof. Let F be any common factor of A and B ; and let 

A = mF and B = nF, 
Then : from (1) C = -4-p5 = mF — pnF^ (6) 

from (2) D = B^qC, (6) 
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8abstitating in (6) the valiieB of B and C, 

2> = fii^-g(mli^-pnF) = /'(n — gm + «p»). (7) 

Hence J* is a factor of D. 

Then, since every common factor of A and J5 is a factor of 
D, and since D itself is a common factor of A and B, it follows 
that D is the highest common factor of ^ and B, 

In applying the process to polynomials the following notes 
should be observed. 

Note 1. Each division sfaonld be coiitiniiQd imtil the zenaiadef is of a 
lower degree than tiiat of the divisor. 

Note 2. If the terms of one expression have a common factor which is 
not a common factor of the terms of the other expression, the factor may be 
removed, for it evidently cannot form part of the common factor of the two 
expressions. In like manner, any remainder may be divided by a factor 
which is not a factor of the preceding divisor. 

Note 3. If the given expressions have a common factor which may be 
seen by inspection, remove it and find the H. C. F. of the resulting expres- 
sions. The result multiplied by the common factor that has been removed is 
the H. C. F. of the given expressions. 

Note 4. If the first term of the dividend, or of any remainder, is not 
divisible by the first term of the divisor, it may be made so by multiplying 
the dividend by any number which is not a factor of the divisor. 

Example 1. Find the H. C. F. of 

6ar»-25a5* + 14» and 6 Oic* 4- H gkb - 10 a. 

Solution : 1. Remove x from the first expresrfon aod a from the 
second. (See Note 2.) Then continue as below. 

6 jcg- 25 a; 4-141 6 x^ + H « - 10 [l 
6a;2-25x + 14 
Divide by 12. (Note 2.) 12 |86x-24 

8g~ 2| 6a;8-26x4-U |2g-7 
6gg- 4x 

-21X-M4 
.-. 3x-2istheH.C.F. -21x + 14 
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Example 2. Eind the H.C.R of 2m« — 3m* — 8m— 3, 
and 3 m* — 7 m*— 5 m* — « — 6. 

Solution : Since 3 m^ does not contain 2 m^ mnltiplj the second ex- 
pression by 2. (See Note 4.) 

2 

2m»^8»8-8«-8| 6OT*-UTO8-10mg~2m~12|8m 
6wi*- 9TO8~24ma--9m 

-6«i» + 14m« + 7w-12 

-2 

10m«- 28»i2- 14m + 24 (6 
10«iy-16«|8-40m-16 
-18 ]-18TOg + 26m + 39 
m2-2TO-S 
m;»-2m-S| 2m8-8iK^-8m^8 i2m-l 
2w«-4to«-6i» 

m^ — 2m — 8 
fn2— 2m — 8 



/, m« — 2m — 8i8theH.C.I'. 

Notice that — 5 m^ of the first reoiiUnder does not contain S m*, and 
that the remainder is therefore multiplied by — 2. Notice also that the 
divisor — 13 is removed from the second remainder, thus making the first 
term of the new divisor positive. 

EXERCISE 132 
FindtheH.C.F. of: 

1. a^4-5«-24anda?-h4«*-26a?+i5. 

2. 3a!*-4a;-4aiid3a?*-7a?8 + 6aj*-9» + 2. 

3. 2m*4-5m*— 2m* + 3mand6m^ — 7m^w4-5m» — 23U 

4. aj*2r — 6ajy — 27y andas^jr — 2«2y — 8a5gr + 21y, 

6. 4a^-15a^2 + 92/*and8iB*-18iB'y + 25iBV-12aJ2^. 
6. 3n« + 8n*-9» + 2 and 6%* + 237i3 + 2n«~ 1371 + 2, 



266 ALGEBRA 

7. 6a«+6a«-6a*-3a»H-2a*and9a*+18a»+5a«-8a-4. 

8. 36*-13y4-36»+46and96» + 12&2-86-6. 

9. 12 a»-6 a*a?-ll aa5«+6 «» and 15 a«+ 11 a'aj- 8 aaj«- 4 aj». 
10. 2aj«-3aj*H-2a;-8aiid3aj«-7aj« + 4»-4. 

259. The L.C.M. of Two Pol3nioiiiiAlB which cannot be readily 
Factored. Let A and B be two polynomials ; let JP be their 
H. C. F. and M their L. C. M. Let A = aF and B = bF. 

Since F is the highest common factor of aF and bFy a and 
b cannot have any common factors. Hence, the L.G.M. of aF 
BJidbFisabF. 

That is, 3f = o6JP= a (bF) = aB ; 

or 3f = a5F= 6 (oF) = 6 A 

Rule. — To find the L. C. M. of two pol3rnomial6 : 
Divide one of the pol3rnoiniAl8 by their H.C.F. and multiply 
the quotient by the other polynomial. 

EXERCISE 133 
Find the L. CM. of: 

1. 3a« — 13a + 4and3a« + 14a-6. 

2. 6a« + 26a6 + 24ft«andl2a« + 16a6-36«. 

3. 12m«-21m-45and4m»-llm»-6m+9. 

4. 2a»-5a*— 18a-9and3a»-14a*-a + 6. 
6. 6ic« — 7aj» 4-605-2 and 4a?*-6a5»-h4aj-3. 

INDETERMINATE FORMS 

260. The fraction ^^ becomes ^ for a? = 3; ^- — ^ be- 

comes -• Neither has any meaning, for division by zero is 

not allowed (§ 1, a). Results like these, however, must be 
interpreted at times. The following paragraphs show how to 
give the interpretation. 

261. A constant is a number which always has the same 
value in a particular mathematical discussion. 
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A variable is a number which assumes different values in a 
particular mathematical discussion. 

Thus n may assume the values .1, .01, .001, •••, etc. 

A limit of a variable is a constant the difference between 
which and the variable may be made to become and remain 
less than any assigned positive number, however small. 

Thus, the variable n above is evidently approaching the value ; or, 
the limit ofn is zero. 

The symbol = is read "approaches the limit." Thus, n = means 
** n approaches the limit zero." 

262. If a number becomes and remains greater than any 
positive number which may be assigned, it is said to become 
infinitely large or to approach infinity as limit 

The symbol oo is called " infinity." 

Thus, if n represents any positive integer (assuming therefore the 
values 1, 2, 3, •.-, etc.), it approaches infinity as limit ; i.e. limit of » = oo, 
orn = Qo. 

Note, oo is not a symbol for some definite value. It is a symbol for the 
limit of a number which " becomes and remains larger than any assigned 
positive number." 

Evidently as n = oo, also n* = oo. ^^^ n* s= oo is read " the 
limit of n* as n approaches oo is infinity." 

263. Interpretation of ^. To determine the meaning of -, 

replace - by - and consider limit - as a? == 0. 
Ox X 

If X becomes .1, .01, .001, ••., etc., - becomes 10, 100, 1000, •••, etc, 

X 

Evidently, then, 1 increases indefinitely. That is, ^™t 1 = oo. Then, 
X **® X 

to the otherwise meaningless form - , give the value oo. 
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In general, ?, where a is constant, is given the value oo 

with the meauing : 

If (be nwmeratar of a fraction remains eonstantf while the de- 
momi'MUor = 0, the vaLue of the fraction = oo. 

Thus, 5i5 forx = 3i8 ?orao ; i.e. l^mit (^!^±1\^^^ 

264. Interpretatka of ^. To determine the meaning of -i, 

OD 00 

replace — by - and consider limit - as a? = oo. 
00 a; X 

If X becomes 10, 100, 1000, •-, etc., ~ becomes .1, .01, .001, •••, etc 

X 

Evidently ^^^ - = 0. Then, to the otherwise meamngleBs form — assign 

**• X 00 

the value 0. 

In general, -2., where a is constant, is given the value 0, with 

00 

the meaning : 

If the numerator of a fraction remains constant^ while the de- 
nominator == 00, the value of the fraction == 0. 

2 2 

Thus, the value of —■ f or « = oo is — , or 0. 

265. Consider -• For a? = 3, the fraction becomes -. 

aj — 3 

Since a? — 3 = far« = 3, the fraction may not be reduced to 
Jower terms by dividing numerator and denominator by a? — 3. 
However, for x not equal to 3, the numerator and denominator 
may be divided by a? — 3, giving the simpler form a? -f 3. Con- 
aider now ^21^^+ 3). l^iH« + 3)«3 + 3 = 6. TheafoB 

a? = 3, assign to -• the value 6. 

X — 3 
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In general, if any expression involving one variable assumes 
an indeterminate form when the variable is assigned some par- 
ticvlar value, reduce the expression to its sin^^st form, find tke 
limit of the result as the variable approaches that particular 
value, and assign tke limit as the value of the esgpression for the 
particular value of the variable. 

Example 2. ^, for x=s 5, has the value -• 

For X not equal to 6, 5?^ =a: + 6. ^^"'l* (aJ + 6)= 10. 

/J.2 _ 26 

Hence for « = 6, give to ^ the value 10. 

flc — 5 

2ar^ I '> X ^ 
Example 3. Find the value of ^ "^ — ^ as a? = oo. 

ar-fl 

Fot»v finite ritaeoix, 2£+2x-5 x_j^^ 



limit 



"' 2 + 0-0_2_ 

- — — - — JOm 



1+1 I" 1+0 1 

«2 



Hence the value of 2g^4-2x--5 a« x = ao la 2. 

X2+1 

Direct substitution here gives the value — . This is another indeter- 

GO 

minate form. 

266. The form --• The form 5 arises in the first two exam- 



ples of § 265, In one case this form is given the value 6, and in 
the other it is given the value 10. 1 
determined by the limiting process. 



the other it is given the value 10. In general, the value of - is 
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EXERCISE 134 
Find the values of the following as a; = 0: 

1. — • 38. —• o. • 4, —; — • 6. 



© 



X a? /1\ a?(aj + 6) ' »(« + !) 



Find the values of the following as a; s oo : 

6. ic*. 7. 2*. 8. 5. 9. 2 + -. 10. i- 

a? a? 2" 

Find the values of the following: 

11. Umitf^ ^-^ V 14 limit/^^--^-6V 

17. The equations y = 2 a? + 3 and y =s 2 a? + 5 have no com- 
mon solution according to § 50. Consider y = 2 a? + 3 and 
2/ = aaj4-5. Solve them as simultaneous equations, and fiD<^ 
the values of x and y as a == 2. 

18. Solve 2 a? + 3 3/ = 6 and 4a; + &y = 7 as simultaneous 
equations, and find the values of x and y as 5 = 6. 

§ 267. Graphical Solution of Equations. In § 95, the state- 
ment was made that an equation of the nth degree, having one 
unknown, has n roots, but that these roots are not readily found 
for equations of degree above the second. Such equations may 
be solved graphically as in § 75. 
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Example. Salve iik» equation ob^ — 4flE^ — 2a; + 8a:0« 
SoLCTiow: 1. Lety = af»-4aj»— 2a; + B. 



w 


Tien x= 


12 3 4 


6-1 -2 - 


3 ^ 


1 


hen y = 8 


3-4-7 


23 6 -12 - 


19 








, r'r Y ] 


i 1 


1 








■■■ "■ 


j_ _, 


~]~ 




















r * r t 




1 
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^xr 
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Aj^' 
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^'"^ Lj^iSit^^^ 


■ ^.s^zt 
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11 




xx 


1. 1 


1 f 
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_ ,_ ^-]n„ 


'' ] 


: 1 


L-LJU 




-^ f- 
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/ 
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i"^ — ^t "n 


■ 1 t J -hi r 1 




1 





2. The curve crosses the liorizontal axiB at points ^, J5, and C Hence 
its roots are, approximately, — 1.42, + 1.42, and + 4. 

Check : This equation may be solved as in § 95. Using the factor 
theorem: a*-4afa-2cK-f8 = («-4)(a!*- 2) =0. 

.•. a; = 4 ; also r* = 2, or a; = ± ^^ = ± 1.414. 

Clearly the results ± 1.42 obtained graphically are close to the roots 
± 1.414. 

ilZSECiaE 135 

Solve the following equations graphically : 

1. a^-3{r2 — a;H-3 = 0. 4. a?* - 10 aj« ^- 9 = 0. 

2. «»-4a*-7aT-hlO = 0. 5. «» + aB«-10*-10 = a 
8. x^ + a^-ex^O. 6. iB'-aj*-8aj + 8=0. 
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268. Horner's Synthetic Division. Synthetic division in the 
case when the divisor is a binomial is considered in § 93. A 
similar process of division may be employed in other cases of 
division of a polynomial by a polynomial. 

Consider : 





3a;2^2flj -f- 4 


2a^ + X' 


6ar* + 3a:«-9xa 




-4x» + 6aj2+10« 

— 4a* — 2a;2-f- 6x 



8x8+ 4a;-12 
8ga-f 4x-12 

When performing the subtractions, the signs of the terms 
subtracted are changed and the results are added to the minu- 
ends. It +x and — 3 of the divisor are changed in advance 
to — a? and + 3, the various partial products may be added to 
the respective remainders. Following this suggestion and pro- 
ceeding in a manner entirely similar to that in § 93, the solu- 
tion may be arranged as follows : 

2x»' 

— X 

+ 8 

3x2-2x -1-4 II 0+0 

Steps of the process. 

1. Change the signs of all terms of the divisor excepting the first term. 

2. Divide 6x* by 2x^ getting Sx^, the first term of the quotient: 
IVIultiply — X + 3 by 8 x*, getting — 8 x« + 9 x^, which are written in their 
proper columns. 

8. Add the second column, and divide the result by 2x^, getting -^ 2 .r, 
the second term of the quotient. Place this second term of the quotient 
At the foot of the second column below the line. 

4. Multiply — X + 8 by — 2 x, getting 2 x^ — 6 x, which are written in 
their proper columns. 

5. Add the third oolunm and divide the result' by 2x^ getting 4, the 
third term of the quotient. Place this third term at the foot of the 
third column below the line. 



6x*- 


- x«-8x«+10x 


-12 


- 


-8x« + 9x8- 


6x 






+ 2x8- 


4x 


+ 12 
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6. Multiply — a; +.3 by 4, getting — 4aj + 12, which are written in 
their proper columns. Add the remaining columns and thus find the re- 
mainder. In this example, the remainder is zero. 

The quotient is 3 x^ ^ 2 x + 4. This is observed to agree with that 
found previously. 

Example 2. Divide 12x^ -11 o^y -9 fhjSa^ -2 a^+4 f. 
Solution : 

+ 2xy 



-4ya 



12x8-llx2y+ 0xy^-9t 
+ 8 -16 

- 2 +4 



4x - lyll -18 -5 
Quotient : 4 x — y. Remainder : — ISxy*-* — 5 y», 

EXERCISE 136 

Divide the following by synthetic division : 

1. 12x5-7ic2-23aj-3by4i»2_5aj_3. 

2. 9a*-4a24-30a — 25by 3a2 + 2a-5. 

3. 2a*-.a» + 8a-25by 2a*-3a + 5. 

4. 4 m* 4- 1 + 16 m* by 2 m 4- 4 m« -fl. 

5. 6a;'^-13a^-20a*4-55aj2-14aj-19by2a;2-7a4-6. 

6. 8a;«-4icV-8ar'2/» — 18aJ2^ + 2l2^« by 4: a^ -^ 2 x^y -\- 6 xy^ 
— If, 

7. 37a2-f 50 + a«-70aby 2a2 + 5 + a''-6a. 

MISCELLANEOUS EXAMPLES 
A, The Four Fundamental Operations. 

1. Add 3(a-.6y-9, 4(a - 6)2 - 6(a - 6), and -7(a-6)« 
>f8(a-6). 

2. Simplify 6 mn + 6 — ([— 7 mn — 3] — { — 5 mn — 11 {)• 

3. Simplify 7 a? - (5 oj— [-12 a? + 6 a; — 11]). 

4. Subtract (2 a - 3 6).y2 from (5 a - 4 b)y\ 

5. Subtract (p -f q)x from ma?. 
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«. Multiply aM>«, 6V~ and cM**- 

7. Multiply 7 x'^y^'' — 8 a:^' by — 3 a^y\ 

«. Multiply a^^ — «y by a^'"* + y^-K 

9. Multiply 4 a'^+'^ft* — 3 a*6" by a^+^5 — 2 aft*"*. 

10. Multiply a"* 4- 6** — c" by a" — 6" -f c^. 

11. Simplify (a +2 2^)2 -2 (a + 2 6)(2« -4- 6) + (2 a -I- 6)2. 

12. Simplify (« + j^ + z/ - 30 + z){z + «)(« + y), 

13. Divide a"»+^6»+3 by — a5*. 

14. Divide aj^'+'j/"^* — ar^V by aj'jy*. 

15. Divide a^»'6«c*' — a^pl^c^ — a^^h^i^^ by — a^^¥c?', 

16. Divide a'"'+2 4. g a^""^ by ar^"-^^ - 2 a;*" -f- 4 aj*-"*. 

17. Divide aj*« + «^V" + y*" by aj^* — a:"y2« + y4»^ 

18. Divide «*+(« — 6 — c)ar' 4-(— a6 + ^ — ac) « + «&« by x^ 
-f (a — 6)a? — a6. 

19. Divide 

a(a — 6)«*4-(— a& + &^4-&c)ar — o(6 + c) by (a— &)aj-hc. 

20. Divide a^ — (3a4-2 6 — 4 c)ar^+(6a5 — 8 5c4-12 ca)aJ — 
24 a6c by a? - 2 6. 

Set B. Fractions. 
Simplify the following: 

a;* + 2a?»->8a;-16 ^ (?.a^^Sx^2Y-^25 

' a^-2x»-h8«-16* * (3aj2«.4a._5)2„i6' 

-T- + ^ -^-^ <: a^~2ar^4-2ic-l 

2« 3y 3a? 2y , 5. ^ ^^ 

^- 4aj2-9y2^9a^-4y2 ar + a^-|-i 

g ay^-5a?-84 , a; + 7 y — z g — a; 

27a^-8 * 3a;-2* * aj«-(y-.«)t (x—zf-f 



7. 
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3 5n^ 5n* 



2w + 12n-l 8 7i3-i-l 8n3-l 



8 q I 1 3 q?-h2a 

a + 3 a-.3 a^-Q a^-fQ ' 

^ 3a ^ 3a ^ 6a2 ^ 12a* 
^* — rT + r'T- -.,, + ■ 



a4-& a — & a*4-&* a*+6* 

10. _? 1_ a-2^ 2a>4-4 , 

2(a-l) 2(a4-l) a^ + l a*-l 

11. 1 ^ 4- ^ 

2 a^ ^3x^2 3aj2-f5a;-2l4-aj-6i»* 

_2 1 1 2 

12. 5-fy a^ y ^+y 



^ ^ ^ 



2a? + 2r ar+22r 

aJ^2a^--4a? + 8 , / ar^ + 9 a? + 14 a?' - 4 a? 4- A 
• ic*4-3aj»-27aj-8l"^V«' + ^«-H^ a^-9 /' 

6a»-a~2 ^ 8a^-18a-5 ^ 4a2-9 



16. 



4a»-16a + 15 t2a^-5a-2 4a« + 8a + 3 

\x-l) \x + lj 

Set G. Linear Equations. (One Unknown.) 

1. Solve the equation |^^ + ^^ = 2. 
^ 2a!-3 a?+i 

DiTide each numerator by its co>r«^K)nding denominator ; then 

1 + — 2_+i-^±i=.2,or— ? ^±1 = 0. 

2a; -8 sc^ + 4 ' 2«-8 «2 + 4 

Complete the solution. 
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Solve the following equations : 

2 g + l a;-f2 _ ar4-5 X'\'6 ^ 
x + 2 a?-h3 x-^6 ar-fZ' 

3 _8 3_^_10_ 6__^ 

x + S x — 7 a? + 9 a? — 2* 

a? + 2 aj-f3 aj-h4 
3 ^ 2 _ 1 . 4 



aj + 9 a: + 4 a? + 3 a?4-18 

2a? + 3 2a?~3 36 ^^ 

* 2aj-3 2aj4-3 4ar^-9 

^ 2a? + 5 3a^4-24a?4-19 ^ ^ 

g a^^2a?+5 a^ + 3a;>-7 _o 
aj2-2aj-3 ic^ + Saj + l 

9 5 1 ^ 10 4 ^ 

2aj-l 6x4-6 3ic-4 4a; + l' 

g-h^ a~26 _ (2a— &)a?-f 3a6 
a? a; -{- a o^ — a* 

6a? g^ + y ^q' a?(a>-5) 

* a g« 6^ 6 * 

g 5 g — 6 



12. 



a? — g aj—ft a?- 



aj — & aj — g 

14. (g + 6)(a?-g4-&)-(a-&)« + a2-&*=2g(.r-|-g-&). 
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27T 



117 3 



16 



17 



x — 2a Qx-^-a 3x — Sa 2x — 3a 
4 14 1 



x — 4% X'\-n fl; + 4n x-i-Sn 

or^ - 2 aa? - 3 a* aj2 4- ao; 4- 2 a^ 

ar — a a? — 5 iC + a + 5 
20. ar^+(»-a/4-(a;--6/ = 3a?(a:-a)(a-6). 



>S>^ Z>. Linear Equations, {Two or More Unknowns,) 
Solve the following pairs of equations : 



4. 



1. 



2. 



a;-f 11 . y-6 
7 "^ 5 " 
g^-l y + 4 ^ .g 
2 10 

; 9 ic-f 5 



4. 



5. 



I 



3 



= -32^. 



[ 2a;-3.y 4a?4-6.y ^ 1 
4 "^ 3 2' 

5d?-f 2y 7y>-3a? ^39 
2 ■*" 5 10* 



g + .V _ 1 ^ 

a— y lo' 
3a;4-8_6a?-l 



2^-4 2y + 3 

5(a?-4y) M^'-y) ^^^ 
6 9 

8 a? — 3 y — ^ _y 
4 "^ 3 ""6' 
v-7 5 
5 8 



(2x-l)(y-4)-(a;-5)(2y + 6)=121. 
■ [ 4a!-3y=-29. 
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16 5 

5 a? — 4jy 



6a? + 4y 13 



10. 



2^±A2Hil^324jLzi=«a. + 2y..i 



5 8 

a?-4y-f 6 _ 1. 
8aj-2y-18 i* 



Solve the following for x and y : 

^^ (ab(a - 6)a; -|- ab(a 4- 6)2/ = a^ + 2 a6 - b^. 
\ ax -\- by = 2, 

12. I rn(x -{- y)-t n{x -y) = 2. 

[mXx + y)—n\x -~y)=m — n. 



13. 



14. 



15. 



16. 



(a 4- b)x + (a - 5)y = 2(a« 4- &'> 

x^a — b y — a + d 

(a + b)x + (a -b)y =2a^—2 b^. 

y Qc __ 4a6 

a — 6 a + 6 d^^b^ 



hx-^-ay^^ 2. 
4- 6)a? — ab{a — h)y = a^ 4- ft^. 



\db{a 
— «4-&_y — q 



a? 4- a 4- & a? 4- 6 ^^ f ay — 6a; = a* 4- 6*. 

a--^__6 * l(a4-d)a;4-<a-fe)y=:2a*-2 6« 



2^ — 6 a 

18 ( (« + 6)aJ4-(a-%=2a. 

\(a2- 5>4-(a2 - &> = 2 a2 4- 2 b\ 
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Set E. Tkearif of Esponenta. 

Square the following by the rule of § 10, & : 
1. 3 a* +4 6"* 2. 5m-V-8w2w-*. 

3. Square a^b"^ - 2 a* - a-^6*. 

4. Expaiid(4a:*i/"*4-72;-2)(4a:*y"*-.7 2;-2) bj the rule of 
§ 10, a. 

Find the value of: 

5 a-* — 7 m* 
«. ^^^±Mll^ by the rule of § 16,/ 

7. ^^^:i£l. 8. «^-^~?. (See §91: I,2L) 

9. (3 a?* - 4 2^-^)8. 10. (a-%8 + 2a»6-y. 

Find the square roots of the following : 

11. 16a-«mi. 12. 49aj*y2-^. 13. ^ — 

4 &*n-» 

14. 9a;5-6a;*4-25-8aj"* + 16a;"*. 

15. 4a"* + 20a~* + 21a"*-10a-* + l. 

16. aV«^6aV* + 5 6-i + 12a"* + 4a"*6. 

Find the cube roots of the following : 

17. ^a?y\ 18. -64a-^6»c-i. 19. ?IJ?l!5. 

20. 27a?*4-54aj^2^'* + 36aj*y"* + 8y-*. 

21. a:i-6a?* + 21ar*-44«"*-f-63«"^-64aj-* + 27a:-*. 
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Simplify the following, expressing all the results with posi- 
tive exponents : 

22. [^(xV*)-K</(a:-V)]H 23. -^ x :?^. 

24. [a-^ X (a-i)"+^] X [(a-") -^ x (a--«)-i]. 

25. (a? « xx^^y. 31, g 4-6 a^-h&^ . 






a* + fei a - 6 



32. 2l±^* + ^Li±^. 
«±i !L=i «=i a- -6* a *-5 * 

27. (a— i-f-a"+0 *" . sm ^ 

28. (aj"'^aj"*)'"+*-s-aj *• j»^~4-1 aj«^ — 1 

29. [^(a:^-^)]- . 34. _^_-^x-j-^ 

3Q x^ + yi x-\-y ^^ a^-\-2b^ 7 0*6^+6 6^ 

/Set F. Quadratic Equations. 
Solve the following equations : 

1. (x + l)(x-^S)=12+{x-h7)V2. 

2. V5 ar2 __ 3 aj - 41 = 3 a; _ 7. 

3. ^.^8 r» - 35 r* + 55 r - 57 = 2 r - 3. 

4. 3V5"^ -i— = 4. 

Vaj-1 

g 28(3m-fl0) 25 ^^ 

8m»-27 m(2m-3) 

6. 2V3m + 3V37T7= ^ 

V3t-f 4 
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28^-28 + 3 s2-3s4-2* 
(See Example 1, Set C.) 



^ m + 1 , m4-2 , m4-3 *> 
m — 1 m — 2 m — 3 

Solve the following equations for x. 

9. cc^ — nihix + m7i^ = m'w*. 

10. ar^-4aa?— 10a; = — 40a. 

11. V5T^-V2^=- ^^ 



-\/a'\-x 

12. (a4-»)' + (6-aj)' = (a4-6)'. 

13. ir* — (m — 2>) * + (*^ — w) (n — 2?) = 0. 

14. (a4-&)i»^ + (3a4-&)« = -2a. 

15. ^ I a + & ^ 2(a»4-^>') ^ 
* a 4- 6 a? a^—b^ ' 

16. ?L^ = _i«L. 17. 2a?4-1 ^ 2n4-l 

^ a^-ft*' * VoTT Vn + l' 

18. aV (1 + xy - &VP (1 - xy = 0. 



19. Vmi 4- V(m — 7i)a? + mn = 2 m. 
ic b — x a a-{-b 



INDEX 



A, the symbol, 35. 

Abscissa, 46. 

Absolute vahie, 2. 

Autecedent, 206. 

Arithmetic, means, 189 ; progression, 

187. 
Ascending powers, 6. 
Ajds, horizontal, 46 ; vertical, 46. 

Base, 3. 

Binomial, 6 ; square of a, 14 ; -Aeorem, 

202. 
Braces, 7. 
Brackets, 7. 

CancellatiDn, in jan equation, 37. 

Changing signs, in an equation, 37; 
in a fraction, 24. 

Characteristic, 172. 

Clearing of fractions, 38. 

Coeffifsient, 6 ; detached, 261 ; numer- 
ical, 7. 

ComhiBatioiis, 235. 

CoQunon, differenoe, 167 ; IngaritTiTn, 
171. 

Complex number, 98. 

Conditional equation, 33. 

Consequent, 206. 

Coordinates, 46. 

Cube root, 256. 

D, the symbol, 8S. 

Degree, of a mononoal, 22; of an 

equadoii, -#9. 
Descending powers, 6. 
Determinant, 289; of seoood order, 

239; of nth orikx, 244. 
DiscrimiBaBt, 186. 
Division, syxttiietic, 110, 272. 

ElimiDtttion, by addition or sab- 
traction, 53 ; by subBtitutian, 58. 



EUipse, 119. 

Equstiiai, 88 ; canoelUngtermflsn an, 
87; rthaa>ging asna in an, 87; 
complete quadraitic, 78; ooadi- 
tional, 33; degree ol, 49; cnaph- 
ical solution of aa, 60; -luMnaee- 
XMOua, 126; identieal, 83; indeter- 
minate, 48; linear, 49; irrationaT, 
166; members of an, 88; puro 
qnadndio, 74; nriamial, 126; «q1v- 
ing an, 33 ; transposition in an, 87. 

Equations, equivalent, 36 ; for mati on 
of, 137; inconaistent, 51; inde- 
pendent, 51 ; aimiiltaneoiiB, 51» 
124; system of, 124. 

Equivalent systems, 127. 

Evolution, 4, 142. 

Exponent, 3; fractional, 144; nega- 
tive, 145 ; zero, 144. 

Exponents, law of division of, 12; 
law gf mnltipUestion «£, 10 ; Imvs 
of, 140. 

Expression, 6. 

Extremes, 207. 



Factor, 1 ; comnon, 6 ; . 

mon, 22, 262 ; to, 17 ; tiiearem, 112. 
Faogbon, pnme, 17. 
Fourth proportaanaL, 206. 
Fractions, 24; clearing of, 38; 

equivalent, 25. 
Fundamental opemiiians, 3. 

Geometric, mean, 197; progresaion, 

li)5. 
Gnidi cf an equaiMn witfi two varia- 

Ues, 117. 
Graphical representation, 46. 
Graphical soluiaan of an «qnntian 

with one variable, 80. 
Grouping, wywAxAm of, 7; iactoting 

by, 105. 
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INDEX 



Homogeneous equations, 126. 
Horizontal axis, 46. 
Hyperbola, 120. 

Identity, 33. 

Imaginary number, 96. 

Imaginary numbers, addition and 
subtraction of, 97; multiplication 
of, 163 ; division of, 164. 

Imaginary roots in a quadratic equa- 
tion, 96 ; meaning of, on graphs, 99. 

Imaginary unit, 96. 

Inconsistent equations, 51. 

Independent equations, 51. 

Indeterminate equations, 48; forms, 
266. 

Index, 142. 

Infinite geometric progression, 199. 

Infinity, 267. 

Inversion, 243. 

Involution, 141. 

Irrational, equation, 166; number, 
138. 

Left member of an equation, 33. 
Like terms, 7. 
Linear equation, 49. 
Logarithm, 170; common, 171. 
Lowest common multiple, 22. 

M, the symbol, 35. 
Mantissa, 172. 
Means, 207. 

Members of an equation, 33. 
Monomial, 6. 

Monomials, addition of, 7; division 
of, 12 ; multiplication of, 10. 

Negative exponent, 145. 

Negative numbers, 2; addition of, 

2 ; division of, 3 ; multiplication 

of, 3 ; subtraction of, 3. 
Number, complex, 98; imaginary, 

96, 138; irrational, 138; negative, 

2 ; positive, 2 ; prime, 17 ; rational, 

2 ; real, 96, 138. 
Numerical coefficient, 7. 

Order, of determinant, 244; of rad- 
ical, 150. 



Ordinate, 46. 
Origin, 46. 

Parabola, 117. 

Parentheses, 7; inclosing terms in, 
8 ; removing, 8. 

Perfect square trinomial, 17. 

Periods, 67. 

Permutations, 231. 

Polynomial, 6 ; arranging a, 6. 

Polynomials, addition of, 7; division 
of, 12; multiplication of, 10; 
square root of, 64; subtraction 
of, 7 ; factoring of, 103. 

Power, 3. 

Powers, ascending, 6; descending, 6. 

Prime number, 17. 

Progression, arithmetic, 187; geo- 
metric, 195. 

Proportion, 207; by alternation, 210; 
by composition, 210; by division, 
210; by composition and division, 
210; by inversion, 211. 

Proportional, fourth, 208; mean, 
208 ; third, 208. 

Pure quadratic, 74. 

Quadratic equation, 74; solution of, 
by completing the square, 83; 
by factoring, 78 ; by formula, 87 ; 
complete, 78; graph of, 80; imag- 
inary roots of a, 96; pure, 74; 
theory of, 135. 

Quadratic surd, 71. 

Radical, 150; index of, 4; order of, 
150. 

Radicals, similar, 154. 

Radicand, 4, 142. 

Ratio, 206; o£ a geometric progres- 
sion, 195. 

Rational and integral, 17. 

Rational number, 2. 

Rationalizing the denominator, 161. 

Remainder theorem, 109. 

Root, cube, 256; square, of a frac- 
tion, 71; of an equation, 33; 
principal, 142. 
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Roots, imaginar>% of a quadratic, 
96, 138. 

S, the symbol, 35. 

Signs, change of, in an equation, 

37; law of, in addition, 2; in 

division, 3; in multiplication, 

3 ; in subtraction, 3 ; in a fraction, 

24. 
Similar terms, 7. 
Simultaneous equations, 51, 124. 
Square roots, approximate, 69; by 

division, 64; by inspection, 63; 

of a number, 66 ; of a polynomial, 

64 ; of a trinomial, 17. 
Surd, conjugate, 160 ; quadratic, 71 ; 

addition of, 72, 154. 
Symbols of grouping, 7. 



Synthetic division, 110, 272. 
System of equations, 124. 

Table of square roots, 70; of loga^ 

rithms, 174. 
Term, 6 ; degree of, 49. 
Terms, dissimilar, 7 ; like, 7 ; 'similar, 

7 ; unlike, 7. 
Theorem, binomial, 202 ; factor, 112 ; 

remainder, 109. 
Transposition, 37. 

Unit, imaginary, 96. 
Unlike terms, 7. 

Variables, 48. 
Vertical axis, 46. 
Vinculum, 7. 



ANSWERS TO WELLS AND HART'S SECOND 
COURSE IN ALGEBRA. 

BXBBCISBl. PafireB4-6. 

xo. a. 12. h. - 12. c. - 19. d. 21. e. 2. /. 8. g. 49. 
h. - 19. i. 3. j. 97. k. il h 13. m. - 117. n. 10|. 

XX. a. 500. 6. 260. c. 6000. d. 113f e. If. /. 294. g. 10. 
A. 251f. 1. 2H. J' lOOA. 

EXERCISE 2. Pagres 8-10. 

I. a. 6, a, 6, 6, c, c, c, (a — y). 6. 5. c. a, 1; 6, 2; c, 8. 
d. 6 a62c8 ; 5 a(a; - y). 

3. (a)m»(a + y). 6. 21 a* - 4 a^- 17. 

4. lla:-2y-4£r. 7. 8(a 4- 6)+ 2(c - d). 

5. 6a;2 + a;y-7y2. . 8. ll(a;+y)-13(y+«)-16(«+x). 

9. (2a + 3b — 4c)a^ 
xo. (6iii + 0»^+(2n-r)a;y+(p + g)y^. 
XI. 4y — 14j5. 21. 16a;— 11 y. 

X2. 15 n^ + 21 n2 — 3 n + 4. 22. 7 a + 4. 

X3. — 13aa-4«ixH-9m«. 23. — «. 

14. 12(a + 6)- 16(c-d). 24. 9a2-.a. 

15. 2(a; + y)a-5(a; + y) + 12. 25. -3m- 17. 
x6. — 3 a;2 ^. a; — 6. 26. 30. 

17. llw»+10ii|2 + 13m-6. 27. a2-(469-126 + 9). 

18. 5a;2 — 2ay-6y2. 28. 4x^ -(y^ + 2y« + ««). 
ig. x + y. 29. a2-(-62 + c^-<P). 
20. 4x8 + 10x2_8a;-15» 30. n* -(8n2 -6n + 7). 





.,. |. 


I8. 


4n»a-}f»n-Hln2. 


19- 


Iaja-ja^ + 4y2. 


^. 


2 n» - n + 14. 


ax. 


8m» + 27n». 
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BXBBOISB 3. Pares 11-12. 

1. -56a»M. 8. -8a:«y + 6a:ay«-12a^. 

a. «0<i«6*c*. 9- a«-3a«b-H3a6»-.&». 

3. 27(a-f 6)*. 10. c« 4- c2d - cd^ - ds. 

4. -26(x-y)». II. x*-2a;V + y*. 

5. -«0(i*6*-42a«6T. x2. 2x*- 18«« + 48a;-32. 

6. -12a*6» + 8a*6*+16<i«66. 13. o» - a«63 - a^ft* + &^. 

7. -2m» + 2t»a + 6m. 14. a2+2a6-4ac+&2-4&c+4<S2. 

15. a:«-9x2y + 27iKy« — 27y8. 

16. a*-8(i»6-H24a«&«-82a6» + 16 6*. 

22. 6a» — 7a2 + 10a — 4. 

23. 30m«-7wa-39m + 20. 

24. a:«-64y». 

25. 10r»-21r2» + 21r»«-18««. 

BXBBOISB 4. Pasre 13. 

1. -6«. 6. 8m*-lln6. 

a. 9a»&*. 7. 9a»-10(i«6. 

3. 8(a-6)». 8. lljB8-13y«. 

4. -8(a: + y)*. • 9. 8a + 7. 

5. 6a*-3a* + 8. 10. 6«-8. 

11. aa + 2a6 +4 62. 

12. re* — a;2y 4- oys — y» ; remainder, 2 y*. 

13. x* — 3 a;2y + 9 y2 ; remainder, - 64 y». 

14. 81 n* - 27 n» + 9 ns - 3 n -I- 1. 

15. 3a«-4a + l. 18. a2 + a;y + y«. 

16. a; + y + «. 19. n* — 5 « — 2 ; remainder, 4. 

17. a;2+3a; — 6. 20. 6x^ — 2x + 7. 

BXBBOISB 5. Pasres 15-16. 

I. a. a;«-81. 6. w2-64. c. ifc*-144. d. 4x2-9. c. 16f^-49«2. 
/. 9TO*-25n2. ^.84. A. 396. i. 891. j. 1684. 
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a. a. a;2 + 6 a; + 9. 6. m* + 22 w^ + 121. c. 4 x^ + 20 a; + 25. 

d. 162ra-24to« + 9w3. e. 64m2- 48 mr + Or*. /. i^ - 12 cr + 36 c^. 
^. «*-16«2 + 64. A. 9«2-42« + 49. i. 25 a^y« - 20 toey 4- 4 w^. 

j. 49 p2 - 28pg + 4 g2. jfc. t^ - i|f? + ^. i. A trinomial. 

3. a. a;2 + 11 a; + 80. b. r^ + 18 r + 22. c. y« + 10 py + 24 p*. 
d. «2«i8;54-40. 6. to2-10w« + 21s2. /. aa-2a6-156a. ^. t» 
-4ifc«-.60A;2. A. a2 + 7ac-44ca. ». ,^ - 4 rs - 45 «a. ;. c*-9ca(l 
-36d2. jfc. a;V-fi«y«-84«2. 7. m« + 8 iii»r - 88 r^. m. Minus. 

4. a. 2x2 + 7a + 3. 6. 6xa + 5a; + l. c. 6x^ + 17 x-i-6, d, 4x^ 
-8x + 3. e. 8x2-10xy + 8y2. /. 5x2 - 13xy + 6ya. g, Za^ 
+ 6ab-2b\ A. 8c2-4cd- 15d«. f. 8m2 + 2Tnn - Sn^. j. 21(^2 
+ 22a?-8da. k. 6r* - lli^«- lOs^, i, 22 j^ - 27 pq -- 9 q^. 
tn. 6 xV + 11 icy - 85. n. 20 mH^ + 24 iiin« - 9 1^. o. ZOl^ + nt 
-42i^s2. p. 86x* + 9x2y-10ya. 



5. 


25 w2 — 20 w»n + 4 n«. 


26. 


182«*-«2-.i. 


6. 


x2 + 14 xy + 33 y«. 


27. 


«4 + 6*2-72. 


7- 


x2 + l0xy-24ya. 


28. 


25x«-26x8y2-6y«: 


8. 


2x2 + llx + 12. 


29. 


25x2- J. 


9* 


x*-16y«. 


30. 


16x2-24xy8 + 9y«. 


10. 


4c2da-28cYl + 49. 


31. 


3ya-.8y-85. 


xz. 


9x*j/2-.24x^«+10«*. 


3a. 


10 - 11 xy - 6 x2y2. 


12. 


2to2 + 8w-20. 


33. 


x*y2_7x2y«-78a52. 


13. 


Op* -11 1)2 -85. 


34. 


a;ay2 + ajy_20. 


14. 


r4 + 4r2«-21«3. 


35. 


ats-4a»-77. 


15. 


x2 + ix-i. 


36. 


21x2 + 11 X- 40. 


x6. 


Jm»-25p2. 


37. 


1 -. r - 72 »^. 


17. 


x2-fx + i. 


38. 


6 C2 - C(?8 - (i6. 


x8. 


x2 + }x + 3. 


39. 


26 wi2 - 30 mp + 9i)2. 


19. 


9 a* - 16 63. 


40. 


108o2-.9a + j. 


20. 


y2-.6y-40. 


41. 


60-8^-82 «2. 


2X. 


x«4-*x-,V 


4a. 


x2+15xy»-16/. 


22. 


3-14«-24»a. 


43. 


ya_5a;2y-6x*. 


23. 


6«2-29tw3^.28w*. 


44. 


16r2-16r««-5«2(2. 


24. 


JV«*'-A. 


45- 


86me-4m» + J. 


as- 


6«a + r«-85A 


46. 


5 + 114«-23 2i2, 
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47. 80x*-49a5«y +20y8. 49. 27 a;» - 30 «y - 8 y^. 

48. x^-y^. 50. 48c2-16cd-16d2. 

EXERCISE 6. Pafires 10-22. 

X. a. a(2x-6y4-7«). 6. 3w»n(6w»— 5n). c. 4r(t^ — 2r— 1). 
d. 7n(n«-l). e. a»(a« - Sa^ ~2a + 3). /. (w-Hn)(a-2). 

jr. (a-6)(x8-8). A. (5a-8 6)(aj-y). i. (a-3)(m2-2). 

i. (a-6-Hc--d)a5a. 

a. a. (x-H6)(a;-6). 6. (2to + 9)(2w-9). c. (3x + 2y)(3x-2y). 
d. (6m«-Hl)(6ii|2-l). e. (x*+y»)(«*-y»). /. (t«Hia5»)(f «2-ix«). 
g. (l + 8m»)(l-8mn). A. (6x + lly)(6x- Hy). ». (1 + 9a6c) 
(l-.9a&c). i. (15 + y*)(15-y*). 

3. a, x« 4- 16x + 64. b, w^ - 24to + 144. c. a^ - 6a& + 962. 
d, 4x8 + 20x + 25. «. 9 wW — 12m» + 4. /. x^ + 8x + 16. 
flr. y*-12ya+36. A. m* - 14 m^ + 49. ». tfa-Sd + J. ;. 9x2 + 6x-|-l. 

4. a. (2x-6)a. 6. (3c + d)2. c. Not a perfect square. 
d. (10xy-l)«. e. (7«a-3)2. /. (6m»-2)«. g, (xy-7)2. 
A. Not a perfect square. t (6 a- 11 6)". j. (2 a« - be^)K 

5. a. (c + 4)(c + 6). 6. (m-3)(m-7). c. (1^- 5)(ra - 6). 
d. (x-8)(x + 9). e. (xy-7)(xy + 6). /. (a* + ll)(a«- 10). 
jr. (x + 10y)(x + 2y). A. (a6 - 20c)(a6 + 3c). i. (x2-3)(x2 + 14). 
j, («4.7)(«-4). jfc. (w-9v)(w + 5t?). ?. (a«-116)(a« + 6 6). 
TO. (x + 16y)(x-y). n. (1 + 7a)(l - 2a). 0. (1 - 12x)(l + 3x). 
p. (l-.17n)(l + 4n). 

6. a. (3r-2)(2r~l). 6. (3x + 2)(xh:2). c. (3x-2)(2x + 1). 
d. (3c+1)(3c + 4). e. (6x + 6)(x-2). /. (7y - 4«)(2y + 3«). 
fir. (4to-7t?)(2w + 3v). A. (6«-20(7«+8«). i. (9x + 4y)(x— 2y). 
j. (12w + l)(w-3). k. (3-5x)(2 + 3x). I, (6-6y)(l + 3y). 
TO. (8x-3n)(3x-n). n. (7x - 2)(4x + 1). 

7. a. (x-.2)(x2 + 2x + 4). 6. (c - 4 d) (c^ + 4 cd -f 16 d2). 
c. (x2-TO)(x* + TOxa + TO2). d. (2 - 1)(4 o^ + 2a + 1). c. (3w--2) 
(9^2 + 6m? + 4). /. (5r2-6a)C25r* + 30a»^ + 36a2). 

8. a. (y + 2a)(ya-2ay +4a2). 6. (to2 + 6n)(TO*-6w2n + 25n2). 
c. (a + J)Ca2-Ja + J). d. ((J2 + d*)(c*-c2d* + d^). c. (3x2 + 5y8j 
(9x*-16x2y«+25y«). /. (4to + in)(16TO2- |mH + Jn^). 

9. (3x-8y2)(3x + 8ya). 12. 2(3* + 40(3*- 4?). 

10. 2a(3x-5y + »). 13. (ys + 9)(y2 _8). 

IX. (x+7)(x-6). 14. (cd + ll)(cd-6). 



ANSWERS 5 

15- (25a;y+f)(25a;y-|). 24. (x- 10y)(x + 7y). 

x6. 8cd(y + 2){y-5). 25. m(x + ll)(a;-4). 

17. a(2a; + 6ya)(2ar-5y2). 26. x(x- 12)(a; + 9). 

18. 8(y + 2)(y2_2y + 4). 27. (x* + y*) (xH »«) (x + y)(x - y). 

19. (4x-15)(a;-8). 28. (x^ - 8y)(a;a + 3y). 

20. (3x-l}(2a; + 3). 29. (4n - l)(2n + 6). 
ai. ««-Hl)(|«-l). 30. (4x-7)(x + l). 

22. bxy{2z + y){x-y). 31- (8x + 8)(3x-4). 

23. (m» + 10) (mn — 3). 32. (a + 6 6)*. 

33. (x2 + y2)(x4-a;V + y*)(x + y)(x2-ay + ya)(a;-y)(x« + xy + y2). 

34. (3x + 2a)(2a5 + a). 45. (6a- l)(4a + 6). 

35. (5x-6w)(6a; + w). 46. (1- 12xy)(l +9xy). 

36. 8(xa + 2)(xa-2). 47. (x - 4m)(x - lOw). 

37. (3m -70*. 48. 26(l-H7a)(l-2a). 

38. (6a;~2)(2a;-7). 49. (c + 3(l)((i!» -8cd + 9cP). 

39. (3x-H2)(4a; + l). 50. 3xy(x + 3y)(x -3y). 

40. (6«-6)(6x + 7). 51. 8r(n6-20)(n6 + 4). 

41. (x-2y)(x2 + 2xy + 4y«). 52. (6x2- lly»)(6a:a + lly»). 

42. 2 a (m + 5) (*» — 6). 53. mn (w* + m^n* — n*). 

43. C9-7x)(8 + 7x). 54. 5(xy + 7)2. 

44. (31x — 8 y)(x + y). 55. (4w- 3»)(6m -|-6n). 

56. (l+2a)(l-2a + 4a2)(l-2a)(l + 2a + 4a«). 

57. a5y(x+4y)(x-4y). 59. (- l)(4a-3x)«. 

58. a2(a4_5flj8 + 2a2-.3). 60. (6 ax - 2) (4 ox - 3). 

EXBRCISE 7. Pasre 23. 

1. H.C.F. =9. 4. H.C.F. =6a*. 

L. C. M. = 00. L. C. M. = 106 a*6. 

2. H.C.F. =6xy2. 5. H.C.F. =(r + »)(r-«). 
L. C. M. = 120 x»y8. L. C. M. = 8r(r+«)2(r-»)2. 

3. H.C.F. =2m8n. 6. H.C.F. =a + 26. 

L. C. M. = 28 mW. L. C. M. = (a +2 6)2(a-2&). 

7. H.C.F. =5xy(x + 3). 
L.C.M. = 10x2y2(a; + 3). 
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20. as 

a- 
a = 
a = 

ay. x = 
x = 

a8. »i = 
w = 
m = 

X: 
«: 

a: 

X : 

a;: 

X: 

X: 
Xi 



3a. m = i n = I ; 
f» = - J, n = J ; 
!»=:}, n=— f ; 
!»=-}, n=-f 

33. m = — 1, n= — 3; 
m = 3, n = 1 ; 
TO = -1, n = 2; 
m=-2, n = l. 



ag. x = 



3P- 
31- 



34* 



35- 



8,6 = 2; 

-3, 6 =-2; 

2,6=8; 

-2,6=-a 

-l,y = 2; 
2,y = -l. 
0,n=0; 

0,y = 0; 
2,y = 2; 

-V2,y = 2+V2; 
V2, y = 2-V2• 
2 a, y = 2 6 ; 
-a, y=:-6. 

2,y=-3. 

36. « = 2, w=-l; 

«=—2,w = l; 

t = Av'^^^' « = aV^; 
« = - AV:ri3, w =- AV^ns. 

37- x = 4, y=-3; 
x = 3, y=-£; 
x=-6 + V43, y = 64-VS; 
x=-6-Vi3,y = 6-V43. 

38. X = 2, y = - 5 ; 

x=-V,y=-21; 

^ 6H-V193 .. 63 + 3\/l93 . 
x = — J ,y- J , 

6-V198 „ 63-3V193 
x = : , y = - 



a = 5, 6 = 1; 
a = — 5, 6 = — 1 ; 
a = |V^=l0, 6=-t^ 
a=-i>/=no, 6 = *> 

X = 4, y = 3 ; 
x=-4^=-S; 
x = iV-6,y=-i^ 
x = -jV^^,y = *^ 



4 " 4 

EXERCISE 58. Pagres 131-134. 

X. 7, 8. a. 6, 14 ; - 14, - 6. . 3. 9, 16; - 19.5, - 12.5. 

4. 6, 3; -5,-3; -3f,5f; 8f, 

5. 4,6; -6,-4. 

6. 7, 5 ; - 5, - 7. 9- 

7. 3, — 2. zo. 35. XI. 73. za. 



6i. 

8. 4,8; -if 

— , or • 

8' 22 



82. 
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13. Width, 12 rd.; length, 18 rd. 

14. Base, 6 ft., and altitude, 8 ft.; or base, 8 ft., and altitude, 6 ft 

15. Base, 2 in., and altitude, 6 in.; or base, 6 in., and altitude, 2 in. 

z6. Length, SO rd., and width, 12 rd.; or length, 60 rd., and width, 6 rd. 

17. Side of square, 6 ft.; base of rectangle, 18 ft. 

18. Width, 7 rd. ; length, 10 rd, 

19. 7 rd., and 6 rd. ; or 8} rd., and 2f rd. 

20. A, 10 days ; B, 16 days. aa. 25'' ; SO'. 

ai. 4 in.; 8 in. 33. 70°; IIQP. 

a4. Passenger, 50 mi. an hour, and freight, 40 mi. an hour ; or passenger, 
85 mi. an hour ; and freight, 26 mi. an hour. 

as. Rate of crew, 6 mi. an hour, and rate of stream, 3 mi. an hour ; or 
rate of crew, 2jf mi. an hour, and rate of stream, { mi. an hour. 

26. 36 yd. and 48 yd.; or 4 yd. and 32 yd. 

27. 21. a8. 24. 

BXBBCISB 59. Pafires 136-137. 
I. Sum, — 7 ; product, 6. 5. Sum, f ; product, — J. 



a. Sum, 1 ; product, 12, 

3. Sum, J; product, —2 

4. Sum, I ; product, i, 
10. —8. 12. —J. 
XI. -f 13. V*- 



14. Ip. 16 

17. 13. 



6. Sum, — J ; product, — f . 

7. Sum, — Jp; product, — Jp^. 

8. Sum, — f «; product, }«^. 

18. -16. ao. 14. 

19. *. 



1. ««- 605 + 6 = 0. 

2. a:« + 9x + 18 = 0. 

3. a;«-h8a;-54 = 0. 

4. a;2 - 7 X - 60 = 0. 

5. 2a?-7a; + 6 = 0. 

6. 8 a;a - 2 X - 1 = 0. 

7. 8xa-10x + 8 = 0. 

8. x^ + 2 m» — 16 n»2 = 0. 



BXISBOISB 60. Pasre 187. 

g. 5x2-.l7«x-12««=0. 

10. 28 x« - ex — 15 c2 = 0. 

11. x»- 19x + 30 = 0. 
la. x^ — 2 ox + a^ - 9 Tn« = 0. 

13. x2- 4 ox 4- 4 02-62 = 0. 

14. aJ2-6x + 4 = 0. 

15. x2-4x-14s=0. 
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SXEBOISB 61 

X. Real, rational, unequal, 

a. Real, rational, equal. 

3. Real, rational, unequal. 

4. Real, irrational, unequal. 

5. Imaginary. 

6. Real, irrational, unequal. 



Pa^e 130. 

7. Imaginary. 

8. Real, irrational, unequaL 

9. Imaginary. 

10. Real, rational, unequal. 

IX. Real, rational, unequal. 

12. Real, rational, unequaL 









. Pasres 141-142. 






z. 


aj". 


15- 


I^. 


29. 




40. 


f^ 


2. 


m«. 


z6. 


fii^». 


30. 


TOi6„iOpao. 


^' 


3- 


r^. 


X7- 


a"-. 


31. 


«*•. 


4X. 


-^ 


4- 


!»«•. 


x8. 


ft*^". 


3a. 


6*-. 




y»' 


5* 


a*». 


19. 


c^«. 


33. 


-c8-da-. 


42- 


a*» 


6. 


6^. 


ao. 


d*^«. 


34- 


x*-^. 




7- 


c^i. 


2X. 


««. 


35- 


r2«fl*. 


43- 




8. 


d^H-l. 


22. 


tP. 


36. 


x-'T'. 




a:«» 


9- 


«*■. 


a3. 


w»-. 




a* 


44. 


i;^- 


xo. 


«*•+!. 


i4. 


g^-*^\ 


37. 


yia- 




,.2fc» 


IX. 


V^. 


as. 


««. 




fn&>* 


45. 


«aM.- 


12. 


f^\ 


26. 


ya. 


38. 


n»' 






13- 


x\ 


27. 


f»«. 




(|6» 






14. 


«*. 


28. 


BXERCISB 


39* 
63. 


Pa8rel4a 






X. 


2. 




«8 




m 


a4- 


-orV^c 


2. 


-a. 


9* 


y2- 


17' 


3' 


as- 


a*"6». 


3. 
4. 
5- 
6. 


-2. 

8 a. 


xo. 

XX. 
X2. 


2a6. 
5a26. 


x8. 
X9. 
20. 


2a 

8m» 
2n 


26. 

27. 

28. 


a26». 

a* 

2y»' 

2«'* 




7? 


13. 


— 3 ii|2n«. 


r^s** 




a» 


7- 


y^' 


M. 


- 2 wna. 


2X. 


a"». 


29. 


ftT' 




m» 


15- 


8y2«. 


22. 


a'. 




iC» 


8. 


«*' 


x6. 


-&8cda. 


23. 


6»ca. 


30. 


yP* 
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1. Vi ; 2. 

2. y/^ ; 8. 

3. .5/31; -2. 

4. v^J 2. 

5. v^; 3. 

6. v^ ; 2. 



BXBBCISE 64. Paffe 144. 

13. v^-64a;«y»; -4a^. 25. 8v/5\/&«. 

14. v/82a662.); 2a6*. a6. «*. 

15. \/8r5V; Sx% 
x6. \^. 



7 V3T26; -6. 

8. V^256; 4. 

9. \^-1000; -10. 
xo. Vaj8 ; 352. 

11. v^; y2. 

12. v^; zK 



17. \^. 

x8. VP. 

xg. VSxl 

ao. 4V«. 

21. 3\/y». 

22. 2a\^. 

23. \^(2 a6)2. 

24. >/w* . \/n^. 



27. x". 

28. (2a)i 

ag. 2 a'. 

30. TO*. 

3x. &»c*, 

32. 2n}. 

33- 4y*. 

34. 8«*yo 

35- fl^A 



X. 


1 . 1 
82' 9* 


a. 


1 . 1 
2«' 8* 


3. 


1 . 1 
3«' 27' 


4- 


70 ;1. 


5 


11.1 
3*2*' 48 


6. 


1 . 1 
42' 16' 


7- 


0. 1 
^' 4' 


8. 


100. . 



EXERCISE 65. Paffe 146. 
64 



9. ^■. 1. 



XX, 
X2 

13 
14 
15 



1 . 1 
VI6' 4' 
1 1 



^-27' 


8" 


1 . 


1 
8' 




1 . 


1 
2* 


^ 


1 




1 


^-126* 


5 


1 




1 



'^-32 



as- 



1 
8a«* 
2 
^' 

9a2' 
3&* 

TO« 

4 

0868* 

8o« 
962' 
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X. 


8 


a. 


2a6». 


3- 


2 


4- 


6 


5- 


6my 
7«^ 



BZEBOI8B 66. Pagro 146. 

8^ -^ 6i 



2(i««J* 



10. &*c-*. 
XI. 2a36*c». 



§«id. xa. (|-«wn-«. 






X3. 1 x'^yz^. 

X4. a"^6*c ». 

15. 4aW<r^. 

x6. 2oH-*m'n*o 



EXBBCISB 67. Pafires 147-140. 

a. a. I* ; r" J f*«-* ; r^s^ ; f«r^ ; r"+«»». 
6. r-»; r; r-««-*; r-i«3. r-*^. r«-««*. 
c. !*«• ; rV ; «-i ; r**^ ; r-»»-» ; r*«~+». 

3. a. X ; xl ; x*y* ; ac^y* ; aj«+*y*. 
6. aci ; ajA ; a:iy* ; a;y* ; a;«+ iy*. 

c. flciyi ; «iy* ; y^ ; a;*yl ; a^y^+§. 

A ir*y*; a^y*; «*y»; ojHyi; a:«+iy&+*. 

4. a. f»^ ; ***»*"* ; m^n"^ ; m^»» ; w»n"^. 

d. w» 'n*; m'^n*; w»'*n^*; in"^n*; nT^ffl, 

5. a-&. XI. f2» - 2 »*«"• + a*». 

6. 8a-a-18a-i-47-15a. . i .0 

8. ^Ux^+vi ". r«-2rM + A 

9. a-1 - &. 14. a* — a^ft-i — 56 6-« 
10. «' — 2ac »y •H-y"'. 
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16. a. «^• «-50; <«-8; ^-2*; t'^ ; t'l 

C. ^i; e-12i; ^»-l; l;«-i; ^2. 

17. a. c-«#; d"-l(f5; c-«d-t; cUdS*. 
6. c-8d»; c^+2<jT. c2idl; c4<H. 

x8. a + a^ + a8« az. a*— a^ + ftf, 

ig. 2a;-* + 3x-* + 6. aa. a^— 1. 

ao. o^ + a^i + o^i + a*. 33. a^ — 2al+l. 

24. a. ««; y-a*; «"Vj ^-i. ^4.8 

c. a^; y-«; «*; r~i; «H 

d. «-2j y*; «"*; fi ; «-«. 

«. «-»; y"; «"*; r*; «-8^. 
ay. a. (Z*6-«; m"^p; «"*y *; r-*»«-». 

d. a»6; mp «; «*yi; f««8. 

ag. 125. 33. 343. 37. 82 w«. 41. 16a«6*. 

30. 248. 34. 9. 38. -128. 4a. -8m», 

31. 128. 35. 128x7. 3g. 32aj6yio. 43. 64 xV. 
3a- 27. 36. 27x8. 40. 626. 44. 82. 

46. a. 102W; lO^a; 10*-^; iQHO.92 . 1010 m 

6. 108-W; 10^; 10«-47. IQUJBj IQU^. 
C. 108; 108.«; 104.72. lOlOJTTj IQILU. 

47. The exponent is increased by 1. 
The exponent is increased by 2. 

48. a. 10 W; 101-«; 102-47; 108.82. 108M, 

6. 10-«; 10^; 101-47; 107.82. iof.8B. 
c. 10-»; 10-«; 10«-a; 108 W; I08.«i. 

49- «"*"•• 50. a»"-2». 
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BXBBOISB 68. Pa^e 151 
1. V6 = 2.23+. 9. >/2 = 1.41+. 

a. >/l0 = 8.16+. 10. \/7. 

3. \/2 = 1.41+. XX. v^. 

4. \/6 = 2.44+. xa. v^. 

5. \/g=1.73+. X3. V2 = 1.41+. 

6. \/7 = 2.64+. X4. </2. 

7. \^ = 1.41+. X5. \^. 

8. V8=rl.78+. 16. \/iO. 

BXEBGISB 69. Paffe 152. 

I. 2VT3 = 7.210+. xo, SavTi. 19. 3^. 

a. 3vl0 = 9.486+. ix. 2xy^Vl5. ao. 2al^y/4^M, 

3. 4\/6 = 8.944+. xa. lOmnVTw. ax. 2ac\^S^. 

4. 8\/7 = 7.936+. X3. 2av^. aa. Snpy/n. 

5. 7V2 = 9.898+. X4. 8v^^. 23. 2zy/2Y. 

6. 4V6 = 9.796+ X5. 5a^\/S. a4. 2yv^. 

7. 4\/7 = 10.580+. x6. SaVr^. as. (a-26)Va+26. 

8. 6V5=10.392+. X7. 4yy/2xy. a6. (3a-26)V3aft. 

9. 6>/6 = 11.180+. x8. 6f»nv^9n. a7. (x + 8)V6aB. 

a8. (x-3)V(a5 + 2)(aj + 6). 

-a- -^- '^^■ 

„.*S. 3.^- ».,-S- 

EXERCISE 70. 

I. J\/6 = .816+. 
a. JV56 = 1.183+. 

3. J\/T5 = 1.290+. 

4. ^ = 1.870+. 

5. ^V33 = .622+. •• lOn 2 a 
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13- 
14. 
15- 
x6. 

I. 
2. 
3- 
4. 
5. 
6. 



6 

VdO. 



8 V2 = 4.242+. 
14 VS = 81.804+ 

V6 = 2.449+. 

Sy/Hm, 
3\/5?4-2\/8S. 




34. JL.5^[ooF. 

00 



ao. -— \^46 m«». 
8n 

ai. J-^/II585. 
2cd 

aa. iv^. 
a3. }V6a. 




a-6 
as. gV3. 



Va2-6a. 



BXEBCISB 71 
7 



Vl2« a«. 
V§94^7. 

v^l35aW 

v^l62 m«. 
12. \/^4a«. 



8. 

9- 
xo. 
xz. 



Paffe 154. 
13. 
14. 






15. >^ 
> a^+1 



12. 



^. 



EXERCISE 72. Pasres 154-165. 

zo. 0. 

XI. 4acV6iB. 

12. J^V2 = 8.888+. 

13. jVe = 1.904+. 
X4. i</6. 
15. A>/l5 = 1.422+. 



17. v^4-i't'2TO. 

18. ^«i + -)v^2»L 



19. i^/S^-l^y^. 
a 



1^ 

2 
0-6 



V^-F. 



\/27; \/25. 

v^266; \/2m. 
y/i^y^; y/y^; v^S*. 
^Me^; ^J'g^; v^?. 



EXEBCISE 78. Pasre 156. 

8. v^; '</m; K/m. 

9. \^(l-aj)»; v^(l + x)». 



XO. v^(a + 6)*; v^(a - b)K 

XI. \^ is less than v^. 

X2. y/Ti is less than V5. 

13. \^ is less than y/l. 

14. v^ is less than V^ 
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Z5. y/fia leas than \^, and \^ is leas than y/S. 
16. v^i76 is leaB than v^, and y/U ia leaa than y/9. 

EXBBCISB 74. Pagres 156-157. 

X. 2VS = 4.472+. xo. 66\/7 = 148.12+. ao. 8 + 16 VS. 

a. 6. XI. 80»V2. at. 26 -17 VS. 

3. 7V2 = 9.898+. la. 18mV6TO. aa. 2H-8V6. 

4. 6VS = 8.66+. 13. VJ^^ni. a3. 67-^12>/7. 

5. 6\/7 = 16.87+. 14. «-6. a4. -47. 

6. 30V5= 42.42+. 15. 9(» + 2). 25. -13. 

7. 80. 17. 22. a6. a — 6. 

8. 27. z8. 4a«— 5. a7. 35+ 2 + 2Vx -h 1. 

9. 60. XQ. -63-V8. a8. a + 18 — 8Va— 3 
29. 2» + 6-2Va;(a; + 6). 30. 2a5-2Va5a-l. 

EXEBOISB 75. Pafire 158. 

X. 2. 6. 2«\/5i. II. y/¥, 

a. 6v^. 7. 6aq^v^. xa. 2V6. 

3. 16a;\/x. 8. ^^. ,3. 3a\/376i 

4- 8v^ 9. \^. 14. \^'32c^. 

5. 6\^ xo. my/ni. 15. 5mnv^. 

EXERCISE 76. Pafire 159. 

I- 2. XI. 22Vx. 

a. V^ = 1.414+. ^^ j^j5 ^ 1 531+^ 

3. V3 = 1.732+. ^3 JV16=1.290+. 

4. 8V3=5.196+. X4.W21 =1.309+. 

15. tV66 = 1.483+. 

7 86 . 16. 6. 

8. 8V3^, «7. 8+6Vg = 11.66+. 

9. 4c«dV6c. 18. j(>/6 + V30;= 6.284+. 
XO. 6V3=8.66+. 19. |>/l0-4>/3 = -2.186+. 



5. 4. 

6. 2. 




I. ^. 

2. v^27. 

4. Vs. 

5. ^J^ 



4 



a4- 


answe: 

c 


RS 

. 27. 


8to 5/5. 
6 ^• 


as- 


36 ^ 


28. 


^5^672. 




29. 


^. 


26. 


7-^"- 






SESI 


ICISE 77. 


Pasre 160. 




6. 


<^. 


XI. 


1*^3.2*. 


7. 


^8. 


12. 


8\/a:^. 


8. 


1. 


X3. 


^. 


9- 




X4- 
X5. 


</i. 


10. 


I'^/^x^ti 
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BXEBOISB 78. Page 161. 



2 ' x-y 

,. ^ = 2.224*. ,^ Z^^2^^=^+. 

3. 3 + V5 = 5.286+. 

5i^±il = -2504+. 



5. A(2V6-3) = .802+. "• 1 =- 7.487+. 




6. 1±^ = 1.866+. 



2 " «-6 



J. 2->^ = .293+. 14. 6-2a-2V«(a-6)^ 

2 6 

^ q + &2-H2?)>/5 „ i-vrrr^ 

o. — • 15. . 

a — 6* a 

BXEBCISB 79. Pafire 162. 

X. V6 = 2.236+. 5. 4v^l. 9- 3^, 

2. 2. 6. 82a66v^. xo. 50m^y/Sm. 

3. 4v^. 7. av^. II. v^(3a-2)«. 

4. V6 = 2.449+. 8. 5\/2Sy; 12. 2yv^3«^ 
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ANSWERS 




ts- 


y/S = 1.414+. 


i«. v^^ 


X9. ^2xy^. 


14- 


V5 s= 1,782+. 


Z7. ^. 


ao. WS^. 


15. 


^ 




z8. -J^. 


ax. y/x^S. 








ifiXBBCISB 80. Paffe 163. 


z. 


±(^7+2). 


4. ±(VS-V8). 


7. db(V5-.V3). 


a. 


±(3-2>/2). 


5. ±(2+V5). 


8. ±(Vg + V2). 


3. 


±(V6- 


-V6> 


«. ±(V6-1). 


9- ±(vn-3). 








EXERCISE 81. Paffe 164. 


z. 


-6. 




8. — abc. 


X5. 4. 


a. 


-6. 




9. — mnVfv. 


x6. ii-sivs; 


3* 


-3V§: 




xo. Va6. 


X7- a^-f y. 


4. 


-5 vs. 




xz. 5. 


x8. -1-*V3. 


5. 
6. 


-12aa. 
-18. 




xa. 14. 

X3. 37 + 2HV8. 


2 

,9. -1+*^. • 


7- 


-40. 




X4. 102-2iVS. 


ao. 1. 








EXERCISE 82. Pagre 166. 


z. 

a. 


VS. 
2. 




a 


XI. ^+*^. 
2 


3. 
4- 

5. 


-iV7. 

-vss. 




7. 10. 

8. 9. 

9. 3aV5. 
xo. 2v^^ 


xa. i. 

_ 40iV6-71 
'^' 121 • 

_ -32fVS-15 
^' 21 



EXERCISE 83. Pagre 166. 

3. ri = l + V5; r2 = l-VS. 

4. fi — ; n = — -- — . 



ANSWERS 41 

5. ri = ^ ;r2 = ^ . 

6. n— -l,*^- ^ ,ri- ^ . 

7. n = 2; r2=-l +V^^; ri=-l-V^. 

8. C=}VS; t=±l; S = ^/2; C = \/2; r=l. 

10. (a) (aj+V5)(aj-\^); (/) (« VS - 2) (x V3 + 2) ; 

(6) (x+V6)(a;->/5); (g) (xV6 + 3)(ajV6- 3) ; 

(c) (a; + 80(»-80; (A) (xV§ + V5)(«\/2- V6); 

(6) (a;-|-20(aJ-20; 

BXBBCISB 84. Pagres 168-169. 



X. 


8. 4- 1^- 




7. -2. xo. A- 


2. 


-«. 5. «. 




8. 1. XI. J a. 


3* 


f «. f 




9. ¥. . ". A- 


13- 
(- 
14- 
15- 
z6. 

17- 


6. 

6 does not satisfy the equation.) 
3. (^ does not satisfy.) 
- 1. (7 does not satisfy.) 
2. (26 does not satisfy.) 
-7; -4. 


22. (3a + 6)«. 

(- (3 a - 6)« is not a root.) 

"■'■■'-(■ 

24. No roots. 

25. 2 a. (42 a is not a root.) 


18. 
19. 


1. (— y is not a root.) 
f . (0 is not a loot.) 




26. (a)J = g. (b)g = ^^. 


20. 
ai. 
28. 


-3; -4. 

- Y- (! is not a root-) 

— a(2±V6). 29. a. 




48 4 g 

30. a + 8 6. 31. _Y; -V' 




EXERCISE 


85. Pagre 173. 


X. 

a. 


2. 3. 4. 5. 1. 7. 0. 
8. 4. 0: 6. 2. 8. 4. 


9- 
zo. 


2. II. 2. 13. 5. 15. 1. 17. 4. 
5. 12. 6. 14. 3. z6. 2. 18. 0. 
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ANSWERS 










BXBBOI8B 


86. Paffel73 






I- 


-2. 3. 


-4. 5. -6. 


7. -1. 9. 2. 


zz. 


4. za, 3. 


a. 


-3. 4. 


-2. 6.-2. 
BXBBOI8B 


8. -1. zo. 0. 
87. PBirel74. 


za. 


1. 


X. 


8-10. 


4. 8-10. 7. fl 


-10. zo. 9- 


10. 


Z3. 6-10. 


a. 


7-10. 


5. 5-10. 8. 9 


-10. zz. 6- 


10. 




3* 


6-10. 


6. 8-10. 9. 7 


-10. za. 8- 


10. 








BXBBOISB 88. Page 175. 






z. 


2.3711. 


5. 1.8673. 


9. 1.7497. 


13- 


7.6676 - 10. 


a. 


2.8869. 


6. .9031. 


zo. .8938. 


M. 


3.9390. 


3. 


2.0258. 


7. .6061. 


zz. 9.9667-10 


. Z5. 


4.3927. 


4. 


2.9642. 


8. 2.7924. 
BXBBCISB 


za. 8.6132-10 
80. Pasre 170. 


. z6. 


1.7832. 


z. 


21. 


3. 0. 5 


. 6. 7. 


8. 


9. 14. 


a. 


17, 


4- 8. 6 


. 13. 8. 


6. 


zo. 8. 


21. 


2.6126. 


z6. 1.5073. 


az. 2.6147. 


a6. 


.4971. 


za. 


2.4202. 


Z7. .2063. 


aa. 2.3861. 


a7. 


.0192. 


13. 


2.8956. 


z8. .9010. 


a3. 1.7974. 


a8. 


9.3567 - 10. 


M- 


2.6922. 


Z9. 9.9276-10. 


a4. 2.9062. 


a9. 


8.8025 - 10. 


15- 


2.8472. 


ao. 8.7304-10. 
BXBBCISB ( 


as. .7961, 
?0. Paere 180. 


30. 


7.6087 - 10. 


z. 


411. 


4. 900. 


7. 55. 


zo. 


.631. 


a. 


21.7. 


5. 8490. 


8. 50400. 


ZI. 


.0346. 


3- 


4980. 


6. 6.66. 

BXBBCISB 


9. 7.76. 
01. Paffe 181. 


za. 


.00269. 


z. 


64.257. 


6. 7.488. 


zz. 


344.26. 


a. 


2272.63. 


7. .8143. 


za. 


.60376. 


3- 


461.22. 


8. .0642. 


13. 


291.83. 


4- 


6.06126. 


9. .00385. 


M. 


1466.66. 


5- 


356.76. 


zo. .01994, 


15. 


863.166. 











ANSWERS 












BXBBCISB 


92. PaffeB 182-183. 






I. 


1.3222. 




7- 


2.5104. 


Z4. 1033.33. 


az. 


.07378. 


2. 


1.6282. 




8. 


2.5774. 


Z5. 25088. 


aa. 


.01381. 


3- 


1.6662. 




9- 


2.2262. 


x6. 1004.41. 


23. 


4.89. 


4- 


2.1003. 




ZI. 


908.4. 


Z7. 18969.5. 


a4- 


.31185. 


5. 


2.1070. 




Z2. 


163.62. 


z8. 824.33. 


as. 


.000106. 


6. 


2.4013. 




X3. 


106.48. 


zg. 37766.6. 


a6. 


.00005. 










BXEBCISB 93. Pafire 184. 






X. 


.3680. 




8. 


9.8172 - 


10. Z5. 2742. 


aa. 


1.007. 


2. 


.6690. 




9- 


5.8125. 


z6. .329. 


23- 


8.788. 


3- 


.1091. 




zo. 


4.53. 


17. .110. 


a4. 


.000009. 


4- 


.2340. 




zz. 


3.02. 


z8. .216. 


25- 


.00353. 


5- 


.2589. 




Z2. 


1.56. 


zg. .0065. 






6. 


.4192. 




13. 


95.625. 


ao. .101. 






7. 


.0670. 




M- 


217.5. 


az. 242.16. 












BXBBCISB 


94. PafireB 185-186. 






z. 


3.3397. 


5. 


.4407. 9. 


55237.5. X3. 1017.9. 




Z7. .642. 


2. 


1.5050. 


6. 


.2112. zo. 


8.56. Z4. 3691.6. 




z8. 92.06. 


3* 


3.3804. 


7. 


.1556. zz. 


1.85. X5. 144. 




zg. 1.98. 


4- 


4.2939. 


8. 


.3820. za. 


1.77. z6. 623.63. 




ao. .402. 


ai. 


(a) 9177.5 


'. 




aa. (a) 


7240. as. (a) $248.64. 




(6) 6990. 






(&) 


988.2. (6) $464.10. 


24- 


(a) ^369.76. 




(by $ 125.48. as. 42 bbl. i 


(about). 
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An A. P. DifP. = 3. 
Next two terms : 16, 19. 
Not an A. P. 

AnA. P. Diff.=-3. 
Next two terms : —2,-6. 
An A.P.Diff. =-6. 
Next two terms • 6, 0. 



EXERCISE 96. Pafire 187. 

5. An A. P. Diff. - .75. 



Next two terms : 6.6, 6.26 

6. AnA. P. DifE. =2.6to. 

Next two terms : 12.5 m, 15 m. 

7. An A. P. Diff. =— 2.5p. 
Next two terms : — 3.6 p, — 6 p. 

8. An A. P. Diff. = .06. 
Next two terms: 1.24, 1.30. 
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ANSWERS 



9. An A. P. Diff. = 6. 

Next two terms : a+4 &, a+6 b. 
xo. An A. P. Diff. = r — 2 «. 

Next two terms : 8 r, 9 r — 2«. 
XI. 16,21,27,83,39. 



1. 69; 117. 

2. -40; -80. 

3. - 67 ; - 167. 

4. 9i;27. 



sa. 26, 17, 9, 1, - 7. 

13. 7.6, 11, 14.6, 18, 21.5. 

X4. 05, aj — 4, a; — 8, flc - 12, x — 16. 

15- a, a+d, <i+2<7, a+3<2,a+4d. 

BXBBOISIB 06. Paffes 188-180. 

5. 1.66 ; 2.80. xo. 21. 14. - 10. 

7. 27. II. 2. 15, 61. 

8. 41. 12. 8. 16. #10.95; f 11.20. 

9. 86. 13. f 



I. 8, 7, 11, 16, 19, 



11. 
2V2. 



BXBBOI8B 07. Paffe lOO. 

2. - 10, - 4, 2, 8, 14, 20. 

3. 8, 6.6, 8, 10.6, 13, 16.6, 18, 20.6, 23, 26.6, 28. 

4. },ll,2,2},3i,41,6. 

5. -J,-1J, -21, -8i,-8f, -41,-6. 

^ q+ft „ p-^ 



8. X. 



10. 



2 

< — r 
8 



BZBBCISB 08. 

1. 432. 3. -264. 5. 380. 

2. -630. 4. $13.30. 6. 620. 

13. Salary, 10th yr., $810. 
Total earnings, $6860. 

14. $1330. 

15. 826. 

16. $990. 

17. $323.26. 



k + 1 

PaffoB 101-103. 

7. 36. 9. 5060. XI. 2500. 

8. {. 10. 2660. X2. 16750. 

18. 19 D; (2«-l)D. 

19. 25D; lOOD; fiD. 

20. 209.04 ft. ; 16.08(2 « - 1) ft. 

21. 402 ft.; 16.08 «« ft. 

22. S=igt^, 



BXEBOISB 00. Pafires 104-106. 
X. a = l; iS' = 640. 4. n = 22 ; S=i. 7. n = 13 ; (1=-}. 

2. d = 3 ; S = 652. 5. a =— 3 ; J = 5. 8. n = 15 ; Z •= - 8; 

3. n = 35 ; d = }. 6. tf = f ; Z =6. n = 6 ; Z = J^. 
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? — o 14. -50. 






15. 31. 



d x6. |. 

X, ^ = 2^. 17.10,2,-6,-14. 

„ ^^ 2iS'-mf(n-l) x8. -6,-2,2,6,10; 

2n 21,V,i^, -Jyi, -iV^. 



13. a = Z — (n — 1)(!. 
^ = ^{2J-(n-l)(l}. 



19. -3,7,17; -3, -9i, -15f 
ao. -5,4,13. 



EXERCISE 100. Pacres 195-106. 

X. r = 2. 4. r= — 3. 6. r = 2«. 

64, and 128. - 162, and 486. 24 a^, and 48 x^. 

a. Not a G. P. 5. r = J. 7. Not a G. P. 

3. r = i. 5w»^^jj^5m, 8. r = (l + r). 

8, andl. ® 1^ (1+r)*, and (l+r)*. 

^ ^ 1^^ XX. - 5, 10, - 20, 40, - 80. 

1 *^ 1 xa. 100, 20, 4, 1, A. 

— , and — -• 

"\ "* 13. i,f ♦,»,¥. 

xo. r = —' 

2 g^jj^ 2 
25 a^' 126 ac** 15. a, ar, ar*, ar», ar*. 

EXERCISE 101. Pagres 106-107. 
X. 243. a. «}. 3- -1260. 4. ik- 5- 1280. 6. ^ufi. 

/, . MO oil „ mi8. m«+i 

7. (l + r)i^ 8. 2S' 2i="r 9. 3^, -3;^- 

xo. 8. XX. 6. la. 6. X3. J. 14- 3. X5. 2 

EXERCISE 102. Pagre 108. 

X. 3, 9, 27, 81, 243, 729. 3- i» h I1 3. 

a. 2, 4, 8, 16, 32, 64, 128 ; or g ^q 32 ^r 8, -^ 16, 32. 

2, - 4, 8, - 16, 32, - 64, 128. 
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ANSWERS 



5. 3e, ;i, -i-; or 

2t' 12t 

6. 2x, 4a!«, 8x«; or 
2x, -4a«, 8a*. 

7- — , 1, — ; or— , — 1, — 
X m X m 



8. a, Va6, 6 ; or a, — Voft, 6. 

9. 3, 3V2, 6, Qy/2, 12; 

3, -8v^, 6, -6V^, 12; 
8, 3\/^, -6,-6\^=^, 12; or 
8, - 8\/^ - 6, QV^^j 12o 
10. a, \^ v^, 6. 



X. 1275. 

2. 47J. 

3. 2786. 

4. W. 

5. -1042. 



I. 9. 

a. 2. 

3. 2H. 

4. 54. 



BXBRCISB 103. 

- 8m(l~m«>) 
1 - ma 
l-m«> 
^' 1-ma' 

Cl + r)"-l 
r 



Paffe 109. 

9. 2046. 



8. 



EXERCISE 104. Paffe 201. 

5. H. 9. -5. 

6. 2x. 10. yU- 

7. Va. la. }. 

8. «. IS. 4. 



10. 


88,572. 




zx. 


$4118. 




za. 


1084. 




13. 


96553.55. 




201 


M. 


A- 




15. 


K- 




z6. 


iV- 




17. 


A. 



EXERCISE 106. Paffes 203-204. 

X. x* + 4x»y + 6x2y2^4x^ + y*. 

2. m^ — 5 m*n + 10 m«»2 — 10 mH^ + 5 »»»* — n«. 

3. c*+4c3+6c2 + 4c + l. 

4. r&-10r* + 40r»-80r2-f 80r-32. 

5. m« + 6TO*n + 15 m*n2 + 20to»»» + IStw^n* + 6fii»» -f n*. 

6. a8-4flr6a + 6a*6*-4a26« + 68. 

7. 32a6 + 80a*+80a« + 40a« + 10a + l. 

8. a* - 12 a^b + 54 a^fts - 108 aft* + 81 6*. 

9. 1+6x2+ 15x* + 20x8^. 16x8+6x10 -fa^. 

xo. l-8x + 28x2-56x8 + 70x*-56x6 + 28x«-8x7 + xP. 

zi. as-ia* + ja»-{a2 + Aa-Vjr- 



ANSWERS 4T 

13. 64 1»^ - 192 mw + 240 m* - 160 m« + 60 m* - 12 m« + 1. 

X4. a8 + 4 ofibH + 6 cd^b^t? + 4 cfllfiifi -f ft^ci. 

15. 243 4-406iB8 + 270a^ + 90a;9 + 15a;i'« + «i». 

x6. a«-46ai* + 046ai« . 

17. m^ + 40 m88» + 760 m^n^ -f — . 

x8. ai«-8a« + 30a".... 

19. a2o - 10 ai86» + 45 ai«6« .-.. 

20. x86 + 36xMy6 + 504a^yio.... 

21. m22 - 44 m2»n2 + 880 m"n*.... 

22. i^-L+JL.... 25. a"» + 6a-*6-2 + 10a-86-4..o, 

23. i-^ + l^.... 26. a*-7a«6* + 21a*6i.... 
a« a* a* 

24. ^+8^ + 28|l.... 27. 8-24^/6 + 180.... 
o* o' 0* 

as. a. + naf^-H + "<" " ^^ a'-«»« + *<" " ^H" - 2> a-»ai« .... 

1*2 \ • Z • A 

EZEBCISE 106. Pafire 206. 



X. 


66 o^as^. 


5. 


- 792 m^^n'^\ 


,^ 5005 a« 


2. 


165 mW. 


6. 


61236 a"x« 


"• 6» 


3. 

4- 


2016 if>. 

- 11440 g^ajft. 


7. 
8. 


210 . 64 . 81 . x^. 


XX. -220^. 

X2. - 1716. 128 a;- 8 y* 






9. 


-792xT"^. 



EXERCISE 107. Pagres 206-207. 

xo. 27, 86. II. 26, 11. 12. 93.5 ft. 13. 22, 33, 44. 

14. 270 acres, and 450 acres. 15. .^ 200, $300, 1 600. 







EXERCISE 


108. 


Pagrea 207-208. 




X. 
2. 

3- 
4- 


8. 


6. -2. 

g 3ac 
26 




to. ^. 
m 


a + 6 
la. ^«. 


5. 


-6.6. 









48 ANSWERS 

BZaBOISB 109. Pages 208-209. 

7. ±80. la. ±(a;a + iry + y2). ' o + 8 

8. ±iV56. 13. 188f ,8^ Jy!. ,g j^ 

9. ±aV2, 14. tVj. 15. |. ^^* 

10. ±6mnVm». 16. — ^ ao. ± ^^y » 

4 a — 6 

BXBBCISB UO. Pages 212-218. 

X. a. | = f?; 6. | = ^;c^ = i^. 
8 16 2 m a a; 

• « 8 4,2 _5. , a 6 
a. a. -r^^-rr] 6. — = -; c. - = -. 
16 20 m X X y 

^ ^ 7 86. » 7_ m + g . ^ a±h_z±y 
^4 20* 6 x' 6 y 



I. 


10. 


a. 


f 


3. 


6. 


4. 


8. 




be 


5« 


8a 



4. 



— 1 _ — 6 . » — 8 _ m — X . g — 5 _ x — y 
4*20**6~x'*6'"y* 



ax X y x+y y a—b x—y 

BXBBOISB lU. Pagres 213-214. 



5- 


4f 6. 6J. 8. AE, 21^; EC,S^, 


la. 106 ft. 


7- 


AE = EC, II. 60 ft. 

BXBBCISB U2. Pagres 217-219. 


13. 887 ft. 


I. 

a. 


Aa:ba; A:= kab. 4. ^^ocn^ ; d = ikn^. 
^ocff^ ; ^ = kdK 5. JocPr« ; /= kPrt. 


8. «, = |. 


3. 


Voilwh) V^klwh. 6. r=^. 7. r=^. 

t c 


9. c = ^. 
n 


0. 


t? = ifcaA 13. y = ix». 15. -18. 17. #875. 


ig. 150. 


a. 


72. 14. f 16. 676 ft. 18. .16400 


. ao 64. 



BXBBCISB lie. Page 225. 

X. ±6; ±2. 3. ii; ±}fj .jrra. 



ANSWERS 49 

5. 3; -i. 6. ±</i; ±i\/i; ±1; ±1<. 7- ^. 

8. No roots at all. [(v^^^^^)*, and ('t^^/ appear to be roots.] 

9. ±27; ±1. xo. 9. 

EXERCISE 117. Pagre 226. 
X . 3, — I, 1, i- 2. No roots. . [-4,-1 appear to be roots.] 

3. I, - 2 ; - 4 ±>/l9, or .368 and - 8.358. 

4. h - 2- 6. No roots. [- 4, - 8.] 
5- ^1 » *» 8- 7- 7,-4. 

8. ^^^^^^"^^^ or 6.422 and .078; 1, |. 

4 

9. — 1 ± V5, or 1.236 and - 3.236. 

10. 14,-6. II. ^,24. xa. 8,1. 

EXERCISE 118. Pafire 229. 

X. a^ + i ah + i a"*x2 - i^ a'^ofi .... 
a. 1— 8x + 36x2 -120x8. ... 

3. l + Jx + Jixa + ^7^^x8.... 

4. a* - i a~h - A o"*^^ - jh «"^ ^ •••• 

5. l + ix + 7^,x2 + rM8«'-. 

6. a + |a"*&-f o'^fe^ + AaV.... 

7. a*-2a"*xi-2a"^x-4a"^x*.... 

8. 0-5 - 6 a-6x + 15 0-7352 _ 35 a-8x8 .... 

9. y,^.a-^x«. '3- ''^"'^• 

10. A^a-^6^ M. -f --^n-. 

"• ^^^- 15. 448 aiW. 

11 . 17 . 27 , _2 

"• gi «'• 16. -120x-66y^. 

EXERCISE 119. Pagre 230. 
X. 4.12305. 3- 3.91474. 5. 3.02739. 

a. 7.14140. 4. 1.93458. 6. 2.03610. 
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ANSWERS 



z. 24,024. 
a. 40,320. 

3. 06,040. 

4. 8024. 



BXBBOISB 120. Paffe 238. 

5. 836. 9. 120. 



6. 840. 

7. 480. 

8. 72. 



xo. 720. 



I. 



121 

212131' 



BXBBOISB 121. Pacre 236. 
121 



a. 86. 



812I4I 



4. 210. 5. 1680. 



I. 8003. 



BXBBOISB 122. Pafire 237. 
a. 12,876, 3. 8003. 4. 10. 5. 4 . 13 • 12 - 11 • 10 • 9. 



BXBBOISB 123. Pafires 237-238. 

X. 830. 5. 8 . eCs • 4C2 • 6 !. xo. 280. 

a. nCe. 6. 16. 7. 61. 11. 13. 

3- »P8-«P4. 8. »C2ioC8. xa. 61. 

4. loCsuCs. 9. 16.14.13.12.11. 13. 46. 







BXBBOISB 124. 


Pafire 289. 






I. 


-8. 


8. 


16 ae — 8 cd 




2c 1 


a. 


-41. 




m y 




xa. 


6cr 3 ' 


3- 


48. 


9* 


X n 


' 




c —q 




4. 


13. 




2a d 


13- 


p d 


• 


5- 


-86. 


10. 


c b ' 




3to -2« 


6. 


3 a - 8 c. 




8 7 




X4. 


r n 


7- 


2 mr + 2 np. 


XX. 


2 11 


■ 









BXBBOISB 125. Pafire 241. 
X. ac = 3;y = 2. 6. r = -3; «=— 1. 

a. a;=— 3;y=— 4. 7. «=— 6;y=— 1. 

3. a;=-3; y = -l. 

4. m=-i; «=- f 



8 j._ wn^(w>-t-w>0 . 



5. |)=-2; r = 3. 



y = 



mn' + f»'n 
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EXERCISE 126. Paffes 242>243. 

2. 12. 2. 20. 3- -154. 

5. x = 7;y = 8;«=-9. 8. a;=-2;y=-3;aj = l. 

6. a =-3; y = -4; « = 1.5. 9- « =- ifj ^ = 4l « =- f 

7. a = 3; 6 = 4; c = -5. xo. x=-|; y = i; «=-|. 



EXERCISE 127. Paffes 254-256. 



7. 
0. 
-3. 



(6 - a)(c - a)(c - 6)(c + 6 + 0). 
(y — a;) (« - X) (« - y) (yz -\-xy-\-xz). 

11. {b + c-^a){a + h + c)(h ^ a — cXb + a " c), 

12. a;(y — a)'. 13, — (a — b)K 

14. (a + 6 + c)(a -f 6 — c)(a - 6 -1- c) (a — 6 — c). 

15. 40. 16. 2^. 17 
18. (a - 6) (a - c) (a - d) (6 - c) (6 - d) (c - d). 



6. 


0. 


7. 


-384. 


8. 


0. 


9* 


0. 


10. 


206. 



EXERCISE 128. Pa^e 256. 

I- 2x+l. 3. 3m2 + l. 

2. 1-4 a. 4. 2^2-5. 



5. ^-5. 
^23 



EXERCISE 129. Paffe 258. 

1. c + d. 4. 3m + 6n. 7. 3y« + y — 2. 

2. r-«. 5. a;2«2a;-l. 8. a2-3a-2. 

3. aa + 46. 6. 2a2 + 3a + l. 



I. 27. 


4. 136. 


a. 53. 


5. 9.6. 


3. 3.9. 


6. 3.59. 



EXERCISE 130. Pafire 260. 

7. 57.2. 

8. 7.63. 

9. 92.4. 



7- 


0^ + 3 ac - 6. 




8. 


x^ + xy + y^. 




9- 


„2.5n«2; 


remainder, 4. 


zo. 


5x2-2aj+7 
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BZBBOISB 18L PaffO 261. 

X. 8m« + 27n«. «. a; + y + « 

2. 6a»-7a« + 10a-4. 

3. 30m«-7ma-39m + 20. 

4. a<-64y«. 

5. 10r«-21f«« + 21ra»~18«». 

BZBBOISB 132. Pacres 265-266. 
X. x-8. 5. 4«-3y, 9- 3a2 + ax-2x2. 

a. x - 2. 6. n* + 3 n - 2. xo. x — 2. 

3. 2ma-m + l. 7- 3a« + 4aa-a-2. 

4. y(a; + 8). 8. 362-6-1. 

BXBBOI8B 188. Paffe 266. 

X. H.C.F. =3a-l. 

L.C.M. =(a-4)(3a2 + 14a-5). 

2. H.C.F. =2 a + 36. 

L. C. M. = (3 a + 8 6) (12 a« + 16 a6 - 3 62). 

3. H.C.F.=m-3. 

L.C. M. = (12m + 15)C4 1»« + 11 w^ - 6 w + 9). 

4. H.C.F. =a2-4a-3, 

L.C,M. = (2a+3)(3a«-14a2-a + 6). 

5. H.C.F. = 2x2-x + l. 

L.C.M. = (3x-2)(4x*-6x2 + 4x-3). 







BXBBOISB 184 


.. Pafire 


270. 






X. 


00. 


6. 00. 


XI. -4. 




x6. 


1. 


2. 


00. 


7. 00. 


X2. 00. 




17. 


X= oo. 


3. 


0. 


8. 0. 


13- 0- 






y= CO, 


4- 


f 


9. 2. 


14. *. 




x8. 


x= 00 


5- 


0. 


xo. 0. 


15. -i. 






y= 00 



BXBBOISB 185. Pagre 271. 

1. -1, 1, and3. 4- - 3, - 1, 1, and 3. 

2. - 2, 1, and 6. 5- -h~ 3.1, and 3.1. 

3. - 3, 0, and 2. 6. 1, - 2.8, and 2.8. 
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EXBBCISE 136. Pagre 273. 

X. Quotient : 8 a; + 2. 3. Quotient : a^ + a — 1. 

Remainder: -4x + 3. Remainder: —20. 

2. Quotient : 3 a^ — 2 a + 5. 4. Quotient : 4 m^ — 2 m + 1* 

Remainder : 10 a. 

5. Quotient : 3 a;« + 4a;2 - 5 a; - 2. 
Remainder: 2a: — 7. 

6. Quotient: 2x^-Sy^, 

7. Quotient : a^ - 2 a + 10. 

MISCBLLANBOn8 BXAMPLBS. 
Set A. Pafires 273-274. 



X. 


3(a-6)-9. 




XI. 


aa-10a6 + 6^. 


2. 


Smn-S, 




12. 


a^ + y8 + ««. 


3. 


-4 a; -11. 




13. 


_ a«6n+i. 


4- 


y%Sa-b), 




14. 


«iy»-i - iBy. 


5. 


xCm^p-q), 




X5- 


— a*pc*- +. o*6^« + b*9c^. 


6. 


a«i'6«+4c«+». 




x6. 


jKW-t-l + 2 X^. 


7. 


-21a:«+V~ + 24 


jpllyn+p. 


17- 


a;2m + ajmySn _|. y4i». 


8. 


a;4p+fiy-aj72^2g-l. 




x8. 


« — C. 


9- 


4 a^^+^fts-ii a~+«6»+i+6 a^h^-K 


19- 


oa;-(6 + c). 


:o. 


a2« - ftsn 4. 2 b'^CP 


-C^. 


20. 


aja ~(3 a -4c)a;+ 12 ac. 



Set B. Pafires 274r-275. 

J gg + 2a; + 4 g^ ^-y 

* a;2-2x + 4 ' (x -y +«)(«- y -«) 

a x + 6y 2n(96w* + 24ng4-5n + 6) 

6xy(2x-3y)(3x+2y) 7- 64n«-l 

^ 9x2 + 6x + 4 8-1 81-0^ 

-;(2x-H3)(2x + 7), 

^ (3x-l)(3x-7^ - ^^^ 



a8-68 



x2 + x + l xo. 0. 
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„ 2 ,3. C^ + g)^ . 

"• (2 + a?) (1-9x2) ^ (x + 7)(xa + 3x+9) 

24. 1. 
icy(x+y)« ^5. j^:j^- 

Set C. PaffOB 276-277. 

2. 4. 9. -«;^- '5. P-2g. 

2. — 4.6. xo- »• 16. — t a ; J^ a. 

3. -A; 13. jj^ oi+oM:^. 17. -f«; -!»• 

4. -i. ' ^^ 18. -Ja. 
5.-6; -2.26. xa — XQ g<^t^C«-^^) 

6. No root. a + 6-c 9- 2(aHa64-6^/ 

7. -f 13. « + &. 20. ii+^. 

8. -f 14. -«• 3 

Set D. Pa^es 277-278. 

1. x = -81; y=:36. „. ^^1. y=l. 

2. x = 4;y=.i. ,_m + n. ^^ mjlji. 
3' X— — o,y — «. 2 urn 2 wn 

4. x=-H;y = 2- 13. x = a + 6;y = a-6. 

5. X = 4 ; y = - 5. 14. x = a - 6 ; y = a + 6. 

6. x = f ; y = 7. *5- a; = |; y = ^- 

7. x = -6;y = 3. ^^ x = a-^b; y^= a + b. 

8. p = ll; g = 7. 17. x = a-6; y = a + &. 

9. x=-3;y=-6. ^^ x = «^; V =^' 
10. x = -8; y=-6. o + & « - «> . 

SET B. Pages 279-280. 

I. 9a* + 24aH"* + 16 6"i 2. 26 m-^n^ - 80 + 64 m*w-8. 

3. o46"*-4aVi + 2a + 4a"*6* + o-26*. 

4. 16xV*-49«-*. 6. 4x*-6xV* + »y"*- 

Sn _»• 

5. 6a-« + 7mV 7- x^ + l + x a. 
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10. a-669 + 6 a-ift* + 12 a^b'^ + 8 a^h'^. 

11. 4a-8mi. la. 7x^1 13. .^^• 

2 6*w'* 

14. 3a;*-l+4a:"f ,g 3w"^n^ 

15. 2a-*+6a-^-l. ^*y"* 

16. a?6-*-3&-i-2a-*&* »«• 3a;* + 2y-*. 

17. 2«V2. "• a:i-2x-* + 3a5-*. 

18. — 4a~^6^c~". 

1 i>'+i>g-g i 

aa. «1. 25. X !>-« . 28. sc*. 

2^* 26. a^^"''^'*^. 29. xW^K 

23. ^-l-- r?T 2xMCxi + vi) 

-T_. 27. 0"+^. 30. _:LJL_irL_LiLZ. 

a^^ X — y 

24. 1. 

an 
2(x"+l) ,- «1 



33. -N-^^-/ . 35 

x»-l 



a^ + 36* 



SET F. Paeres 280-281. 

1. - 1 + 3 V2, or 3.242 ; and - 3 - 2 V2, or - 5.828 

2. i^and6. 5- ^andj. 

3. 5 and -6. ^^ ,__ 

17 J:\/l93 

4. 6. ^' 4 • 

8. 11±>^, or 2.434 ; and ^^"^ or 1.232. 
6 6 
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9. - mn\ and w«ii. ,5. I«±^ and a - 6. 

a — h 

10. 10 and 4 a. a^^5 • _ o — & 

»6- a-6 a + 6' 

XI. -a(2 + V5). 

17. n. 

12. -a and 6. ^^ 6d — ac ^^^^ 5d + flc 



6d + oc fed — ac 
zg. m. 
2£.and-l. 20. - a and ^ilJl^l. 



13. m— n and n—i>. 

^ a + 6 2a + 6 



i 




